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NMPEQMCNOBHME ONA YHUTENS

YueBHo-meTopMuecKHit KOMMNEKT' ANA u3yueHus Kypca anrebpo &
9-m Knacce o6 eobpazoBaTENbHOM WKONLI, ALINYCKAGMBIT H3OATENLCTBOM
s MHEMOZMHAR, COCTOUT M3 CNEQYIOWMX 3NEMEHTOB:

fporpammbr. Matemarnia. 5—6 knaccel. Anrebpa. 7—9 knacesi. An-
rebpa M Hayana maremathyeckoro avanuaa. 10—11 knacew / asT.-cocT.
HU. U. 3yBapesa, A. . Moppxobuy;

A. . Mopgrosmy, 1. B. Cemenos. AnreSpa. 9 knacc. B 2 v, Y. 1.
Yuebruk;

A. . Mopgxoauy, T, B. Muwyctuua, E. E. Tynsumckas, I, B. Ce-
mexos, Anrebpa. ¢ knacc. B 2 4. Y. 2. 3agauHnk;

A. I, Mopgrosuu, [1. B. Cemenon. Anrebpa. 9 knacc. Mertognuec-
noe nocobue gna yuutens;

JI. A. Anexcaniposa. AnreGpa. 9 xnacc. Kontponetbie paGoTsl / Mop,
pen. A, . Moppxoeuya;

f1. A, AnexcaHgposa. Anrebpa. ? knacc. CamocrostensHole pabotes /
Mog pen. A. I. Moppakosuua;

E. E. Tynsuyurckas. AnreSpa. 9 xnacc. Bnuuonpoc;

8. B. lenomoacunsd, JnekTpoHHoe conposoxaeHMe Kypca sAnreb-
pa—9» / MNog pen. A. . MoppgxoBH4a.

Y Bac B pyKax nepeas HM1ra YKazaHHore xomnnexta, Xotm obpaturs
BHHUMAHWME HA TO, YTO OHa CYLWWECTBEHHO OTNMYAETCA OT M3ganvi 1999—
2007 rr. AHanM3 MHOTrONeTHEro onkiTa paboTbl yYnTenen no NpenbRyLUMMm
M3HAHMAM BbIHYOMN 3ETOPOB B PARE CMYH3EE M3MEHMTH NOPALOK CNepfoBa-
HMA NaparpadioE M BHECTM HEKOTOPbIE PERAKLWOHHLIE M CTHAMCTHYECKHE
NPABKM.

ABTOpbI HAEIOTCH, YTO YHebHUK BYLyT YMTaTh M YueHHKHU, U YUMTens,
" POAMTENH, TOCKONbKY H3NOMNEHWe MaTepHana AOCTYNHOe, 3a4acTyio
COMPOBOMAAEMOE HENPHBBINHBIMM [NIA MATEMATHHECKOH DYTHHHOM NEKCHIKH
obopoTtamu. BeipensioTca ocHoaHbIe 3Tansl PacCyOeHHH ¢ dukcaumel Ha
H1X BHMMAHMA uuTaTend. Hanprmep, pelueHHe NMDaKTHHECKH BCeX TaH Ha-
WIBIEMBIX TEKCTOBBIX 33pgav ocopmneHo B ydebuuxe (kak # B yuebun-
Kax gna 7-ro u 8-ro KNaccoBs) B aMpe Tpex 3TANOB: COCTABNE@HHe mare-
maTHdecKoil Mogemu; paBoTa ¢ Nony4eHHOM MOAENbIO; OTBET H3 BONPOC
1afaum.

* Bosee mogpobayo mEGOpMalio o6 YMEK MoXHO DOAYIATE Ha calitax
www.mnemozina.ru ¥ www.zlimag.narod.ru



Ha ypokax matemaTtMku yuutene Bcerpa codetaeT obbigeHHbit A3bIK
(A3bIK OBLLEeHMA, A3bIK AMTEPATYPHOrO NORECTBOBAHMA) ¢ MPEOMETHbIM
A3LIKOM — CTPOFMM, CYXHM, NAKOHWUHBIM, CTROALMCA MO MPHHATLIM B
MaTemaTmke 3aKoHam, Tak HamkcaH M RAHHBIM Y4eBHMK, NpencTaBNAoWwMH
coBoM KHMFY He ONA 3ayuYyqBaHMs, a ONA M3YYEHM:A, T. €. ANA YTEHMA M
NOHUMAHMA,

Onupasce Ha yueBuuK, yuurens npekpacHo pasbepetcs B Tom, utd
HAOO PACCKA3aTE YYALLMMCR HA YPOKe, YTO pPeKOMEHOOBATE MM 3aNOM-
HMTh, @ 4TS NPERNONMTL NPOCTO NPOYECTh AOMA (M, BO3MONHO, 0Bcy-
OMTb B KNACCe HA CNEgYIoWem YpoKe B XaHpe Becenpl).

B HekoTopbIx cnyyasx TeKcT HabpaH neTMTom. DTO matepuan, He oba-
2aTENbHbIM 019 M3YUYEHMA BCEMM YYBLMMMCA, OH OPMEHTHDOBAH Ha Tex,
KTO HMHTEPECYETCH MATEMATMKOM.

M3 OCHOBHbLIX COREPIKATENbHO-METOGMHECKMX NMHMH LUKOMbHOrO Kypca
anreSpbl B Ka4HecTee NPUMOPHMTETHO! BbiIBpaHa dyHKUMOHaNLHO-rpadMye-
CKaA NMHMA. STO BbIPAMKAGTCA MPEMBe BCEro B TOM, YTO, KaKoi Bbl Knacc
hYHKUMH, YPaBHEeHMI, BbIpaMeHHt HW W3y4ancsd, nocTpoexsue martepuana
NPaKTHUYECKM BCEraa OCYLLECTBARETCA MO XMECTKOH cXxeme:

hyHKUy — ypaBHeHMa — npeobpa3soeaHsin.

Ana nonHouweHHoN pean3aunM GYHKUMOHANEHO-rPath4ECKOM NUHHK
ocobeHHO BaMHbIM fiBNAeTcA Kypc anreBpbl 9-ro knacca. Omvpascs Ha
ONBIT W3yYeHus DYHKLMH, ux ceoMcTs v rpacdmrkos e 7—B8-m Knaccax, pac-
CMOTPEB B YKa3aHHbLIX KNAccax BCE OCHOBHbIE NOHATHA, cBA2aHHBIE C (YHK-
UMAMH, H8 HarMAGHO-MHTYHTHBHOM M pabouem ypOBHRX, B F-m Knacce mbi
BIXOAMM HA YPOBE@Hb TEOPETHUECKOrD OCMBICNEHHN.

B yyeGHuKe NpMBEAEHO MHOMO NPHMEPOoB € NOBPOGHBIMM petlerMAMM.
Ha okoHuaHue pewenyin npHmepa ykassisaet nbo cnoso oteers, nubo
aHavok @l

AsTopsi



TABA
PAUMOHANBHBLIE HEPABEHCTBA

U UX CHUCTEMbDI

§ 1. NMunedinbie 1 KBajpaTHbIE HepPAaBEHCTBA
§ 1. PauwoHarnsHble HepaseHCTda
§ 3. MHo)ecTBa n onepaLun HAR HMMH
§ 4. Cucremsl HepaseHCTs
OcHosHbie pe3ynsTaTs

§ 1. MHEAHLIE M KBAAPATHLIE HEPABEHCTBA

IIpourras nazsanme Daparpada, Bul, HABEPHOE, COPOCHTE!

«ITouemy Mul TODueMecA Ha mecre?s B caMoM aene, TEHelHEIe H KBAX-
pP4THBIC HEPABCHCTEA ¢ ONHOH IepeMeHHOH BBl HAYYHEMHCE pemiaTh
B Xypce asurefprr 8-ro kmacca — 5r0 OLLIA OMHA M2 MOCACTHEX TeM
Kypca. JeficTBUTEIBHO, IIOYTH HHYErQ0 HOBOTO BLI M3 STOrQ maparpa-
ia He y3HaeTe, Gosee TOro, OOHAPYIKHTE, UTO HEKOTOPEIE OPAMEDEL
SAMMCTROBAHEL M3 yaeOHEKa «AnreGpa—8». PaccMmarpusafite sroT ma-
parpad Kak BOIMOKHOCTE MOBTODEHEA, KOTOPOE NO3BOJUT BAM ILIAB-
HO MepefiTH K MAyUeHHIO HOBOI TeMmul (B ciaegywonieM maparpade),

HanoMBHM, UTO IMHEeHHLIM HePABEHCTEOM ¢ OOHOH MepeMeHHOII X
JNSEIRAK)T HEPABEHCTEO BAAL ax + b > () (BmecTo sraka > moxeT OLITE,
pasyMeetcd, A000i APyroil 3HAK HEPABCHCTBA), I'Ae & ¥ b — Heil¢TBH-
renpHEle uncaa (¢ 7 ). KragpaTHaiM HepaBeHCTBOM ¢ OSHOI mepe-
MeHHOM X HajBIEaI0T HePABEHCTBO BEga ax® +bx+c¢ > 0, rme a, b, ¢ —
AeficTBUTenRHEIE yucaa (Kpome a = ().

SHaYeHHe NepeMeEHoH X, KOTopoe obpaluiaeT HepaBeHCTBO f(x) > 0
B BepHOE YHCJOBOE HEPABEHCTBO, HASHBAIOT PelleHHeM HEPABOHCTBA
(AIH 9ACTHRIM pemeHHeM)., MHoXeCTBO BCeX YACTHRIX pelleHHH
IEPABeHCTBA HAJHBAKT O0IUM pellenneM (MIA MPOCTO PelIeHKoM)
lIepABEHCTBA.

3ameuanmne 1. axk engute, TepmiH «pewenyer ynoTpebnaior v B cMbic-
ne obwero, ¥ B CMbICNE YACTHOTC pelueHMn HepaseHcTBa. Bonee Toro, cam
NPOLECC OTICKAHMS PEWEHMH HEPABEHCTRA TOXKE HA3BIBAIOT PELUSHHEM He-
pasencTea. O6uiHO No cmbicny BLIBAET ACHO, HAKOE MMEHHO NOHWMMAHKE
TEPMMHA KPELUISHHED UMEETCA B BUAY.



1 . PALUHMOHANBHLIE HEPABEHCTBA WM MX CHCTEMBI

JIsa HepasencTra f(x) < g(x) @ r(x) < s(x) HABEIBAXOT PABHOCHIIL-
HBIMH, €CJIU OHX HMEIT OAUHAKOBHE DemIeHMA (B YaCTHOCTH, €CAH
o0a HepaBeHCTBA He MMelT pemreHHil). MoKHO cKasaTh H TaK: OBa
HEePABEHCTBA PABHOCHILHEI, eCAM JM050e 4aCTHOe PEIIeHHe HEepBOrO
HepaBeHCTBA ABJIAETCHA JACTHBIM PellleEHeM BTOPOrO, W ODPATHO, JI0-
0oe JacTHOe pedleHHe BTOPOTC HEPABEHCTBA ABJAETCA YACTHHIM pe-
[IeHHEeM OepEOro.

OOBIYHO IPH PellleHHHM HEePABEHCTEBA CTAPANOTCA 3aMEHHTHE AaH-
HOe HepapBeHCTEO 0oJlee MPOCTHIM, HO PABHOCHABLHEEIM eMmy. Takymo 3a-
MeHY HASHIBAKT PABHOCHJIBHHM IIpeclipa3oBaHNeM HepDABEHCTBA.
OTH npeolpasoBAHEA YKa3aHbl B CHODMYJIHDOBAHHEIX HEME OPABH-
max 1—3.

Hpaeuao 1. /Ho6old waen HepaseHcmea MONCHO neperecmu ul
odnol Racmu HepaeeHecmen 6 JpYzYIo ¢ NPOMUGOTLONONCHBLM 3HA-
KOM, He MEHAR NPU IMOM IHAKE HEPASCHCMEd.

Bonee TouHan GopMyJIHPOBKA TAKOBA: €CJaHM Kakoil-nmbo uaen
HepaBeHCTBA (epeHeCTH H3 OJHON YacTH HepaBEHCTBA B APYIVIO C
TIPOTHBOTIOIOXKHLIM SHAKOM H eCJIM NPH 3TOM COXPAHHTE 3HAK HEpa-
BEHCTBE, TO MONYUHTCA HEepaBeHCTBO, DABHOCHJILHOE TaHHOMY.-

Hanpumep, HepaseHCTBO 3x -+ 5 < x? paBHOCHILHO HEPABeHCTBY
—x% + 8x + 5 < 0; unen x® nepeHec/H H3 IPaBoil YaCTH HepaBeHCTBA
B JIEBYI0 ¢ IPOTHBOTIOMOMHBIM 3HAKOM, 8 3HAK HePABEHCTBA OCTABH-
JH HeH3MeWHEIM,

Hpasuito 2. Ofie 1acmii HepaAGEeHCIMEE MONHO YMHONUME UAY
pasfeaume Ha OOHO U MO Xe NORGH UMERbHOCE HUCRO,
He MeR AR NPU IMOM FHAKA HEPAEEHCMER.

Hanprmep, HepaBeHcTBo 8x — 4 > 12x° paBHOCHIBHO HepaBeH-
¢ty 2x — 1 > 3x% ofe yacTm IepBOrC HepABEHCTBA PASLENMIH HA
MOAMKUTENLHOE YACAO 4, A 3HAK HEPABEHCTBA OCTABHAIH HeH3MCHHEIM.

Hpasuao 3. Ofe vacmu HepaseHOMEA MONCKHO YMHONUMD UAL
pasfenums Ha 00HO U MO e OMPUY AMENDHOE YUCAO,
UZMEeHUE NPU IMOM IHOK HEPAGEHCMER HL NPOMUBOROAONL-
HBUE (< Ha >, S Ha &).




1 - AJJ PALIMOHATIbHBIE HEPABEHCTBA M MX CHUCTEMLL

Hampumep, HepaseHerso —2x° — 3x + 1 € (0 pABHOCHJIBHO Hepa-
weHerBy 2x° + 3x — 1 > 0: ofe yacTH NePBOTO HEPABEHCTBA YMHOMH-
i+ HAa OTPHIATEIBHOE YHCJA0 —1, M3MeHHB NPH 3TOM 3HAK HepaBeH-
vip8 HA IPOTHBOIOJIOMHHKIH,

IIpaBniaa 2 1 3 gonyckalor cienyiomue obo0meHnsa (COOTBETCTBYIO
nive YTBEPIEeHH:A OpeAcTaBiaAT cobol TeopeMbl, HO MH, pagH
yiobGerBa unTarena, obopMHUM HX B BHAE NDABMII).

(ﬂpann.r:o 2%, Ecaw ofe wacmit HepaseRcmea ¢ nepemernol x )
YMHEONUIRE UAK PAITenumb HaG 00KO U Mo xe suipaxcerue p(x),
ROAONCUMENLHOE NPU 8CEX SHALEHURX X, U COXPARUMY IHAK UC-
x00R020 HepaseRCMEd, NO NOAYIUMCA HEPAGEHCHLE0, PAEHO-

CUABROE JAHHOMY.
S y Y,

r]] % ix )
paeuno 3%, Ecnu ofie wacmu nepasencmea ¢ nepementol x
YMHONUMD UAU Paddenrumd Ha 00RO U MO Ke suipadcenue p(x},
OMPULLAMEALHOC RPU 6CEX IHANCHURLX X, U USMEHUMb IHAK UC-
X00H020 HEPABGEHCMEA KA NPOMUSORORONHBLE, MO ROAYRUMCA
_Hepasencmeo, pasocuiboe dannomy.

JoraxeMm gna DpHMepa Npasuio 3%,

HdaHo nepaBeHCcTBO f(x) > g(x) H BHpaskenme p(x), OTPHLATENL-
HOe OpH JOOHX 3HaueHHAX x. IIyers x = @ — gwacTHOe pellleHHe He-
pasencTBa f(x) > g(x). 9ro suauurt, uro f(a) > g(a) — Bepuoe MHCIO-
BOE HEePABEHCTBO., YMHOKHAB ofe ero 4acTH Ha OTPHOATENRHOE YHCI0
pa), monyuem: f(a)p(a) < gle)p(a) — BepHOEe YHCIOBOS HEPABEHCTBO.
D10 SHAYAT, YTO X = ¢ — YAcTHOe¢ pelmenHe HepaBeHCTBa flx)p(x) <

g(x)p(x). Urak, ME goxasanm, 9To 11000 MACTHOe peLIeHHe Hepa-
seHcTBa f(x) > g(x) ABnAeTCA YACTHLIM pPelIeHWEeM HEpPaBeHCTBA
fC)p(x) < g(x)p(x).

ITIycrse, o6paTao, X = b — uacTHOR pelenme HepaBeHCTEA f(x)p(x) <
- g(x)p(x). Do snaumr, aro f(H)p(h) < g(b)p(b) — BepHOE umcaOBOE
HepaseHCTBO, Pasgenus ofie ero wacru Ha orpanarensHOe wucno p(b),
moxyumm: f(b) > g(b) — BepHOe YHCAOBOe HEePABEHCTEBO. JTO 3HAYHT,
uTe x = b — uyacTHOe pemeHMe HepaseacTBa f{x) > g(x). Hrak, MH
AOKABANM, uTO A1000e YACTHOEe pellleHHe HepaBeHCTBa f(x)p(x) <
+ g(x)p(x) ABNAeTCA YACTHBIM pellleHMeM HepaseHCTBa f{x) > g(x).

Busoz: nepasencrsa f(x) > glx) u f(x)p(x) < glx)p(x}), rge p(x) < 0,
PaBHOCHILHEL,



1 . PALUMOHANBHLIE HEPABEHCTBA WM MX CHCTEMbI

Hanpmrmep, Hepasencrso (2x + 1)(x? + 2) > 0 pasyocuanEO Hepa-
BeucTBY 2% + 1 > (: ofe yacTH HCXOZHOIQ HEDABCHCTBA DASHCIHIN
Ha BhIpaxkenue x2 + 2, DOoAOMHTeAbHOEe MPH MOOHX ZHAYECHHAX X}
OPH 3TOM SHAK HCXOZHOTO HEpPABEHCTBA OCTABMIH 0ed MaMeHeHMA.

3x -4
Hepapencrso “4_; < 0 papnocEnbHO HepaBeuncTBy 3x — 4 2 02

ofe YacTH HCXOAHOrO HepABEHCTBA YMHOMIIJIH Ha BHpa)kenHe —x*' — 1,
OTpHEOATENbLHOE OpH JIOORIX SHAYEHHAX X; OPH 9TOM JHAK ECXOEHOTO
HCPABEHCTBA HAMEHUIM HA TPOTHBOIOIOMHELH.

IIpamep 1. Peminth BepareHCTBO

x 2x-1 1
= > -,
3+ 5 2x 15

Pem e Hu e YMuoXuM ofe YacTH HepaBeHCTBA HA TOJIOMHNTENE-
HOe 4YHcI0o 15, oCcTABHB 3HAX HepaBeHCTBA Ges HaMeHenmnd (IpasHiio 2).
JT0 MO3BOJHUT HaM OCBODOAHUTHLCH OT 3HaMeHAaTedeil, T, e. mepeliTH
K (Gonee OpoCcTOMY HEDABGHCTBY, PABHOCHALHOMY AAHHOMY:

x 2x-1 1
15(§+ z )> 15(2x—E],

Bx + 8(2x — 1) > 30x — 13
11x — 3 > 30x ~ 1.

Bocnoas30BARIIACE TPABKIOM 1 pellieHNs HepaBeHCTB, TepeHeceM
ynen 30x H3 NMpasoil YACTH HEPABCHCTBA B JEBYIO, 4 "WIEH —3 — H3
MeBoli YacTH B DPABYIO (€ MPOTHBONOMMKHEIMA 3HAraMK). Ilomywmam:

11x - 30x > -1+ 3;
-17x > 2.

2
Haroren, OpEMEeHHS IPABIIO 3, NOAYVIEM: X < 17 |
3amevanmne 2. MHOrAa MCNONL3YIOT APYIYIO 3aNMcL OTBETAa — 8 BMAE
2
UMCNIOBOrO NPOMEIYTKA | —o0; 7 Ha Haw asrnap, OTRET NPH pellenvk
HépaeeHCTea NpeanoMTHTENEHEE 3anMChIBaTh HMEHHC B BMAe nponeﬁmero
2
HepaseHcTEa: X < _F.
8
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Uk

Puc. 1

ODpumep 2. Pemunrn HepasencTso 3x + 9 < 2x2,
Pemen u e, 1) IIpeobpasyeM HepaBeHCTBO K BHAY 3x + 9 —
2x% < 0 (BHINONHWAW PABHOCHIbHOE NMpeofpasoBaHHe HepaBeHCTBA
no apaeuny 1). Hafinem xopHH KeBagparHOro TpexwieHa —2x% + 3x + %;
AJA DTOrO peniuM KeaapaTnoe ypasnenne —2x% 4+ 8x + 9 = 0;
X, =3; x, =~1.5.

2) IlapaGoaa, cayxamas rpadbukod GyHxumn ¥ = ~2x% + 3x + 9,
lirpeceKaeT ock X B ToUKax 3 u 1,5, a BeTBH napabolisi HAPABIEHE
MIA3, TOCKOABKY CTAPINHH KOdMPHUUMEHT KBAAPATHOrO0 TPEXUJICHA

2x*+ 3x + 9 paeen -2, T. e. ABAAETCH OTPHLATEILHBIM UHCIOM.
la prc. 1 pamo cxeMaruuecKkoe OpeACTaBIeHRHe ¢ rpadure GyHKIHMH,

3) ¥ < 0 Ha TeX NPOMEXKYTKAX OCH X, I'ie rpadlK DACIONOKen
IK¥e OCH X, T. e, HA OTKPBITOM Jyde (-°; -1,5) HIH HA OTKPHITOM
nyue (3; +00).

OfBem x<-1,5; x> 3.

IlonesHo BECHOMHUTE AB& YTBEPMKACHHSH, KOTOPEIe BLIIM AOKASAHEI
1 kypee anredpei 8-T0 KIACCA H Ae Pas TORANOOATCH HAM B AMbACHIIOM.

1. Ecau xeadpammubiii mpexuiten ax® + bx + ¢ ne umeem xopreil
{m.e. ezo duckpumunanm D — ompuuyamenvroe YUcAo)} U ecalu npu
amox @ > (0, mo npu 6cex 3HAYLEMUAX X GbINOAHACMCA HeDABEHCING0

axt+bx+c>0.

HMarivu cnoBamu, ecas D < 0, ¢ > 0, To mepaBeHCeTBO ax? + bx +
t ¢ > 0 BRIIOJHAETCH UPH BCEX X} EANPOTHE, HEPAaBeHCTBO ax? + bx +
I ¢ % 0 B 9TOM cayYae He HMeeT peIdeHHI,

2. Ecau xeadpamuwvils mpexuaen ax? + bx + ¢ ne umeem ropueii
{m.e. eeo Suckpumunanm D — ompuyamervroe YUcio) u ecau npu
untom a < 0, mo npu scex 3MALEHUAX X BLIROIHACIMCSE HEPABEHCINGO

ax2+bx+c<0,



1 . II PALMMOHANBHBIE HEPABEHCTBA U MX CHCTEMB!

Huade roeopa, ecie D < 0, g < 0, To HepaseHCTBO ax? + bx +
+ ¢ < 0 BHIIONHAESTCA IPY BCEX X HAIPOTHB, HePABEHCTBO gx? + bx +
+ ¢ # 0 B 9TOM cAyuae He HMEET PEIUSHHIA,

ITE YTBeD)KACHHA — YACTHHIE CHAYUYaH CIASAYIONIEH TeopeMEl.

Ecau xeadpamnwtii mpexunen ax? + bx + ¢ umeem
OMPUUAMERBH B FUCKDUMUKAHIN, MO RPU 21060M X
3HaYeHUEe MPEXUAECRA UMEC IRAK CMEPULEZO0 KOID-
puyuema a.

Teopema

MIpamep 3. Peinurs HEpaBeHCTBO!

a)2x*—x+4>0; 6)—x*+3x-820.

Pemen 7 e. a) HalifleM ARCKPAMHEHAET KBAAPATHOTO TPEeXWieHa
2x2 - x4+ 4, UMeem: D=(-1*-4"'2 -4 =31 < 0. Crapmmii xoad-
dumresT TpexwieHa (YEcAC 2) monoKHTENeH, 3HAYUT, [I0 TEOpeMe IpH
a000M X BHIOJHAETCA HepaBeHCTEO 2x% — x + 4 > 0, T, e. pelleHEAEeM
38JAHHOr0 HEPABEHCTBA CJNyKHUT BCA THCIAOBAA OpAMad (—o0; +99),

6) HaligeM AMCKPHMEHAHT KBAJPATHOTO TpexwieHa —x* + 3x — 8.
Hmeem: D = 32 — 4+-(-1)- (-8) = -23 < 0. Crapmuit xosdpOHAIAEHT
TpexuneHa (Ymuciao —1) orpuuartenes. CreqoBATeNbHO, 10 TeOpeMe OIpH
A6oM X BEINICAHAETCA HepaBeHETBO —x? + 3x — 8 < 0, 9ro snaunr,
Y70 38JAHHOe HEePABEHCTEO —%? + 3x — 8 » ( He BLIIOAHAETCH HN LDH
KEKOM 3HA9YeHHH X, T. €. He HMeeT pellleHmii,

OrBemr a)(—o0; +00); 0) HeT pemeHHIA.

Jamewanue 3, Horna BMECTO CNOBOCOHETAHMA «HET PeLLeHKM» HCNOMb-
3YI0T 3HAYOK & — CUMBON NyCTOro muoectea (nogpobree 06 ITOM mbl
MOroBopHMm NoagHee — cm. ¢. 26}

B caeavolleM UpEMepe HANOMHHAM ellle OJHH cIoco0 paccyixie-
HH, KOTOPEIA MOMKHO NPHMEHATE NPA PeUICHAN HEPABEHCTE,

Iipumep 4. Pemunth HepaBeHcTBO X% — 6x + 8 > 0,

P e 11 e H 7 e. PaznoxuM KeagpaTHsf Tpexdnen x2 — 6x + 8 na
JHHeHHLe MEOKATENH, KODHAME Tpex4jeHa ABAANOTCA qucaa 2 u 4.
Bocnogbs3oBaelIHCE M3BECTHOR U3 Kypea anreGpet gaa 8-ro Kaaca dop-
Mynoit ax? + bx + ¢ = a(x — x,)(x - x,), noxyIHEM:

x2-6x+ 8=(x- 2)x - 4).
OrMerrEM Ha YHCHOBOH NpAMON KOpHHU TpexuieHa: 2 u 4 (puc. 2). Bu-
ACHHEM, KOrda npousseieEse (x — 2} x — 4) DOSOKHTRIBHO, & KOTHa —



1. PALMOHANBHDBIE HEPABEHCTBA M MX CHUCTEMbL

A —0 ni > x
4
Puc. 2

g

orpruaTenbio. Eear x > 4, 7o x - 2> 07 x — 4 > 0, 3HAUHKT,
(v=-2)(x-4)>0.Bcnr2<x<4,Tox—2>0,ax -4 <0, 3gaaunr,
(v=2}x - 4) < 0. Ecnd, gakoHell, x < 2,705 x - 2<0, mx -4 <0,
nroromy (x — 2)(x — 4) > 0, Hac uaTepecyoT Bee Te 3HAUCHUS NMepe-
MeHHOR X, IPH KOTOPHIX ZAHHEIH KBaApPATHHH TpexdneH x? — 6x + 8
UPHHEMAET NOJNOYKUTEIbHEIC 3HAYCHAA. JTC HAMeeT MecTO HA ABYX OT-
KPEITHX ayuax: (—oo; 2), (4; +0c),

OrBem x<2; x >4,

MeTog paccy:KAeHHA, KOTOPLLHA MEI MPUMEHHIH B IpiMepe 4, HASH-
w0 OfEIaHO Memodom unmepeancs (HAK memobom npoMexymeos),
()H AKTHBHO HCLOJL3YETCH B MATCMATHKE ZJIf PEIICHMA pPATHOHANBHELIX
ucpasercrs, B chenyiomeM Daparpade MEL H3YYEM METOZ HHTEPBAJIOB
flee TeTa/IbHO, A 9T0T Naparpad, YToOH He OTPAHHYUEBATBEA B HEM TOJb-
KO HAOOMPHAHWEM H3BECTHOTO, SABEDINEM IDHMEDOM, B KOTODOM PeYb
H/JeT 0 DeINEGHAH TAK HA3LIBAEMEIX HEPABCHCTE ¢ MOIYJIAMH,

IIpamep 5. PellllTe HepaBeHCTBO:

a)lx-2l<38 6)lx+382|<2 5102 > 271

Peme s ue. HamoMHUM TeoMeTpHUYecKoe MCTOJKOBAHMHE BHIpA-
werus | x — a| — avo paccrosnme ma xoopaMHaTHOH (YECIOBOH) MpA-
MO MeXIy TOYKaMH X H ¢, KoTopoe ofosHauaoT p (x; a) (p — Oyksa
1 peuecKoro andaBHTa «pos):

lx-al= p(x; a).

| lunpumep,

|z~ 2| =p(xs 2)s  x +3,2l=plx; -3,2  {x| = p(x; O).

a) HepaseHncrso l x - 2| < 3 MoxHO HeTOMHOBATD TAK: HYIKHO Hal-
‘i HA KOOPIHHATHOH OpaAMoll BCe TaKMe TOUKHK X, KOTODLIE VICBIETBO-
paT yerosH p(x; 2) < 3, T.e. YAANeHH OT TOYKH 2 Ha paccTOAHHE,
meHEIee 3. DT0 Bce TOYKH, DpHHAAJeXAINHe HHTeppany (-=1; ), u
ToARKO OHH (pEe. 3). Hurepsan (—1; §) — pelleHHEe 3aJaHHOIO HEpa-
1 UICTEA.,

11



1 . u PAUMOHANBHBIE HEPABEHCTBA M MX CUCTEMbI

.t(lll:llll: >x
-5,2 3,2 -1,2
Puc. 4
“““‘c : :l’l!lll!! _’x
-2,7 0 2,7
Puc. 5

6) HepaBeHcTBO |x + 3,2|< 2 MOMHO UCTONKOBATE TaK: HYXHO
HaliT HAa KOOPIHMHATHONH NpaAMOI Bee TaKHe TOYKH X, KOTODLIE YVEOB-
JEeTBOPAIOT yCJIOBHK p(x; —3,2) < 2, T. e. yAaJeHH OT TOUYKH —3,2 Ha
paccToAHHe, MeHbIIEe KN paBHOe 2. ITO Bee TOYKH, NPHHALEKALIHE
orpesky [-H,2; —1,2), u Toabko onm (puc. 4). Orpesor [-5,2; -1,2] —
pelncHHe 3AJAHHOT) HEPABEHCTBA.

B) CHavuana paagennM o0e MacTH HepaBeHCTBA HA OAHO H TO Xe
OO HTEARROE YKeio 10; momyanm: |x| > 2,7. HepaBeHcTBO |x| > 2,7
MOJKHC HCTOJAKOBATEH TAK: HYMHO HATH HA KOOPAMHATHOH npamoii
ECe TAKHE TOUKH X, KOTOPHE YACBJAeTBOpAIoT yeaosuw p (x; 0) > 2,7,
T. ¢, YAaXeER! OT TOuKE ( Ha paccrogEme, Gomeiuee 2,7. IT0 Bee TOU-
KH, OpHHALCHKAIINe OTKPRITEIM Ayyam (—o0; —2,7) mau (2,7; +90), u
TOJABKO OHHM (pHc. 5).

OrBema)-1<x<5;6)-5,2< x<-1,2;B)x<~-2,7; x> 2,T.

§ 2. PAUMOHATbHBIE HEPABEHCTBA

PanmoRAILHOE HEPABOHCTEO ¢ ONHOH ImepeMeHHOH x —
9TO HepaBeHCTBO BHAA A(x) > ¢(x), rae R(x) ¥ g(x) — pPALHOHANLIKIE
BRIpAMKeNudA, T. €. anrefparveckre BHPasKEeHNH, COCTABICHHbIC U3 YH-
Ced U ImepeMeHHOH X ¢ TOMOIUEIC Omepaniil cAOMKeHHA, BRIYHTAHHS,
VMHOKEHEHSA, AeJIEHHA H BO3BeZeHNI B HATYDAJILIYIO CTEIeHH. Pasy-
MeeTCH, NepeMenHEad MoxKeT ObTH 0003HaUeHA Ji00oi1 Apyroi Gyrsoii.

IIpu pettleEHE PALACOHAABHEIX HEPABEHCTB ACIONLIYIOTCA T¢ HPABH-
Jaa, Keropeie GeutH chopmyanrpopadkl Bele B § 1. C moMompio 5THX
mnasua QOLIMHC TPe0GpasyIoT 3aJaHHOe PAUHOHANLHOS HEPABCHCTBO K
BUAy f(x) > 0 (< 0), rne f(x) — amredpayaeckan Jpo0E (HIH MEHOTOWIEH),
Haree pasnararT YHCANTeN: X SHAMEHATENb ZPoGH f(X) Ha MHOEHETENN
BHAA X — @ (ec/IH, KOHEYHO, 3T0 BOSMOMKHO)} M NPHMEHAIOT Memod uH-
mepeanos, KOTODEIX MEL Vike VIOMHHANH BHINE (CM. B OPEALIAYINEM
naparpade npumep 4) # noapoblee INOKaXeM HA pAje OPUMepOB.

11



1 . PAUMOHANBHLIE HEPABEHCTBA WU MX CUCTEMBI

. . > x
-1 1 2
Puc. &

MIpumep 1, Pemiute BepaBeHCTBO
(x~ 1x + 1){x—2)> 0.
P e mw e H ¥ e. PaccMoTpEM BRIpakeHHe
fxy=(x—- 1z + 1)}(x — 2).

Ono oopamaerca 8 0 B Toukax 1, —1, 2; oTMeTHM 3TH TOYKH Ha YHC-
noBo# Tipamoii. UnenosaAa npamaA pasGHBAETCA YKASAHHEIMHE TOUYKA-
MH Ha 9JeThipe IpoMekyTHA (prc. 6), Ha KaX¥A0M H3 KOTOPBIX BhRIDA-
KeHHe f(x) coXpaHAeT NMOCTOARHER 3HAK., UTOOH B TOM YyOemHTHCH,
NpOBeAEeM YeTEIDE Daccy#AAeHHA (ZAA KaKAoro H3 YKASaHHBIX IIDO-
MEeXYTKOB B OTAECILHOCTH).

1) BogeMeM A00YI0 TOUKY X H3 OpoMexkyTKa (2; +°°), I1a ToY-
KA paclojodKeHA HA YHCJAOoBoI npAMoll mpaeee ToukH —1, Apasee
roukH 1 u npasee ToukH 2 (puc. 7). 970 38ayur, uro x > -1, x > 1,
t 2. Hotormax+1>0,x—1>0,x-2>0, a3Hagur, ¥ f(x) >0
{KaK NMpoM3BefieHAEe TPeX MOJAKHATEeNsHLX THcen). Hrak, HA BceM mpo-
MeKyTKe (25 +00) BEImoAHAeTcA HepaBeHceTBo f(x) > 0,

1 1 2
Puc. 7

* » X
x

2) BogsMeM J100y1I0 TOUKY x B3 mATepsana (1; 2), Ora Touxra pac-
HOJIOMKEHA HA YHCJOBol mpAmoll mpakee Touxu -1, npaBee TOurRHE 1,
uo gepee Touke 2 (pme. 8). 3HaumT, x > -1, x > 1, B0 x < 2, a
ioroMmy x + 1 >0, x -1 >0, x - 2 < (. Ho rorga f(x) < 0 (xar
HPOUBBEIeHHEe IBYX HOJOXKHUTENBHBIX M OJHOTO OTDHIIATENLHOI0 YHC-
nn). Utak, Ha BeceM npoMeskytke (1; 2) BHODonHAeTCA HepaBeHCTBO
flxy < 0.

Ot il
-1 1 » 2

P, 8

3) Bossmem miolyio TOYKY x m3 mHTepBaja (—1; 1). 3Ta rouka
(IIOTIOVKeHA Ha YNCA0BOH mpaMoit mpaBee TouKHE —1, Jesee TouRHm 1

13



1 -_J_l PALMOHANBHBIE HEPABEHCTBA WM MX CHUCTEMBI

— 1t
- Cr - » x
-1 x 1 2
Puc. 9

u aeree Toukm 2 (pec. 9). 3maumr, x > -1, H0 ¥ < 1, ¥ < 2, a moromy
x+1>0,x-1<0, x-2<0. Ho Torga f(x) > 0 (xaKk npousseaenue
ABYX OTPHIATENBHEX H OJHOTC HOJOXKHTEIBHOrO umcaa). Hrak, Ha
BCEM IpoMexyTKe (—1; 1) prinmonmEdAeTca HepaBeHCTEO f(x) > 0.

4) Boasmem, HaxoHer:, J00VI0 TOUKY X B3 GTKPEITOrO Jay4a (—o0; —1),
9Ta TOYKa pacHONOMEHA HA UYHCJIOEOH MPAMOi JeBee TOWKE —1,
JieBee TOYKH 1 o Jesee ToukH 2 (puc, 10). Sro 3HaqvUT, UTO X < -1,
¥x<l,x<2. Hororrax+1<0,x~1<0,x-2<0, a 3Hayur, u
f(x) < 0 (xax npomsReZeHMe TPeX OTPHIATEALHHX yucex). UTak, Ha
BCEM NPOMexkyTEKe (—o0; ~1) BHIONHAETCA HepaBeHCTBO f(x) < 0.

- > x
x -1 1 2

Prc. 10

IoaBegem mrorm. 3naxH BEIpaxkenHus f(x) B BELAENEHHHX NpPOMe-
JKYTKaxX TaxkoBEl, KAk mokasano Ha prc. 11. Hac mwaTepecyior Te mpo-
MeXYTKH, HA KOTOPBIX BHIOJHAETCS HepaseHcTso f(x) > 0; omm
SAMITPMXOBanK Ha pHe. 11. Buaunt, HepasenceTso f(x) > 0 Bmmos-
HAETCA Ha paTepsatde (—1; 1) HAH Ha OTEPHITOM Jyde {2; +00),

Pue, 11
OrBem-l<x<1l;x>2.

IIpumep 2. Pemurh HePaBEHCTBO
(x-1)x+ x-2)< 0.

Pem e ue. Kak u B npeanaymen npuMepe, H3BJICUEM HEODXO-
ARMY®0O Fadopmanmo us puc. 11, Ho ¢ ABYMSA H3MEHEHHASAMH OO CPas-
HEHHIO ¢ mpumepoM 1. Bo-mepBHIX, TOCKOJBKY HAC MHTEDECYET, NmpH
KAKHX 3HaYeHWAX X BHIMOJHAeTCSA HepaBeHcTBo f(x)} < 0, Ham npwm-
IeTcHa BBIHpaTh NPOMEKYTKH (-00; -1) u (1; 2). Bo-BTopHIX, Hac ycT-
PAUBAIOT Iy Te TOYKH, B KOTOPBIX BREIMOJMHAETCA paBeHCTBo f(x) = (. Oro
TOYKH —1, 1, 2, oTMeTHM HX Ha PUCYHKE TEMHBIMH KPYKOIKAMH B
BKAWYAM 5 OTBeT. Ha puc. 12 mpeicTraBiieHa reoMeTpHYecKas

14



1 . PALMOHANBHLIE HEPABEHCTBA M MX CHCTEMbI

— + - +
e — olniitip > x
-1 1 2
Puc. 12

HILIKNCTPALNS PEIleHHA HePABSHCTBA, OT KOTOpol HeTpyIHO Nepel-
TH K AHAJHTHIeCKOH 3amucH.

Oreemxs-1; 1lsxs2,

Iipumep 3. Pemumrs HepaBeHCTBO
xf-x
x¥-5x-6
Peme H U e. PazioXUM HA MHOKHTE/NH MHCIUTENL H 3HAMEHA-
reas axrefpawdeckeolt gpobu f(x), cozep:kameiica B JepoH vacTH
HepaBeHCTBa. B 4HMcaIuTeNe HMeeM:
22— x=x(x-1).
'[ro6uI pPasAOXKHTE HA MHOMKETEAN KBAAPATHLIR Tpexunen x2 - 5x — 6,
cogepxamuiica B sHaMeHaTee Apolu, Haiimem ero KopEH., U3 ypas-
negns x2 — 5x — 6 = 0 maxoauM: x, = -1, x, = 6. 3uayur,
x—Bx —6=(x+ 1)x - 6)
(ME CHOBa, Kak 3T0 yxe 0bino B § 1, BOCHOJNBL3OBANHUCE GopMynioi
[MGJIOMKeHHA HE MEOKUTENH KBaJpaTHOrO TpexXdaeHa: ax® + bx + ¢ =
a(x - x,)(x - x,).
Tem caMBIM MBI IpeodpasoBall 3aJAHHOE HEPABEHCTBO K BHAY
x(x -1}
(x + 1)(x - 6)

x(x -1
‘lucauTens ApodH m ofpamaerca B 0 B Toukax O u 1, a

< 0.

< 0.

sHEMeHaTean obpamaerca B 0 B Tourax —1 # 6. OTMeTHM 5TH TOYKH

Ha wHeaoBoir npamoit (pme. 13). Yucnosas npaMas pasbueaeTca yra-

MHHBIMH TOYKAME HA LIATH ODPOMEXYTKOB. PaccyJada Tax #e, KAK B

npusmepe 1, OPpHXOAMM K BHIBOLY, YTO HA KaXXAOM NPOMENKYTHE BBIPa-

sceame fx) coXpanseT MOCTOSHHEN 3HAK, NPHUEM SHAKH BRIPAXKCHEH

f(v) B BLIAENeEHLIX LIPOMEIKYTKAX TAKOBEI, KAK IIOKA3aHO Ha puc. 13,
+ - + - +

i o~ ’
Trrrr Tri i rrrmmerrrrrrryyoyrrmr X

-1 0 1 6
Puc. 13

15



1 . PAUMOHA fIbMBIE HEPABEMCTBA M HUX CUMCTEMbI

el

Hac uaTepecyeT, rae BHIOAHEACTCA HepaBencrso f(x) < 0. DTo HMeeT
MecTO Ha EHTepBate (—1; 0) HaH ma uatepsase (1; 6).
OrBem-1<x<0;1<x<8.
NIpumep 4, Pemuts HepaRBEHCTBO
6x% - Hx+ 4
6x?-—x-2 '
PemeHue. [IpH pemleHAN pAINMOHANLHEIX HePaBeHCTB, KakK
OpPABHIO, NPeATOIUTAIOT HMETE: B NIPaBoil YacTH HepapeHeTsa yrcac 0!

6x2—-5x+4
GxZ—x-2

-1 0;

6x2 -5x+4-6x2+x+2
6x* —x-2

20;

-4x+6

Gx2-x-2 2 0.

Ecau B npapoii 9acTH HEPABEHCTBA COASPMKHTCA JAMEL ymeao 0,
yroOHee MPOBOAHTE PacCycdeHHA, KOrZa B JeBoil YaCcTH HepaBeHCTBa
7 9HUCJHTeN: H 3HaMeHaTeds HMeT TOAOMKHTeILHEH CTApmAl Koad-
dHIAeRT. A 49TO V Hac? ¥ Hac B 3HaMeHaTeJe ZpO0OH B TOM CMEICIE
BCe B mopanke (crapmmdt xoadgdmumeHT, T, e. KosdbaimerT npu x7,
paBen 6 — DOJCYKHUTENEHOE YHCAO), & B YHCIHTeNe CTapUIHi Koaddn-
npesT (kKospdHUHEHT OpH X) paBeH —4 (OTpHLATENLHOE THCIC). Y MHO-
spB ofe YaCTH HEPABEHCTBA Ha —]1 M H3MeHMB NPH PTOM 3HAK HepaBeH-
CTEA Ha NPOTHBONOMOMKHLIN, MOJYUAM PABHOCHAALHOE HepPaBeHCTEO

4x-6
6x2-x-2

< 0.

Yueeaurens gpofu npecbpagyem K BHRY 4(12 - -g] Yrobsl pasioxUTE
HA MHOXXHTENH COAepKaIHiics B sHaMeHaTeNe Zpo0H KBagpaTHLIN Tpex-
umen 6x° — x — 2, mafinem ero xopau. W3 ypapmenusa 6x* —x -2 =0

1
3 Xp= =3 3HagnT,

2 1
PRV S _ = =
Bx? —x-2 G(x 3](x+2].

HaXOOHM: X, =

16



1. PAUMOHANBHLIE HEPABEHCTBA M WX CHUCTEMEI

Tem caMEIM 3aJaHHOE HEPABEHCTBO MEI Ipeo0pas0oBANH K BHAY

s[x _g)(“%]

4
fofie JacTH HepABEHCTBA PasfeSHJH Ha TOJOKHTEIbHOE YHCAO )

-

Hucnurens aTolt gpobu obpamaercd B 0 B Touke 3 » @ 3HAMeHaTelb —
2

P TOUKAX 5 M -% . OrMervM »TH TOYRH Ha YUCIOBOH npamoil (puc, 14);
ot pasbHEAaeTCH YKASAHHEIMY TOUKAMHA HA TeTEIPE MPOMEKYTKA, OpH-
neM HE KadKAOM IIDOMEKYTKe BuIpakeHue f(x) coxpaHdeT DOCTOSH-
uu# 3HAK — 9TH 3HAKH yKasaHe HA puc., 14, Hac mHTepecymoT TE
NPOMEKYTKH, HA KOTOPEIX BRUIOJIHSETCH HepaeeHcTBO f(x) < 0; st
HPOMENKYTKU BEAEAEHE! IITPUXOBKOU Ha puc, 15, Ilo ycmoBuio Hac
WHTEPECYIOT B TE TOYKH X, B KOTODBIX maommewga pasenctso fx) = 0.

PaccmoTpuM BEIpaXMteHHE

Takad TOYKA TOJBKO OOHA — BT0 TOYKA X = 3 » MOCKOJBKY JHIIE

{IPH 3TOM SHEYEHHH YHCAHTEeND Apodu f(x) ofpamaerca B Hyab, Todka

3
* = OTMeueHa Ha puc. 15 TembniM kpy:Rouxom. Taxum obpasom,

I pHC. 15 OpeacTaBAeHa FeOMEeTDPHUIECKAA HAJIOCTPAIINA pelleHHA

- + - +

e O O » X
1 2 3
2 8 2
Puc. 14
- + -
R Crrrrrrrrrrrrr——p X
_d 2 3
2 3 2
Puc. 15
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1. PALIMOHANBHLIE HEPABEHCTBA M MX CHUCTEMDI

3aJaHHOr0 HepaBeHCTBA, OT KOTOpOH HETPYAHO HepeliTh K AHAJNHTH-
YecKoHl ZaimcH. 9

OrTBeTx < —-;-; 3 < X% %

B kampoM u3 pacCMOTDEHHEIX UPHMePOB MBI IpeobpasoBhbIBasK
34AaHHOe HEPABEeHCTBO TAK, YTOORI moyyumiIoch PABHOCHILHOE €My Hepa-
BeECTEO BHAA f(x) > 0 man f(x) < 0, rae

(x-a)(x—-5)

®= e ow-d
3arem oTMeuany Ha oc X (Ha 9AcaoBol mpaMoll) Tosku g, b, ¢, d K
OUPESeNIAIN SHAKY BRIDAMEHHA f(x) Ha BbASNEHHBIX HDOMEMKYTKAX.
3aMeTHIH, YTO HA CAMOM IIPABOM M3 BblAejeHHBIX IIPOMeXKYTKOB BEHI-
moJHAeTCA HepaBeHCTBO f(x) > 0, a nasee mo mpomeskyTKamM (IIpH yc-
JIOBHH, UTO YMCJA &, b, ¢, d MOIAPHO PASAMYHLI) SHAKHA BEIPAMKEHHS
f(x) uepenyrotea (puc. 16a). 9To vepezoBaEMe VAOOHO HINIOCTPHPO-
BATH C MOMOINEIO BONECGOODA3IHOM KpuBOil, KOTOPAaA YEPTHTCH COPAaBsa
HAJIeBO U CBePXy BHES (pEc. 166). Ha Tex npoMeXyTKax, e 3Ta KpH-
BAA (ee HHOrJA HASEIBAIOT KPUGOH 3HAK0E) PACIIONOAKEHA BEIIIe OCH X,
BHIIOJNIHAETCA HepaBeHCTBO f(x) > 0; ma Tex OpPoMERyTRaX, T'Ae 3Ta
KPUBa#A PaACTIONOMAKeHa HHXKe OCH X, BLIIOAHAETCE HepaseHcTBO f(x) < 0.

SamMeTHM, YT KOAHYECTBO MHOKHTeNell B YHCAMTEMe H 3HAMeHa-
Tene ApobH MoEeT OHITH JIOGEIM (He o6RBATEALHO IO JABa B WHCIH-
TeJe M 3HEaMeHarele).

IMIpumep 5. PeukTh HepasepcTBO
x5 - x
@x+3)Ex-8 - O

Pew e um e HveeMm:

x(x2-T) >0
3 8 :
2 —_ . [
(= 3) o=~ %)
+ - + - +
- x
a b ¢ d
Puc, 16a
I > x
a b e d
Puc. 166



1 . ll PAUHMOHANBHLIE HEPABEMCTBA W UX CUCTEMbI

2(x —7) (x + V7)

[+ 53]

(0Ge 4acTH DpPEARIAYINEr0 HEDABEHCTBA YMHOMKHJIN HA MOJOMKHTENb-
Hoe Iucao 6).

UTo0K BOCHOABIOBATHCHA METOLOM HHTEDPBaNOB, OTMETHM H& YHC-
.nonoﬁ npamolt Touknu 0, J-'?_ y — J‘? (B 9THX TOYKAX UHCANTEIL OPO-
OH, c&nepacameﬁca B JeBoll 4acTH HepaBeHcTBa, ofpamngercs B 0) u

TOUKH —g H -g_ (B 3THX TOYKaX ZHAMEHATENEs YEA3aHHON apodu oGpa-

maercA B (). OOBIYHO TOYKH OTMEYalOT CXEeMATHIECKH, YIHTHBAA
TOILKO HOPAJOK KX CAejOBAaHKA (KAKAA OpaBee, KAKas JieBee) H He
0co0eHRO 00pamaA BEEMMAaHHA Ha coGmopeHMe macmraba. fcHo, uTo

-7 < —-g < 0. Cnoxnee (ecnE noj pyxol HET KAJNLKYIATODa) 06-

8
CTOHT ZeJ0 ¢ YHCJaMB \[7_ H 5 . HDCTYHKM TaK: pacCMOTpDHM KBAaI-

jPATHL THX YHCEI.

: _7.(8) -8 _q1 2 [8Y
Hmeen: (ﬁ)g—7,(3} 5 —79. 3rauur, 1) 4[3],

N IOTOMY J7 < %

Hraxk,
3 8
- 74—5 <0<d7<§.

OTMeTHM YHASAHHBEIC NATH TOUEK B YHE3AHHOM NODAAKE HA YHC-
J0Bol mpamoit (pre. 17a). PaccraBsuM 3HAKK BRIDA/KCHUA

x(:c—J‘?) (= +J7)

S

11 TOAYYEHHBIX MPOMEKYTKAaX: H& CAaMOM NPaBOM — 3HaK «+», 4 Jajee
e uepeayores (pre. 176). HaueprnM KPHBYIO 3HAKOE M BRIZe-
AuM (IOTPHXOBKOH) Te NPOMEXYTER, Ha KOTOPHY BRIIOIHACTCA HHTE-
jucymoliee Hac HepaBeHCTBO f(x) > O (puc. 17B). ¥Yurem, HaxoHexh,

Fix) =
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1 - PAUMOHASNBHBLIE HEPABEHCTBA M MX CUCTEMBI

OO o o Q > x
3 8
-V -3 T3
Puc. 17a
- + - + - +
O O O O O » X
3 8
-1 -3 0 J7 3
Puc. 176

3 8
-NT-3 0 7 3
Mc. t7e

9TQ pedb HAET O HECHMPozoM Hepasencmeae f(x) 2 0, 3HauHT, Hac
HHTEPeCYIOT H TE€ TOYKH, B KOTODHIX BHIpa:keHke f(x) ofpaimaercs

B Hynab. 9To KOPHH yHcAmTens gpodm fix), T.e. Touxn O, -ﬁ H - ﬁ;

OTMETHM HX Ha pHC. 17B TeMHBIMM KPY)XOUYKAMH (M, €CTECTBeHHO,
BKII09HM B oTBer), BoT remepn puc. 17B ZaeT mojHyI0 reoMeTpHue-
CEYI0 HINKICTPALHK) PelleHHa 3aJaHHOTO HEPABCHCTBA.

OTBeT:—ﬁgx{‘%; 0<x<7; x>-g—.

Ofpamaem Balle BHAM&HHE HA TO, YT0 BCTPedYaloTCH PallHOHANL-
Hble HEPABEHCTEA, IPH DEIIeHHH KOTOPHIX METOI MHTEPBANOB CAEAYET
NPHMEHATE ¢ OCTOPOKHOCTRIO, ¢ HEKOTOPEIMK HONDABKAMH. JTO MBI
Oﬁcymm B OCTAJLHEIX ODHMepax naparpada.

Il pumep 6. Pemmure nepaseHCTBO
(x =1R(x+2)<0.
P ¢ m e B 1 ¢, PaccmorpumM Beipaenue f(x) = (x — 1¥(x + 2),

OTMermM TOuXKHM 1 1 —2 Ha yncnosBofi npamoili (prc. 18) 1 onpelennm
3HaKHK f(x) Ha KaXKOOM H3 Tpex IOAYIEHHLIX TPOMEIKYTKOR.

- + +
FrFrrrrrrrs e Ch ’x

-2 1
Puc. 18
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1 . ll PALUMOHANBHLIE HEPABEHCTBA M UX CHCTEMBI

Ecoam x € (1; +00), T.e. x> 1, 10 (x — 1)2 > 0, x + 2 > 0. Bnaunr,
{(x ~= 1Y%(x + 2) > 0. CnegoBaTeJBHO, Ha OTEPHTOM Jyde (1; +00) BEI-
LonHAeTCA HepaseHcTBO flx) > 0.

BEcmmxe (-2; 1), Te. 2<x<l,To(x—1F>0,x+2>0.
3magur, (x — 1*(x + 2) > 0. Taxum obpasoM, HA maTepBaie (—2; 1)
BHEUIONHAETCA HepaBeHcTBo f(x) > 0.

Eeom x € (-0 -2), Te.x <=2, To{x — 12 >0, x+2 <0
Baauwmr, (x — 1)%(x + 2) < 0. Urax, Ha orkpEITOM Jyde (—o0; —2) BRI
nonHdgeTca HepaBeHeTBo f{x) < 0.

3Eaxn BRipaxeHHA f(x) cXeMaTHYeCKH npeacTasientl Ha puc. 18.
Hepapencteo f(x) < 0 BRIOJSHACTCA HAa OTKPHITOM iyae (—o0; —2).

OrBeT x <-2,

3ameuanne 1. B npumepe 6 ve Bbino Toro yepepoeaHKs 3HaKOB, Ha
HOoTOpOE Mbi OBPATHIM BHUMAHHE BbILLE, a MOTOMY 1 HPHBYIO 3HAKOB Mbl
EeCH YEPTHTL He cTank. [1pMebIMHas KapTHHa Hapyluesa W3-3a Toro, YTO B
soipamermm f(x) ecte mHOMMTENL (X — 1), [pMMnTe COBET: @CNM NOCNE pas-
NOMEHUN HE MHOMHTENM YHCIUTENS 1 3HamenaTens anreBpanueckoit apodu
f(x) 81 O6Hapy MMM MHOXMTENL BUAA (x— a)", rae n=2, 3, 4, ..., He NoNb3yi-
rech KPYBOM 3HaKOB, a ONPEAEnaiTe IHAKK Bhipancenus f(x) B Kax@om H3
sLIRENEeHHEIX NPOMEIYTKOB NO OTAGNBHOCTH, KaK B Nnpumepe &,

3amevanme 2. Ecnm 661 3apanHoe B npumepe & HepaseHcTBO Gbino He-
CTPOrMM, T. €. nmeno eud (x — 1)%{x + 2) € 0, To reomeTpH4eCKan MNNIOCT-
PaUMA pewerns uaMenmnack Bui: Touku 1 1w =2 cNepoBano OTMeTHTE 3a-
KPSLEHHBIMM KDYHOYKamHM U BKIIOUMTL B oT8eT (puc. 19). Pewenne Hepa-
seHcTea wmeno Bei Torga cnepyrowmid Bun: x < =2; x=1,

bk oy - » X
-2 1
Puc. 19

Hpuamep 7.PemuTs HepaBeHCTBO

19 - x2 - 4x < 3
49 — x? T+x"

Pemenue. IlpeobpasyeM HepaBeHCTEBO K BHZY

19 — x2-4x 3
- <
49 - x2 7+x

n nopaboraem ¢ JIeBOH 9acThi0 MOJYIHMBINETOCH HEPDABEeHCTBA:

21



1 4 PALUMOMAbHBIE HEPABEHCTBA M MX CUCTEMBI

V-#-dx 3 _19-x-4x 3™ _
49 - #? T+ ([@-x)T+2) T+x
e 19X -4x-30-x) _ _g2_x_2 L xt+x32
(71— x)(7 + x) T-0T+2 (x-DE+17

(uncaETENb H SHAMEHATE R Apobu ymuoxuay Ha —1, 210 TOMKAECTBEH-
Hoe IpeobpaseaHue Ipotn).

Taxum 06pasoM, sagaua ceomurca x PelIeHKI0 HEP&BEHCTBE

Ptx+ 2 <0
(- Mx+D '

HonerraeMCa PasloKuTh HE MEOMMTENH UMCIHTENs AaTebpamue-
CKoH ApobH, coaepEalleiica B eRoit YaCTH HEPABEHCTBA, T. €. BRIDA-
xeHne x* + x + 2. Ho AHCKPHMHHAHT 3TOTQ EBAAPATHOTD TPEXYIgHA
orpunarenen: D = 1% — 4 .1 .2 = .7, Buauwur, xopueli y Tpexwiena
HeT, & HOTOMY POPMYa ax? + bx + ¢ = a(x - x,)(x — x,) 3mecs HempH-
vMenuma. Kak ke GuiTe?

Orser Ha 9TOT Bompoc gzaer TeopeMa H3 § 1: eclin y KBAZPETHOTO
Tpexwiena ax’ + bx + ¢ orpunarempambi AACKPHMAHAHT H TIOJ0MH-
TeNBHEIH CTAPIIHE KOXUIEEHT, T TpeXWeR T 0 1 0K H T e Jd e H
NpH BCEX 3HAMEHHAX X. Ho TOTZa HA Hero MOXKHO Das3felHTb obe
1acTH HEPABCHCTER, He MeHAA 3Haxa HepaBeHcTBa (cM. B § 1 mpa-

B0 2%), Ilomyamm:
1

c-ne.n

BocnoasaosaBwiMce MeTogom meTepsanos (pue. 20), momyuzem B

Ka9ecTse PEIIeHUA ToCHeaHero (a 3HAYKT, M 38J4HHOTO) HepPaBeHCTRA
nETepsaia (—7; 7).

OrBeT: -T<x<7,

\_\Ll_l_trl.l'.r)!.ra;;,,,

+ -7 - 7 +

Puc. 20
22



1 . u PALIHOMANBMLIE HEPABEMCTBA M WX CHUCTEMbI

3 2
3x° - 8x° - 2x < 0.
x

<0,r.e.8x2-2x-2<0
{upn yeaosax, ure x # 0). Haifitem xOopHH KBAZDATHOTO YDABHEHNA

Mi-2x - 2=0:
_1x o3 127

[
- - *

3
ST -
HE Ty

IilpaMep 8. Pemnre HepaBeHCTBO

Pemenne HveeMm: M

1.2

.%lm

1 x2= 3

KoHewHO, MOMHO, IIPEMeHHB HODMYIY
3x% - 2x -2 =3(x - x)(x - x,),

POILETEL 3aTAHHOE HEPABEHCTEO MeToaoM muTepBanoB. Ho nias peie-
14 KBAIPATHBIX HEDABEHCTE ¥ HAC HMeeTcs IPOBEPeHHKH H Halex-
Hidid METOL, KOTOpLIi MEl BCIOMHHIM B Ipeibiayinem maparpage. Or-
MOTUM KODHHE X, # X, Ha OCK X, Y4ITA OPHA 3TOM, 4TO X, < X,, ¥ HOCTPO-
um (cxemaTugeckH) mapabonay y = 3x? — 2x — 2; rIaBHOe — Y4eCTh, YTO
werBE 3TOH mapaboJal HanpaBJeHE

muwpx (puc. 21). Bubrpaem npomexy- y *
K, HA KOTOPOM TPadK DacHoJIOMeH
N0/l OCBI0 X, — 3TO HHTEPBAa (X, X,).
Ibiime Mul oTMeTEIH, uTO X # 0, npuger- X, 0 Xy *
en roury x = 0 «BoIKOJNOTH?. Bor Te-
nepb puc. 21 aaer moNHYI reoMeTpH-
MPCKYI0 RIIIOCTpanMIc pelleHHs 3a- Puc. 21
ANITHOIO HEpaBeHCTEA.

1"3‘/?«::Jc<0;0<;n:«:]‘+3

I=

OrBerT:

§ 3. MHOXECTBA M ONMEPALMM HAZA HUMM

1. NMoHsATHe MMOXeCTBa

3HAMEHHTEI® HTAALAHCKAN PHIHK, MEXAHHMK, ACTPOHOM
nw matematux lanuneo lanmneft (1564—1642) oucan: «Bexmuras
rnury [IpHPOAN HaTHcAHA ASEIKOM MATEMATHENR», 33 MHOTOBEKOBYIO

23



___1 . u PAUMOHANBHBIE HEPABEHCTBA M MX CHMCTEMBI

HCTOPHID PA3BHTHA YEJI0BEUECTBA He TOJBKO H3MEHAIHCE 3HAHUA HIO-
Hefi 0 3aKoHA4X IOPHPOALI, HO H CAMLIM CYIOECTBEHHEIM 00pasoMm me-
HAACH fA3BIK, HA KOTOPOM E PasHHE BpeMeHa OLLNH 3anHcaHmil 3TH
38KOHDbI, — CAM ASHE MATeMATHKH,

Bor, nanpumMep, murara a3 pabore «Knra® aab-gxedp Baab-
Myxabana» cpefHeasHaTckoro ydenoro Myxammezna ubn Mycer an-
Xopesuu (nepsag monoseHa IX B. H. 3.), KOTOpPHI, IO CYIIECTBY, Nep-
BLIM BBEJ CaM TeDMHH sanrebpas:

¢...UT0 KacaeTcsa KBAKPATOE H KOpHEH, PABHEIX MHCIY, TO €CJH,
HagpEMep, THL CKAMKEIOb: KBaApPaT H AECATH ero KopHeit pamHLI
39 aupxeMam, TO 3TO O3H&HAET, 4TO, eCAU ACGABHTE K HEKOTOPOMY
KBagpaTy T0, YTO pABHO AecATH KOpHAM, noayvuures 39. Ilpasmio Ta-
Kopo: pasgBoil YHciI0 KopHel, mOAyYHTCA B 3Toll 3ajaue AT,
YMHOKE 3TO Ha paBHOe eMy, Oyner 25, IlpubGass aTo x 39, Gymer 64.
Hsenekd M3 95TOrO KOpeHDb, OyAeT 8, H BEIYTH M3 3TOT0 MOJIOBMAY UHCAS
Kopueit, T. e, 5§, ocramerca 3: aT0 H OyAET KOpPeHb KBaADAaT4, KOTO-
PuIif THL HCKAT, a4 KBAAPAT €CTh J...»

C samMeTHRIM TPYAOM COBDEMEHHLIN 4HTaTe b IONMeT, 9TO peub
¥jeT 0 DeNIenUMM KBRaAPATHOrO ypasHeHHAa x2 + 10x = 39 m maxoxae-
HUE ero KopHEA: X = -5 + /26 + 3% = -5 + J64 =3 {xopens x = =13
EQ0DIIle He DACCMATPHBRJCH).

CoBpeMeHREBIN MaTemaTHYecKui s3Ik fonee KPATOX U B MEPBYIO
ouepeslb saMEeHsAeT €CTECTBeHHEIN, PASTOBOPHLINA A85IK ClHeOHANLHLIME
OyKBeEHEIMM B CHMBOJIBHBIMH BHpaKeHUAMH., OH Gonee hopMannso-
BaH M yHH)HOHPOBaH, T.e. DOAXOAHT K DACCMOTPEHHMIO CPABY MHO-
PHX ORHOTHOHHX caydaes. Enje 6onmee dopManrnsosamnunl, HAIPHMED,
PasnEuMLIe A3LIKH NPOrPAaMMHDOBAENA, B HUX voKe MaTeMaTHYecKKil
AIBIK MO JKECTKHM W 3apAHEE ONMCAHHLIM HPABMIAM NeDPEBOLHTCA HA
A3RIK KOMORIOTEpA.

B arom naparpacde MEI paccMOTpHM OPOCTEeHINFEe DOHATHA ¥ 000-
3HAYEHHA A3bIKA MEOPUU MHONKeCcmsa, KOTOPHHE BOT yxke Domee
100 met cocTapader HYHAAMEHT COBPEMEHHOTO MaTeMATHYECKOTO A3BLIKA.

MHBOKECTBO COCTOET M3 HJIeMeHTOB. Ecnu 27uxX 3/MeMeHTOR HeMHOTO,
To yxo0HO Bce aJIeMEHTH OPOCTO MEpeYHciAHTh B KAKOM-HHOYAL 1o~
pazake. Yrobnl He 3a0BITE, YTO IepeUIHCIAEMbIE JIEMEHTH 00heAHEeHED
BMECTE B HEKOTODOE MHOJKECTEO, TAKOE ICeDEYHCICHHE MPON3IBOAAT
BHYTpH QEIYpHEX cxobok { , }. BoT HeKoOTophe MPUMEDEI.
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PALUMOHANBHBIE HEPABEHCTBA M MX CUCTEMbI

CrosecHO® OIHCAHHE
MHOEOCTES,

HoaaxemenTHOS
ONMACANAE MHOMECTER

3amaHne MHOMXKCCTBA
HepeuHCACHHeM
€ro JJ1eMeHTOB

Mudpn zecarauHok
CHCTeMHB CUHCTeHAs

MHuoxkecTBO cocTOMT

wzumdp 0,1, 2, 5, 4,

56,789

{0' 1’ 2’ 3’ 4’ 5’ 6’ 7’
8, 9}

Tnacuuie GYKBH
pyCcroro ANQABHUTA

MHOMEeCTBO COCTOHT
vs 6yxe A, E, E, H,
o, V,hl,0,10,4

4, E, B. H,0,V, Bl,
3, io, A}

KopEH ypapHeHHA
x% +10x = 39

MuoskecTBO COCTOHT
us gucen 3 1 —13

{-13; 3}

Ilepesiif 1 BTODOLE
IlpesugenTH:
Poceniicroii ®egepamun

MHoXecTBO COCTOUT
#3 IBYX Jaogeti:
Ensunna o IIyrana

{Eapumn, ITyTHa}

E)JIEMEHTH MHOM{EeCTBA MOMKHO Hepe‘IHCJIﬂTL B HpOI‘ISBOJ’leDM oo-
piake. OT HZMeHeHKA MOPAJKA DepedHCIeHHs 3JIeMeHTOR CaMO MHO-
MecTBO He MeRmerca. Hanpuwmep, (A, E, E, H, 0, ¥, BI, 3, 10, 4} n
{3f, 4, BI, 3, 10, E, O, ¥, A, E} — 310 0ZHO H TO e MHOXECTEO,
COCTOALIleE H3 BCeX ITVIACHHX OVKB PYCCKOTO aNd&BHTA.

Jamevanmwe 1. Ecni mHOMECTBO COCTOMT K3 UMCEN, TO NPM MX Nepeuc-
neHMM MHOraa yRobHee MCNONL3OBATL HE 3aNATYIO, @ 3HAK NPernHHaHUA
« ; » — TOUKY ¢ 3aMATOM. BOT TUNMuMLI Npumep. 3anmce {~13; 3} sacHo
YK23bIBAET, YTO MHOMECTBO COCTOMT M2 ABYX uvcen —13 1 3, a & 3anmcu
{~13, 3} cnepeucnuTenbHylO» 3BNATYIO MOMHO CRYTaTh C «4ECATUMHONY
VHIATON M NOAYMATE, HTG MHOIECTBO COCTOMT M3 ORHOrO OTPMLIATENBHOIO
uwicna —13,3.

Yame Bcero Mbl GyaeM 3aHHMATBLCHE HUCLOSBLMLI MHOMECTBAMH,
T, €, MHOKeCTBAMH, JJIeMEHTAMHE KOTODRIX ABIAKTCA Trcaa. JITd yuc-
JOBHX MHOMECTB eCTh ecTecTBeHHHIHl MOpAAOK MepedHC/IeHNA HX
.MIEMEHTOB OT MeHLIIero Iucia K OOoNbIneMy JHCIy.

IIpamep 1. MEOKecTBO A COCTOHT K3 Becex KOpHe# ypapHeHHA
4+ - 6x=0.

a) PemuTs 3TO ypaBHeHHe.

0) SazaTe MHOMECTEO A IepeuHCIeHHeM er0 3JeMeHTOB.

B) SamKcaTh BCe BOSMOKHEIE CIOCOOLI DepeYHCHIeHHA BIeMEHTOB
MI10MKecTBa A,
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1. " PALIMOHANLHLIE HEPABEHCTBA WU MX CHUCTEMBI

r) CKOJABRKO BCETO HMeeTCd cnocofoR HepedmcjeHHA 9IeMeHTOR
MBOMeCTEA A?

Pemermuxe a)x*+x%2-6x=0;

xx*+x—-6)=0;
x=0mmE x*+x-6=0;
,=0,x,=-3, x,=2.

6) IlepeuncauM KOpPHH, HANpEMeD B MopafKe BospacTanus. Ilo-
ayumem: A = {38, 0, 2}.

B) Ham caegveT TPpH DPasHBEIX YHCJIA PACCTABHTL II0 TPeM DasHBEIM
mectaM. Ec/Iu Ba mepBOM MecTe CTOHT —3, TO AJNH ABYX OCTABLIMXCH
quceN ¥ JBYX OCTARLINXCH MECT €CTh ABa Bapmanra: {—3, 0, 2} u
{3, 2, 0}. Ecaim Ha neppoM Mecre cromuT (, TO TERKMKe MMeeTcA ABA
sapuanra: {0, 2, -3} u {0, -3, 2}. Ecniu sa mepeomM MecTe cTORT 2, TO
uMeeTCA emie AB4 papuanTa: {2, -3, 0} u {2, 0, -8}.

Tarum o6pasom, moaviaemM 6 BAPHAHTOBR 3ANHCH MHOM(ECTEa A:
{_39 0’ 2}: {_3’ 2: 0}3 {0: _3: 2}: {0’ 2: —3}: {2’ _3’ O}a {2’ 0! _3}°

r) Bee cnocobr mepeunciieHuA yixe Halizensl B nyHEKTe B). Hx 6.

Hdonyerum, uro B npumepe 1 peus mger He o6 ypasHeHuH x° +
+ x* — 6x = 0, a 06 ypaeHenuu x2®¢ + 2008 = 0, Tar kax 120 +
+ 2008 = 2008 > 0 ana nwbHOTO X, TO B IYHKTE 8) CleIyeT OTBETHTD,
aro Koprell Her. A Kak OrITH ¢ myEKTOM §)? Bear mepeuuenars TyT
Heuero, JInsA paspeineHHMA 9TOH CHTYAIMH MATEMATHKH BEEJHN CIEIH-
ansHoe ofosHauenne . Tax 0G03HATAETCH NYCMOe MHONCECMED, T. €,
MHOMKECTBO, He CoAep:Kamiee HH OAHOTO 9JeMeHTa. OHIYDHBIE CKOO-
KH ¥ 3Haka J He CTABAT, TAK KaKk HUKAKOTO HMEPEUHMCICHNS dIeMeH-
TOB MYCTOr0 MHOYKECTEA He HPOMCXOAHT: HTHX DJIEeMEHTOB NPOCTO HET.

Ecnp 4Hcno 51eMeHTOR MHOMKECTBa AZOCTATOYHO BeJHMKO (HANDH-
Mep, HECKOJIBKO BeCATKOB, COTEH H T, [.) EIH £CIK MHOKeCTBO Becro-
HEUHO (HAODHMED, MHOMKECTBO BCeX HATYPAJbHBIX HJIH MEMKECTEO BoeX
OeJLIX 4YHcen), TO ABHOE Mepednc/eHHe 3JeMeHTOB TAKOrO MHOMeCTBA
HeBo3MOKHO. Cnocobl 3agaHKA, ONACAHNA TAKHX MHOMKECTB BEChMA
pasHoo0pasEH. BOT HexOTOpLie M3 HEHX.

Muo®ecTRO ChoBecHOE ONACAHHE MHOMECTFBA

1) | {190, 15, 20, ..., 90, 95} ; MREOXeCTBO BCEX ABYSHAYHEIX YHCET, KPaT-
HHIX &

2) | {1, 4, 9, 186, 25, 36, ...} | MEOMKeCTBO BCeX KBaJpaToBR HATYDAJILHEBIX
qmeelt
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1 . PAUMOMHANGHLIE HEPABEHCTBA M WX CUCTEMbI

——aias e

Oxorianue maba.

MuoxetTBD CaosecHoe onMCAHNE MHOXECTES
3) N MuoMecTBO HATYPANBLHEEIX YKHCE]
4) Q MHOXeCTBO PATHOHANBHELX THCEI
8) xl2<x<7) MHoecTBO BCeX uMCesd, KOTOpHe Goablle

2 71 Memns1re 7

61 2n MHuoxecTBO BCeX uKcen, KOTOpule Gosbllle
2 ¥ meHuIe 7

B cayuaax 1) u 2) mo HeCKOABKHM NpeNbARJCHHEIM 3jeMeHTaM
MHOMECTEA MEI IO AHATOTHE dozadbiéaeMcs 0 TOM, KaK YCTPOEHO EBCe
MHOMKECTBO KeJHKOM, JTOT CHOCO0 B TOM HIM HHOM BH/E HCHOIE3YET
vJioBecHEI 060pOT ¢..H TAK Jajees,

HeroTopEle YRCAOBEIE MHOMKECTBE CTOJD HACTO BCTPEUAIOTCA B pas-
AMYHEIX pasAeaaX MATeMATHKH, YTO ANA HHX BEeSH COeINAJbHEE
odosHadenns. HMeHEO Tak 06CTOMT Aeno B cayuaax 3) 1 4), a TaxxKe,
HAIPUMEP, A8 MHOMKECTBA HeJRX 9Hcel, KOTopoe 06ozradanT Z, mim
JJIfi MHOMKeCTBEA AeliCTBHTeILHBIX MHucel], KoTopoe 0003HAYAOT R.

B cayuae 5) MHOMECTBO 3agaHO ¢ NOMOIULIO €10 XAPaktepucmit-
VK020 ¢aolicmaad. OTO OJHH H3 CEGMEIX PaCIPOCTPAHEHHRIX CIIOCOO0B
AfaEHA MHEOXKecTBa. CHMBON « | » BHYTPH QUTYPHHIX CKOGOK ABJA-
»ICH 3aMEHON KOMOHHANNME CAOB «..TAKHX, 4TO..». MOmMEHO Hpouan-
vuTh samuck {x | 2 < x < 7} war sa marom:

Campon Kax wnraerca
{o0n} MHOMRECTEO...
{x...} MuomecTBO BCeX X...
1zl...} MuOeCTBO BCEX X TAKHX, 9TO...
xl2<x< MuosecTBO BeeX X TBKMX, 9r0 2 < x < 7

Hakonen, B cayvae §), xak u B cay4daax 3) u 4), MHOMeCTBO
ANJAHO ¢ NOMOIOBI0 COCIHANLHOIC 0003HAYEHH, 37eCh MBI HMEEeM
ACO0 ¢ OOTENM H3 HauboJee THOHYHRX NpuMEep0B YHCJIOBHIX MHO-
MOCTBE — C MHTepBajaoM. Hapaoy ¢ MHTepBaIaM¥ MBI OYE€HL YaCTO
UCTpEUaeMca M ¢ ADYTHMH YucAocuml npomexcymranu. Hanpumep,
{tle < x < b} = [a; b] — orpesox ¢ Koumamuz @ = by {x|x < b} =

{ ©0; b) — OTKPBITHII NyY ¢ KOHIOOM B TOUYKE b.
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1 - u PALMOHANBHLIE HEPABEHCTBA M MX CHUCTEMBY

IIpamep 2 Ilo yKasagHOMY 38IAHHIO MHOX(ECTBA JATL €ro
CJIOBECHOE OIHCAHUE:

a} {0, 2, 4, 6, 8); 6){2, 4,86, ..., 18, 20}; B){12, 22, 32, ..., 92};

r) {1, 8, 27, 64, 125, ...}.

P e e m u e CrobecHble ONMCAHKS OZHOTO H TOTO e MHOXe-
CTBa MOTYT BHIVIALETE NO-pasHOMY. Belb B ecTecTBeHHOM, PasroBOp-
HOM A3ZEIKE OJHY B TY ¥€ MEC/b, KIS0 H T. 0. MOXHO BBLID&3HTE IO-
pasHOMy, IloaroMy B cKODKAX NIpEBEemeM H APYTHE BOZMOXMCHLIE BapH-
AHTHl OTEETOB.

a) MuomecTBo Becex ueTHRIX nEAp (Bce mudper, Kpome mudp 1,
3,5, 7 9);

0) MAQKECTBO BCeX UETHLIX HATYPAJBHEIX YHCEN, KOTOPhIE MEHb-
me 21 (Bce 9mcaa, NOIYYeHHRIe B3 upcea 1, 2, ..., 9, 10 ymaomennem
Ha 2);

B) MHOMKECTBO BCEX ABYSHAYHEBIX YHMCE], OKAHYHBAIONIHMXCA Hb-
poii 2 (Bce ancaa Beda 10x + 2, roe x HeRyieBad mudpa);

I} MHOKECTBO BceX KY(OB HATYPAJILHBIX YMCENI (MHOMECTB) 3Ha-
yeHut GyRKOHHE ¥ = x? 1014 HATYPANBHEIX gHAYEHAN apryMeHTa X).

IIpnwMep 3. PelImd COOTEETCTRYIONIEE HEDABEHCTBO, 3AMMCATD
3aJaHAOE YHCAOBOE MHOMKECTEO B BHI€ UMCJOBOIO IDOMEKYTHA!

a){xlx?+1 >0} B){x%>0};
6) {x£+2"“—‘1 > 2x—l}; r) {x 3522 < 24x + 35).
3 5 15

Peme = u e. a) [Ipoyrem samuce {x |x* + 1 > 0} war 3a marom,
Caeayer HaliTH MHOMKECTEO BCex x Taxmx, uto x2 + 1 > (. Dro Hepa-
BEHCTEC BEPHO AJA BceX AeHCTBHTeNbHEIX ymced. [Toxyuaem oreer:
ECA YHCJAOBaA NpPAMAT; B CHMBOJLHON 3amucH: (—o0; +c°) mau R.

6) CreayveT BafiTH MHOMXECTEO BCE€X X TAKHX, UTO

x 2x-1 9, 1
3 5 15

T. €. PEIINTL 3T0 HepaBeHCTEO, Ero Mm yxe pemuan (cM. § 1, npu-

Mep 1) ¥ moayanin oTBET: (—oo; —%)
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1. ‘I PALUMOHAJBHLIE HEPABEHCTBA M WX CHUCTEMbBI

B) CaenyeT HallTH MHOMKECTEO pPeLLeHHM (MOXHO [OBOPHTL KODO-

1
ye! peHIeHHAE) HepaBeHCTBA it 1. Hmeem:

l>1;l—1>-0; 1'x>0;x'1<0.
X X x X

Bocnoan30BaBUINCE METOLOM HHTepeaaos (puc, 22), mojgydaeM B
KAUECTBE pemmenns HepapencTea uHTepsana (0; 1),

r) 35x% < 24x + 35; 35x2 - 24x - 35 < 0O

_ 12+ 4122 4+ 85% _ 12 + 41369 _ 12 + 37,

2

35 35 35
I S Y N §
3b 7 35 5

Beren napafiontr i = 35x? = 24x - 35 manpaenens! peepx. Ilosromy
MEOIKECTEO pemiennit HepaseucTea 35x2 — 24x - 35 < 0 — a10 oTpe-

5 7
30K MEeKIY KODHAMH X, = - HXx,= 5 (puc. 23).

Orsem a)R;6) (—oo: —1—27]; B) (0; 1); 1) [—%; %]

Puc. 22 Puec. 23

Taxue CACBECHEIE 0GOPOTHI, K&K «3JIeMeHT X MPUHALIEIKHT MHO-
MECTBY A» HIH ¢X HBISCTCH JJEMEHTOM MHOMKECTBA A», JOCTATOUHO
JAJMHHBI ¥ He BCerfa YA00HH B 3AIIMCH pellicHHH KOHKPETHHIX 3474A4.
B maremaTuke 9TH BEIpaKeHAA (olee KPaTKO 3aNHCHIBAIOT TaK: X € A
(MBI YK€ MOJB30BANMCE 8THM ofoznauenmeMm). CMBICH 3nara npumad-
NCACHOCMU € JIErKO 38II0MHMTH: € — BTO NepepepHYTad Gyxea «3J»,
T, e, GyRBa, C KOTOpOi#l KAK pas W HAYHHAETCA CIOBO <dJleMeHT», Ha-
PALY CO SHAKOM NPAHAANEKHOCTH € NCIOAL3YIOT U €r0 «OTPACAHAE» —

29



1 . PAUMOHANBHLIE HEPABEHCTBA WU MX CHUCTEMbBI

SHAK ¢. 3allHChL ¥ € A 03HAYAET, YTO X He HABJISETCH 3JeMEeHTOM MHO-
#ecTea A. [IprBejgeM OpuMepEl ACOOAB30OBAHNA YTHX 3HAKOB:

3c{1,8,5,7,9,a13< {1, 3,5, 7,9

Yel{A, E,E,H,0,¥,BI,3,10,d,n0be (A, E,E, H,0,V,
LI, 3, 10, A},

2007 ¢ N, torpa Kar 200,7 ¢ N;

0e{xi85x® < 24x + 35}, a 2 ¢ {x |35x% < 24x + 35} u 1. m.

SameTHM, UTO €C/MH HEBEpHO, UTo X € A, TO BepHo, uTo X € A. Ha-
ofopoT, ecnam BepHO, 9TO X € A, TO HEBEPHO, ITO X & A.

Hpumvmep 4. Bepmo amu, uro:
a)0eN; 60ec2Z; Bleix|lx™—6x+3x+1<0}

rle {x|m > 30}?

Peumen z e, a) Her, 0 He ABAAeTCA HATYPANBHEIM MHCAOM, 3HA-
qur, 0 ¢ N.

6} Na. Bonee Toro, camo ¢OosHayeHNe Z MHOMCECTEA LEABIX YHCET
moayueHo oT nepeoii GYKBH cloBa sZeros — HyJb.

B) Ja. Tloancragum x = 1 B HepaBenceTso x° — 6x% + 3x% + 1 < O,
IHonyunm BepHOGEe YHCACBCE HepaBeHCTBO —1 < 0.

r) Her, IIpm x = 1 He onpeJeseHa JeBag YACTh HEPABEHCTERA

Jx2 -2 > 30. 1

3amevanme 2, TyHKTbI B) U r) npumepa 4 NOKAZbIBAIOT, KakK NPOBEPATH
CNRaBeAnNUBOCTE YTEBEPMOEHHR X £ AB Tex criyHasx, Korga mHoXecTeo A
3a03HO ¢ MOMOLLLIO XapaKTepHucTUHeckaro ceoictea. CnegyeT npocto npo-
BEPUTb, BEPHO 3TO CBOMCTEO BJ1Sl KOHKPETHOro YMcna X wim Het. Oteet «ga»
©3Ha4aeT, HTo0 X € A, a OTBET «HEeT» O3Ha4aeT, MTo X & A.

2. flogmHomecTBO

DneMeHTHI, o0pasyouIne AaHHOe MHOMECTBO A, MOXHO o0bemnu-
HSTE HE CPABY BCE BMECTE, a IPYNNAPYA UX B PASHEIX KOMOHHATTMIX.
Tax MOKHO NOAYYATE PASHHYHEE ROJMHONECMEQ LAaHHOTO MHOKECTRA.,

Hanpumep, ecayl MHOMECTBO COCTOHT H3 dJlemeHToE {1, +, @,
MOJXHCG COCTABATEH POBHO TPH IOAMHOMKECTBA, KOTOPBIE COCTOAT U3
AByX anementos. Jro {0, +}, {O, @} u {+, ®}. PaccmoTpuM npHMED
IOC/IOXKHEE,

NIpuwmep 5. Hanoae B cocraBe GyrioapHOA KOMARABI JOKHBI
BHIATH ABOE HAIAKAIOIIHX, & ¥y TPeHEepA KOMAHIH ecTh YeThIpe KaH-
LHIATA X, f, 2 B ¢ Ha 9TH DOSHLHH.
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1 . PALIMOHAJIbHbIE HEPABEHCTBA U MX CHUCTEMDI

a) M3 CRONBPKHX BAPHAHTOE IIPHACTCA BRIOHDATE TDEHEPY?

6) Kax maMeHHTCA OTBeT B 4), eC/IH HIPOK X He MOJMCeT HIDATEH
IMECTE ¢ HI'POKROM 47

B) Kax naMeHNTCA OTBET B 2), €CAH UTPOK 2 MOMET UTPATE TONBKO
PMeCTe ¢ HIPOKoM §7

r) Kag H3MednTCH OTBET B A), €CJH HA OOJIe SOJNJKHEI BRIATH
Tpoe HATANAOLNNX?

P em e 1 n e, CHauana MEl JOMKER TOHATE, OIPH 9€M 34eCh MHO-
WECTBd, JIEMEeHTHL M IogMHOMecTBa. A = {x, y, z, {} — 910 MHOKe-
TRO, M3 KOTOPOTO TPEHEPY CJeNyeT BuIOpaTs ABOUX HAMMAJAIONX, T. €.
aLIGPATE ABA SIEMEHTA. 3HAYHT, 331a4a CBEJACE ¥ BRIOODY DAY HKIX
AMYX3JIEMEHTHBIX. TTOAMHOECTB JAHHOTO MHOKecTBa A = {X, ¥, 2, t}.

a} IlepeancnnM BapWaHTHI, B KOTOPHEIX YYACTBYET HTDPOK X. ITO
(v, ¥}, {x, 2}, {x, t}. Ina urpoxa y oAMH BapUAHT {x, y} yae yuren,
-TANMCh BAPAAHTH {y, 2} 7 {y, t}. Ina urpoxa z ABa BapmanTa {x, 2}
u {y, 2} yHte yuTeHEl, OCTAJCH OGHUE BapmaHr {z, t}, Jlng arpoka ¢ Bce
WaDHAHRTH BLIXOZA HA UrPYy YKe yKasanol. HTak, TpeHepy Ipmaerca
wwbapars u3 mecrs Bapuantoe: {x, g}, {x, 2}, {x, &}, {v, 2}, {v, &},
{¢, th

§) Uz mepeyncASHHBIX BapUAHTOB caegyer yipars {x, y}. Ocra-
I1CH IATE SAPHAHTOB.

e) H3 nepeuyncnenHBIX BADHARTOR caenyeT yGpars {x, 2z} u {y, 2}.
{hrageTcs YeTeIPpe BAPWAHTA.

r) Tyr caeayer mOCHHTATL BCe TPEXSJeMeHTHHE NOAMHEOMKECTBA
AMIEOTO MHOMecTRA A = {x, y, 2, t}. Bor oun: {x, y, 2} (oTcyrcTRyer t),
{x, y, t} (orcyTerByer 2), {x, 2, t} (orcyrcreyer ), {y, 2, ¢} (orcyr-
eruyer x). Beero uerwipe BapmanTa (puc. 24).

OrpeT:a)6;06)5;B)4;1) 4.

A CKOJBKO BCETO HMEETCH IOAMHOMKECTB ¥ WMeTHPeXdNeMEHTHOrO
mumeecrea? Bynem paccyepats xak B npumepe 5. Cobepem ece cpe-
Avtusig B rabauiy.

{x, y, 2}
{x, y, t}

{x, p, 2. 2} —{x, 2, t}

Y, 2, t)
Puc. 24

K1)



1 . PAUMOHANBHLIE HEPABEHCTBA U MX CHUCTEMbI

Hucao HATATAITHY

0 1 2 3 4
Bapnantst  |(Hanagaromux | {x}, {¢}, |{x, v}, {x, 2} | {x, », 2}, [ {2, 0, 2, 2}
COCTABOR eet concem | {z}, {¢t} |{x, t}, {w. 2} | {x. 0, )5
HAIIAZAKMNX {v, th {2, & | {x, 2, t},
i 2t}
Koamnyectso 1 4 6 4 1
RADHUAHTOR

Hrak, v 4eTEIPEX3NEeMEHTHOTO MHOMECTBA €CTE 4 OJHO3JIeMEeHT-
HbIX MOAMHOMKECTBa, 6 JBYXSMEeMEHTHEIX MOAMHOMKECTB, 4 Tpexsse-
MEHTHHX MOAMHOMKECTBa, 1 YeThIpeXsieMeHTHOe MOLMHOMEeCTBO
H 1 DOIMHEOMECTBO, B KOTOPOM BOOOINE HEeT SAeMEHTOB, T, €. MYCTOe
MHO¥ecTBo. Beero moayuuiaccs 1 +4 4+ 6 + 4 + 1 = 16 paszunix oox-
MHOKECTB.

B ofmemM BHZe onpefeNeHHe MTOIMHOMKECTBA BHITIATAT TaK.

Onpegenenne 1. Ecnu Kaxaniil sneMeHT MHOKecTBa B asna-
eTCA JIEMEeHTOM MHOMKecTPa A, TO MHOMeCTBC B HAa3BIBAIT MOIMHO-
#ecTBOM MHOMecTBa A. ObosHauenme: B ¢ A. 3HAK ¢C» HAIWBAKT
3HAKOM BKITIOUEHMA.

Ecau MHOMecTBa A B B ABNAIOTCA IIJIOCKNMH $urypaMn (ToqyHee,
MHQXKECTBAMHE TOYEK, M3 KOTOPHX cocTodaT ¢urypkl A u B), To BRAIO-
yenne B C A osHavaer, 4T0 Gurypa B HeRMKOM pacnojoskeHa B Qu-
rype A (puc. 25).

IIpumep 6 Hapnuc. 26 usoOpaskeHtl YeTLIpe ILIOCKHE QHIVDEL:
Kpyr A, npaMoyroisHEE B, Tpeyronbuuk C 1 D) — 4acTh OJA0CKOCTH,

A

C D
YAN s

Puc. 25 Puc. 26

A

BcA
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1 . PAUHMCHANGHLIE HEPABEHCTBA M UX CHMCTEMBI

Q’JBA" 5

CcA DchH CcB

Prec. 27

orpanigesdHas osajgoM. Karne us srmovennii Ac B,Cc A, D c B,
AcD CcB,DcA:
a) BepHHI; §) HeBepHEI?

Pem e H u e. a) Bkmoveana C c A, D ¢ B, C ¢ B sepubi. Mu
usobpasum HX nonapHo (puc. 27).

6) Brmrovenna A ¢ B, A ¢ D, D ¢ A mesepasl. Mul Tar xe HaoGpa-
$MM HX OOTIAPDHO B B HAYKAOM CIAyYae OTAEALHO OTMETHM HeKOTOPYIO
TOUKY, KOTOPAH OPHHALNEKHUT JAeBoll yacTH BKIIOUEHMH, HO He OpH-
nagnerxuT npaeoil uactu (puec. 28).

Jameuaune 3. 3HaKM NPUHAANEGKHOCTM € M BKNIOHEHWA C HECKCNBKO
NOXOMM APYT Ha Apyra. OBHAKO 3TO NPMHLMNKANEHO PA3HLIE 3HAKW M MX
ve cnegyet nyTarte. Hanpumep, sanuce 1 C {1, 2, 3} ownbBouna, Tak Kak
® €e NeBoi YacTM HAXOAMTCA He mHoMecTee. B To e Bpems ¢ 3anmcbio
1 e {1, 2, 3} Bce 8 Nnopaake: oHa 03HauyaeT, 410 uucno 1 sBnasertcs
memeHTom MHowecTsa {1, 2, 3}. 3anuce [1; 2] € (O; 3) ownbBouHa, Tak Kak

A A A
a
B
\_/ D D
Herepao, wro A c B Hepepuo, uro Ac D Hepepro, uto D c A

Puc. 28

! Mopaxosuws, 9 k., 9. 1 33



1 . PALIMOHANBHLIE HEPABEHCTBA WM WX CUCTEMBI

Puc. 29

& @€ NeBOoi HACTH HAXOOHTCA HE ANEMEHT MHOWKECTES, 8 HEKOTOPROE MHOME-
cteo. A poT 3anmce {1; 2] = (0; 3), K3K rOBOPAT, KOPPEKTHA; FEOMETPHUECKH
0OHa O3HavaeT, uTo oTpeack [1; 2] uenukom copepxmtca 8 nnrepsane (0; 3)
{pumc. 29).

3. Mepeceuenne u obreguHeHne MHOKECTB

Haofpaskenne MHOMECTB B BHIE ILIOCKHX (QHryp ovedHr yaolHo
AN HArJDIRHOIO OOLACHEHNS DAIMYELIX Onepayiil Had MHONCeCMEaMIL,
O6LMHO MHOKECTER IIPH STOM H300pPaAKAIOT B BHAES HEKOTOPHX Kpy-
ros. TaxKe KPyTrH HASLIBAKOT KpY2ami Hiiepa B 9ecTh BEIHKOTO INBeH-
gapckoro maremaruxa JleoHapaa Jiinepa (1707—1783), xoropsiit
Zonroe spema paGoran B Pocemm, Hausem ¢ onepanmum nepecevenus
MHOMKECTE.

Onpegenenne 2. IlepecenenneM MEOReCTS A H B HashBaioT
MHOMKECTEO, COCTOAINES H3 BeeX oDIOHX 3JeMeETOB MHOMKECTE A m B,
T. €. H3 BCEX 3NieMeHTOB, ROTOPLIE IPUHALNEKAT H MHOMECTBY A, H
MHOKecTBY B (pue. 30). Ilepeceuenne MHEOMXKecTE A U B 0603HAYRIOT
rax: A N B.

Hcenonbsys yie H3BECTHHIE CIIOCODBI 3aAaHUA MHOMECTE, 2T0 OI-
pejejleHue MOMKHO HEPEeBECTH H3 CJIOBecHOHN (opmul sanucu B dop-
MYJLHYIO:

(AnB={x|xeAnxeB}.)

A

ANB

Puc. 30
34
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=

Il pumep 7.Haiity nepecevyenne MHOKecTE A n B, ecnn:

ajA={11,22, ..,88,99}, B={3,6,9, ...

6) A — MHORECTBO PASIHYHEX OVKER, HCIONL3VEMBIX B CIOBE «ne-
pepacnpeneneHies, B — MHEOIKECTBO pABABUYHBIX OYKEB, HCIONLIYE-
MHX B CJI0Be ¢DehOPMHPOBAHHES.

B)A=(1; V10), B=N.

Peme 51 e a) A — 270 MHOKECTBO BCEX ABY3HAUHEIX YHCEIN,
upaTHeIX 11, B — BTO MHOKECTBO BCEX HATYPAIBHBIX MHCe], Kpar-
nuix 3. Yacao ¥ npEEAANCKAT 0 MHOIKECTRY A, H MEOXKECTEY B, ecan
{110 IBY3HAYHO B KpaTHO Kak 11, rak u 3, T. e, xpatHo 33. Tagux
HuCces HMeeTcA POBHO TpH: 33, 66 m 99,

Hrax, A N B = {33, 66, 99}.

6) BunuiueM Bce BCTPEYALIMECH B YKASANHEIX ¢A0BAX OYKBEI 110
wiHomy pasy: A = {m, ¢, p, a, ¢, &, X, H, u}, B={p, e, d, 0, M, 1, B, a, H}.
I’sCCMOTDPEM IO OYepeqH Bce 3JeMEHTEL IEPEOTO MHOXKecTBA. TaKk Kakg
ne A, Bo 0 € B, T0 OyKBa «II» He ABNgercA o01ed Ana MHOXKECTE A
u B, Buaunt, n ¢ AN B. Tax kax e € A u e € B, To GyKBa ¢e» ABIA-
rred obleelt ans muojxecTtE A u B. 3uaunr, e € A N B. Ilepebupan
TaKAEM JKe oOpasoM ocransHEE OYKBH MHOMECTE A u B, nomyvaem:
ANB={e p, a, u, uh

B) Uncno 1 nmpuragnexur MHEOecTBY B = N, HO He npuHEajIe-
wuT MHOecTBY A = (1; Jf(_i ): KOoHen MHETEpPBANA He BXOLHT B caM
nirrepeas. 3aauur, 1 ¢ A N B, Tag kag 3 < Jl_{} <4, Touncaa2u 3
NMHAAJERKAT B MHOMECTBY A, B MEOKecTEY B, 3Hauur, 2e AN Bn
# « AN B. Bee naTypanbHble YHCAA, HAYWHAA ¢ 4, JeyKaT BHe HHTep-
mina (1; J10 ). 3HaunT, BCE ATH YHCJA He IPHHANIECIKAT HEpecede-
nuw A N B,

Hrax, A N B = {2; 3} (puc. 31). &

B

} & P x
4] 1 2 3 4 0 1 2 3 4

—— UL YUY oy .
0 1 2 3 10

ANB=(2;3)

Puc. 31
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A

AnBncC

c

Puc. 32

MoxHO paccMaTPHBATDL IEPEcEeIeHNd He TOJLKO ABYX, HO H TpeX,
ueTHIpeX H T, A, MEOXKeCTE. Hanpumep, nepecevernues MEOMNeCTS A, B
H C HABRIBAIOT MHQJKECTEO, COCTOAINEEe M3 BCEX 3JIeMEHTOE, KOTODBIS
TNIPVHAAJIEKAT ¥ MEOMKECTEY A, M MEOGEECTBY B, 1 MmHOKecTRY C (pHC. 32).
Ilepeceuerne muoxecTs A, B u C obosmauaor rak: AN BN C.

Jameyanne 4. BoT KnaccuuecKuii NPUmeEP 12 pYCCKoM nuTepatypst,
CBA32HHbIW € OBHOBPEMEHHBIM BEINONHEHNEM HECKONbIMX ycnoenid. B kome-
o H. B. Forona «X{eHutb6a» rnaeHas repouHa, Hesecta Aracges THxoHoB-
Ha, paccymaaeT TaK: «...Ecnm 6ei rybe Hukanopa Meanosuva aa npucTaenTs
K Hocy Meana Kysbmuua, fa B3ATL CKOABKO-HMEYRb Pa3BAZHOCTM, KaKaa y
Banrasapa Banrasapbiva, Aa, nomanyii, npubasuTte K 3TOMY eLle BRopOaHO-
cTh Meaua Masnosuua — a Bkl Torpa ToTyac Gl pewMnachk. ..»

Y uyetbipex pasHeiX MEHUXOB €CTb YeThIPe PasHelX CBOWCTBA, M HEBECTa
MEeuTaeT o Tom, 4Tobbl MONOQOH Yenosek obnagan cpazy BCEMM CBOWCT-
Bamu. C TOMKM 3peHun Teopun mHoxecTs Aracdbs TuxoHoeHa ncenepyer son-
POC O HENYCTOTE NEPECEUSHUA YETBIPEX PA3NHYHLIX MHOKECTE,

Hcnoaw3oraane oNepanyd OepeceveHrA MHOMKECTE B MATEMATHKE
COOTBETCTEYET HCIOJBBCBAHMIO COI038 «H» B DYCCKOM A3LBIKE. Pox-
CTBEHEHBIA €My COI0Z ¢HJH» CBASAH ¢ APYPOH omepanueil EAN MHOMe-
CTBAMHE ~— onepayucit 00sedunHeHUR.

Onpeaenesine 3. OGnemumennem MHOKecTs A 1 B HazmEA0T
MHOQKECTBO, COCTOINEEe M3 BCEX 3JIEMEHTOB, KOTOPHIE NMPHHAILJIEAT
X0Td OB OLHOMY H3 5THX MHOMKECTE — HJIH MEOKECTBY A, HIR
mEeoxecTey B (puc. 33). O0reannenne MaHOKecTE A B B ofoamauaror
Tak: A U B,
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AUB
Puc. 33

Kak # B cryuae nepecevyeHHd, 2TO ONpeleeHAe MOKHO Nepegec-
't B3 COBecHO GopMEl 3anuch B GOPMYILEYIO!

(AUB={x|xeAmmxeB}.)

Il pumep 8 Hailtu o6heanaeEne MEOKeCTB 4 1 B, ecnm:

a) A — MEHOMXKecCTBO Aenuteneil wucaa 105, B — MHOXeCTBO Heau-
roJleil uncsa 55;

§) A — MEOXKecTBO nEpp samrcH uyncaa 3%, B — MHOKECTBO Oudgp
annucy gmena 210;

B) A = (1; V10), B =[2; 4];

r) A — MHOMeCTBO TOYEK KOODAMHATHOH ILIOCKOCTH, ¥ KOTOPBIX
aficigicca Gonbme 3, B — MHEOMECTEO TOYEK KOODAHHEATHOH MIOCKO-
i, ¥ KOTOPHEIX OpZHHATA He Gombue 2.

Pemexnmue,

a) Pazmossam Ha npocrthie MEoxmaTeaH ancaa 105 u 55, Tar rar
6=3-5-T,a55=5-11,70A={1, 3, 5, 7, 15, 21, 35, 1056}, a
#-{1, 5, 11, 55}. BossMeM BCe 9JE€MEHTHL MEQIRECTBA A, a 3aTeM Te
MICMEHTE! MHOKecTBA B, KOTOpHe He BeTpeuanuck B A, T.e. goba-
ssm 11 u 55. 3maunT,

AUB={1,3,5, 17,11, 15, 21, 35, 55, 105},
6) 3% = 248, 2%° = 1024, 3maunTt, A = {2, 3, 4}, B={0, 1, 2, 4}.
HoeryonM kax B B nyHTe a). IToxyaum: AU B = {0, 1, 2, 3, 4}.
8) Tyr yaobHee paforarh ¢ wMeaoBoil npamoifl. Hannne MuoXKe-
evua (MECIOBRIE IpoMesxyTiu) A = (1; Jio ) 1 B = [2; 4] nepecexaroT-
¢, HO HM OAHO F3 HUX HE COIePIKHTCA LENHKOM B npyroM (pmc, 34).
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-
-

AUB

Puc. 35

HcnonerayeM AJdA STAX MHOESCTB PA3MHYHBIE IITPHXOBKH H 3a-
TeM HOCMOTDHM, KAKOe YHCJ0BOe MHOMECTBO E UTOTe MBI 3alITPUXO-
pamm; A U B =(1; 4] (pac. 35).

r) 37ech TOXKe yAO0OHEee HCHOJB3OBATH YepTem. MHOMKeCTBRO A —
STO MHOJKECTEQ BCeX TOYeK, JeyKaliX IpPaBee BepPTHKAARHONH npaMoi
x = 3 (puc. 36). MaoKecTBO B — 2T0 MHOMKECTBO BCEX TOUCK, JEWKA"
IMX HEMXKE FOPHZOHTAALHON OpAMOH ¥ = 2 HIHA Ha caMoil 9TOH npa-
Mo (puc, 37).

) A v e
777
G777 Onk:
007
; 770 % 70 VARV 1A AV 12 VA SAARIAAA
ol I e
T
I A x/f!xf/ff’{f’:ﬁ B/
1Y PIAIAIL AT
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v4 7
NEESY7/%
777
47
2 ] @seauB
L | B RealB
r;’//},j/,;//ﬁ,ﬁ/ /;‘Z//J’}'i*}'é%;’ [ @oeavs
A O s
DA% 547907
AT I,
AASAT AT AL AL A AL AT A7 A7 77 A7
Prc. 38

Puc. 39

Toraa A U B — 3T0 MHOXKECTBO BCEX TEX TOYEK IIOCKOCTH, KOTO-
pue MBI 3aMITPHXOBAJIH NePBHIM HMJIH BTOPHIM cOocoBom (pue. 38).
(rMeTHM ANA OpmEMepa, 4YTO TouKa (3; 2) npunagnemur obnelunHe-
nnw A U B, a rouru (2; 3) u (3; 5) emy me npunanaexar. W

Kax 1 an1a nepeceuednif, MOXKHO PACCMATPHBATEL 0OBeNHEHIA He
MIBKO ABYX, HO H TpeX, YeTHpeX U T.A. MHOXecTs. Hampumep,
niseduneruesm MHOMecCTB A, B u C HasHBAKOT MHOXECTBO, COCTOA-
Hlee M3 BceX 9JIEMEHTOB, KOTOPHE IPHHAIIEHAT MAKN MHOMECTEY A,
niu MEOXeCTBY B, nau muoxectsy C (puc. 39). O0neauHeHne MHO-
wierB A, B u C obossavator Tak: A U B U C.
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1 . PALUMOHANBHBIE HEPABEHCTBA M MX CUCTEMBI

3amenanne 5. 3Hakm nepecevenmns «N» n o6veamuHenma «Ur yuawmecs
yacTo nyTaroT. BoT HeCKONbKO COBETOR NO MX 3aNOMUHaHMIO. 3HaK obvenu-
HeHuA «Un Noxox Ha nepeyro GyKey aHrmmiickoro cnosa Union — obvepm-
venue. [lpyroii cnocob: onepauus o6beauHeHus U — 370 OTKPLITaIN me-
WOK, B KOTOPBIA CCINAKOTCR IMEMEHTH! OOBEAMHAEMBIX MHOMKECTB. 3HaumT,
A U B conepuT 8 cebe Bee anemeHTs 0Bonx MHOMeCTB A u B u He copep-
WUT HUKAKMX APYTUX 3nemenTos. Ecnu Bel XOpPOLLO 3aMOMHMNM 3HaK obve-
AMHeHuA ¢ Un, To 3HAK nepeceveHmns «ln — 310 NPOCTo ppyroi OCTaBwmMics
3HAK. MOJKHO TaKIKe 3aMETHTb, HTO « 1% HECKONBKO HANOMMWHABT PYCCKYIO
6ykey «[», c KOTOPOIA Ha4MHAETCA CNOBO «NEpPeceveHHen.,

§4. CMCTEMbI HEPABEHCTB

PaccMoTpuM aBa mpuMepa, peHieHHe KOTODHIX, KAk ME
VBEHAHM, OPHEEJET K HOBOH (JJd Bac) MaTeMaTHYeCKod MoZemH —
CHCTEME HEepPABEHCTB.

Hpumep 1. Hafitu o65acTs onpefeneHns BEDAXCHAS
fx)=2x-4+ J8-x.

P e m e H 1 e. Bupaxkeane, cogepitameeca OOK 3HAKOM KBaIpaT-
HOTO KOPHA, AOMKHO OHThH HEOTPHIATEILHBIM, 3HAYNT, NOJMRKHB
OXAEQOBPeMEeRE(Q BHIOOIHATECA ABAa HepaBescTBa: 2x — 420 1
8 —x 2 (. B rakux cnayvyasax roBOPAT, 4TO 334844 CBOJUTCH K peme-
HAX CUCMeMbl HepaseHcms

2x-4 20,
8-x20.

Ho ¢ raxoit maremaruueckoll MoAeabio (CHCTEMO} BEepaBEHCTE) MEI
ellle He BCTPeYaiuch, BepHeMca K pellleBMI0 STOrO NpEMEepa Io3gHee,

MIpumep 2. 3agyMaHo HarypaJasHoe uucno, HssecTHo, UTO
€C/IE K KBaIPATY SaAyMAHHOrO 4YBCA4 OpudasaTh 13, To cymma Oyaer
Gonpile TpPoOHABeAeRHA 3aAYMAHHOIO 4Hcaa o gucaa 14, Ecau sxe
K KBajgpary sagyMasBoro uucaa npubaesaTte 45, To cymma Gyaer
MEeHBIIe NMPOH3BefeHAA 3aAYMaEHOrO 4Heaa H anciaa 18. Kaxoe ameno
zagymano?

Pemerume. lleperi#i stan. Cocmasaenue mamemamuieckol
Moderu.
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IIyers x — sagyMaEHOe 9HCIO. Ilo DepBOMY YCAOBHIO CYMMAa Ud-
eou x2 1 13 Gonpine amcena 14x; 9To 3EAYHT, 9TO HOJKHO BRIOOJIHATHCS
nepapederso ¥ + 13 > 14x, Tlo BropoMy VCJIOBHIO CYMMA HHCeN X2
# 45 mMemrme uwucaa 18x; 9To 3HAYHT, 4YTO JOJKEC BRINOJABATLCH
ucpaserceTe0 x? + 45 < 18x. ¥xasagHble HEPABEHCTBA AOCACHELI BbI-

NUTHATECA OLHOBPEeMEeHHO, CIeJ0BaTeIbHO, PEYR UIET O pelle-
HIMH CHCTEMBL HepaBeHCTB

x2 +13 > 14x,
x® + 45 < 18x.

Iloka mpuaeTcAs NOBPEMEHHATE ¢ IEPEX0AOM KO BTOPOMY STANY pe-
INCHHA 3aJa4H — 9Tally paboThl ¢ COCTABIEHHON MATEMATHICCKOHE MO~
AcIB0. CHavasa Hafo U3yIHTE HOBYH) MOAENEL — CHCTEMY HEDABEHCTB.,

Onpegenenne. HecKoALKO BEEPABEHCTE ¢ 0ZHON OEPeMEHHON X
obpasyIOT CHCTEMY HepPAaBeHCTB, €CJH CTABUTCA 2ajada HANTH Bce Ta-
xiie 3HAUYCHHESA NePeMeHHOH, IPH KOTOPBHIX KakAoe H3 3aJaHHBIX He-
PUBEHCTB ¢ NepeMenHoil o0pauIaeTea B BEPHOE YNCAGB0OE HEPABEECTBO.
JlioGoe Taxoe sHaYeHHWe X HASHLIBAKT pelfeHHeM (MIH YaCTHRIM pelie-
M®WeM) CHCTEMBI HEPABGHCTE.

MHOKecTBO BeeX peileHHl (YacTHBIX pelrmeHHl) cHcTeMel Hepa-
W HCTB IpeAcTapiger coboit ofimee pemeHHe cHCTOMLI HEPABEHCTB
{MAIOE TOBOPAT OPOCTO — pelIleHHe CHCTEMB HEDABEHCTB).

HepasercTra, o0pasyoue cucreMy, O0BeAHHAOTCH (PHEIYPHOI
eobroil (Tark e, KaR Bl 3HAeTe, 0OCTOUT Jello 1 B CHCTEMAX YpaB-
nenuit). Hanpumep, sanuce

2¢=-1> 3,
3x-2<11

@igvuaeT, 9To HepaseEceTBa 2x — 1 > 3 1 8x — 2 < 11 ofpasyior
cHCcTEMY HepaBEHCTB,

Huorga Benoab3yercs 3a0HCh CHCTEMLEI HEDABEHCTB B BUge Jsoli-
oo Hepasencmea. HaupnMep, crereMy HepaBeHCTB

2¢-1> 3,
2x-1<11

MOKHO SalIACATh B BHIE ABOiiHOro HepaBeHceTBa 3 < 2x —~ 1 < 11,
PacecmorpiuM ¢icTeMy HEPABEHCTSB

2x -1 > 3,
3x -2 < 11.
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1 . PAUMOHANBHLIE HEPABEHCTBA W MX CHUCTEMBI

MoskHo Do o0paTE HECKOMLKO €€ YACTHEIX pPelleHHii, EanpuMep X = 3,
x =4, x = 3,5 B camom gene, opu x = 3 mepeoe HEPABEHCTEO NMPUHAM-
MmaeT BHA 5 > 3, a BTopoe — BEHA 7 < 11, Ilony4mnnce ABa BepHHX
YHCIOBHX HeDABCHCTBA, 3HAYHNT, X = 3 — YACTHOE PEleHHe CHCTEMEI
HepaseHCTB. TOUHO Tak e MOMHO yOeAUTECA B TOM, 4To X = 4,
x = 8,5 — 4acTHBIe DPellleHUs CHCTeMH HepaBeHCTB.

B 70 3%e BpeM#a 3HaYeHHe ¥ = D He ABJAETCA YACTHHIM DellleHHEeM
CHCTEME! HepaBeHCTE. [IpH X = 5 meppoe HePaABeHCTBO IPUHEUMAET BUJ,
9 > 3 — BepHOe YHCIOBOE HePABEHCTBO, 4 BTopoe — BHA 13 < 11, sTo
HeBePHOE YHCAOBOE HEPABEHCTBO.

Pewums cucmemy nepaeencms — 3BAYAT BAKTH BCE €€ JACTHEIE
pemenns. ffcHo, uTO TaKoe yragelBaHHe, KOTOPOE IPOAEMOECTPHPO-
BaHO BHIIle, — He MeTOX pellleHrA CHCTEeME HepaBeHCTB, Kan ke

f(x) > 0,
gix) > 07

IIycrs X, — pemerHe Hepapedcrsa f(x) > 0 (MHEOKeCTBO HacT-
HLIX pemrenuit), a X, — pemmenHe HepaBeHcTBa g(X) > 0 (MHEOXKecTBO
yacTHRX pereruit). Hac METepecyOT Te M TOABKO Te 3HAYeHHA X,
KOTOPEIEC NPEEAZIEKAT H MHOMeECTBY X, H MHOKecTBY X,, 3HAYAT
(cm. § 3), nac urTepecyer MEOKecTBo X, N X, — 3T0 mepeceyenne u
HRJIACTCA PeIICHHEM 3JAAAHHOH CHCTeME HEDABEHCTB.

PEelINTh CHCTEMY HEPABEHCTB {

IIpumep 3. PemmaTh CHCTEMY HEDABEHCTE!

2x-13> 3, 2x-1> 3, 2x-1% 3,
8) 13x-2 <11 sx-2>11, B lsxz-2>11.

Pem e H ¥ e. a} Peluaa nepsoe HEPABEHCTBO CHCTEMEL, HAXOAHM!
2x > 4; x > 2. Peliaa BTOPOE HEPABEHCTEO CHCTEMBI, HAXoHM: 3x < 13;

13 1
x < 3o T-ex < 4§ . OTMeTHM 9TH ODPOMEXYTKI HA OZHOH KOOpAH-

HATHOH NpAMOH, MCOOJLIOBAB ANH BHEJACICHHA HePEOI0 IPOMEXKYT-
KA BEPXHIOK INTPHXOBKY, & AJS BTOPOT0 — HIIKEIOK IITPEXOBKY
(puc. 40), PemenrenM ¢HCTeMbI HEPABEHCTE GYIeT nepeceuerue peuse-
#iil HEPABEHCTE CHCTEMEL, T, €, MPOMEIKYTOK (IWIH HeCKOABKO IPOMe-
KYTHOB), HA KOTOpoM 00¢ IITPHXOBKH COBIAAH, B paccMaTpHBaeMOM

Op¥Mepe DOJAydaeM HHTEPBAT [2; 4%]
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2 43
Puc. 40
_OJ“WI x
2 4 3
Puc. 41

6) Pentaa nepBoe HePaBEHCTEO CUCTEMBI, HAXOAUM: ¥ > 2; peilas

1
WTOpOE HEPABEHCTBO CHCTEMBI, EAXOIUM: X 2 45. OrMeTuM aTH Npo-

MEXYTKH HA OOHOH KOOPAMHATHOH NpAMOi, MCOOALIOBAE NJA 1ep-
SOTO NPOMEKYTHA BePXHIOW IITPHXOBRY, & SIA BTOPOro — HHMEIOK
TpuxoeKy (puc. 41). Pemennem cucreMul HepaBeHCTE Oyger mnepe-
(tYeHWe PeIIeEHI HepABCHCTE CHGTeMEl. B paccMarpHBaeMoM mpAMe-

(e mONytaeM JIVY [4%; +0°].

B) Pemas nepeoe HEPABEHCTBO CHCTEMEL, HAXOAHM; ¥ < 2; pemag
1
3
MeRYTKH Ha OZHOM KOODAMHATHON npaMoli, HCNOJAb30BAB A NeDBO-
ro OPOMERYTKA BEPXHIOK INTPHXOBKY, 4 AAS BTOPOr0 — HEHIKHIOH
mrpaxoeky (puc. 42). PenredueM cHCTeMEl HepaseHCTB Oyzer mepe-
reYeEHe PellleHni HePaBeHCTB CUCTEMEI, T. €, ODOMEXKYTOK, Ha KOTO-
poM ofe MITPHUXOBKH COBNANH. 3Jech Taxoll obmel gacTy Her, zHa-
WUT, CHCTEMa HeDaBeHCTB He HMeeT pelleHui,

#TOPOE HePABEeHCTEO CUCTeME], HaXOAHM: X 2 4=, OTMeTHM 3TH IIpo-

Orper: a)2~<x~<4-zl3.; x> 4%; B) BeT pelleHMi (MHOTAA

#TO CJIOROCOUETAHHE, HAIIOMHEHM, 3aMEeHHKT CHMBOJIOM IYCTOT'O MEQ-
meecTBa D).

0600IUM pacCy:KACHHA, NPOBENCHHERE B PAaCCMOTPEHHOM IIpHMeDe.
llpeguonoxnuM, IT0 BAM EYJEHO PEINHTH CHCTEMY HEPABEHCTB

{ﬁ(x) > g, (x),
f(x) > g,(x).

M .“‘l'l"’x
2 1
43
Puc. 42
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1 . PALMOHANBHBIE HEPABEHCTBA WU MX CUCTEMBI

IIycrs, EanpaMep, HHTeDBaA (@; &) ABIdeTCA pelleHHeM HEPABEHCTBA
f(x) > g,(x), a naTepBaxn (c; d) — pemenneM Bepasencrsa f,(x) >
> g,(x) (puc. 43), PeuteHuem cucmemb. HEPAGEHCME AGRALMEA Nepe-
cewekile peurenutl HepaseHems cucmeMvl. B paccMaTpuBaeMoM cay-
yae aT0 HETEepBan (¢; b) (puc. 43).

a ¢ b a
Puc. 43

Tenepr Mu 0es ccofiore TPyOa ¢MOMKEM PeIIHTH CHCTEMy Hepa-
BEHCTB, KOTOPYI OOJYYHJIM Belllie, B upumepe 1;

2x-4 20,
8-x220,

Peluaa mepsoe HepPABEHCTBO CHCTEMEI, HAXOAHMM: X # 2; pemas BTO-
poe HepaBeHCTBO CHCTEMEL, HAXOANM: x < 8. OTMETHM 8TH IPOMERYTHE
(nyum) Ha oano#t KeopauBaTHON mpamol (puc. 44). PemnenneM cucTe-
M&I HepaBeHCTE 6yAeT NepecedenHe PelleEAl HepaBeHCTB CHCTEMEI —
otpesok [2; 8], 3to ofnacTh ompezeNeHEA TOrQ BRIDAMKEHHA, 0 KOTO-
PoOM Lusa peds B npuMepe 1.

T rre AL
2 8
Prc. 44
PasyMmeerca, clicTeMa HEPABEHCTE He 00A3ATENIBHO TOMMKHA COCTOATE
M3 IUHeRHHX HepPaBeHCTB, KaK OBIIO A0 CHX IOP; MOTYT BCTPETHTHCA
mo0ble pADHOHANEHEIE (4 B JANsHeIIeM B He TOALKO PAIHOHAILELIS)
EepaBeHCcTBa, TexEmMYecKH pa®orTa ¢ CHCTeMOH DANKOHANBHBIX HEJIHM-
EellHBEIX HePaABEHCTB, KOHEUHO, CJOMIHee, HO NPUHIHIHAILHO HOBOT'O
{10 cpaBHeHNLIO ¢ CHCTEMAMY JHUHEHHEIX HEPABSHCTB) 34€CHE HIMYEro HeT.

Ilpumep 4. PeluuTh ¢CHCTeMY HepaBEHCTR
x2-920,
{Em -x22 0,
Pew e 5 1 e. 1) Pelunn uepapencrso x2 -9 20, T, e.
(x-3)x+3)=20.
OrMerHM TOuKM —3 1 3 Ha uncaobolf mpamoit (pme. 45). Orr pasdu-
BAIOT OPAMYIO HA TPH IPOMeKYTKA, NIPHYEM HA KEKAOM IPOMEeXYTHE
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+ - +
. e e
-3 3

Puc. 45

nuipaxkenne p(x) = (x — 3)(x + 3) coxpaEseT DOCTOSHHEN 3HAK — DTH
MmaEH ykazadel Ha puc. 45, Hac HETEpecy0OT NpOMEKYTKH, Ha KOTO-
WX BEIMOJHAETCH HepageHCTEO p(x) > (0 (0EHM 3aMTPAXOBAHE
ha puc. 45), ¥ TOYKH, B KOTOPHIX BEIIQJHSETCA paBexcTeo p(x) = 0,
?. €. TOUKH X = -3, ¥ = 3 (0OHA OTMEUEeHEI Ha puc. 45 TeMHEIMH Kpy-
mouramy), Takum ofpazoM, ga puc. 45 nNpeacrapieHa TeoMeTpHYECKAA
IWITIOCTPAllAA PellleHKHA IEpPBOro HePaBeHCTBA.
2) Pemuum mepasencrso bx — x2 2 0, T, e,

x(5 - x) 2 0.
¢ 5
Puc. 46

(rrerEM TouxE 0 1 5 BHa umMcIoBO# npamo (prc. 46). OEr pasGusa-
WT OPpAMYI0 HA TPH ODPOMEXYTKA, OPHYEM HA KaXXJIOM OPOMENXYTHKE
mupasxene gix) = 2(5 — x) coxXpansieT MOCTOSHHEIN SHAK — 9TH 3HAKH
yrnseusl Ha puc. 46. Hac uHTepecyer, rie BHOOJEAETCA HEPABEHCTEO
¢ix) > 0 (cooTBETCTBYIOIOMIL NPOMEMKYTOK SAINTPHXOBAE Ha pmc. 46);
SY)KHEI HAM M TOYKH, B KOTODHX BHINOJHAETCH paBeHcTBO g(x) = 0,
v.e, Tourkn ¥ = 0, x = 5 (0EHE orMeueRRl Ha puc. 40 TeMHEIME Kpy-
mouramn). Tagum obpasom, Ha pmc. 40 mpepcraBieHa reoMeTpHUE-
KA HITIOCTPALMA PEIIeHHS BTOPOr( HEPABEHCTBA CHCTEMEI,

3) OrverHM HalijeHHEIEe PeIDeHHMA NEPBOrO H BTOPOrO HEPABEHCTB
SICTEME! EA OZHOH KOODAMHATHON mpaAMOi, HCIOJAE30BAB AJA PeIIe-
S MepBOro EEPABEHCTBA BePXHIOK INTPDHXOBKY, & AIA PeIIeHHl BTo-
poro — HHMHIOK IITPAXOBRY (pHC. 47). PemreEmenm cHCTeMEI Hepa-
#riicTB GyeT nepeceuenne PEIIeHNt HEPABEHCTB CHeTeME, B pacemar-
pHBAEMOM OmpHMEDe STO 0Tpe3ok [3; 5.

Orpem 3« x< 5.

-3 0 3 5
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1 . PAUMOHANBHBIE HEPABEHCTBA M MX CHMCTEMBI

NDprmMep 5. Pemnrs cHCTEeMY HepaBeHCTB:

2x -1 > 3, 2x-1=> 3,
a) »rx+2<0 6) x2+x+2>0.

Pemwe s ue a) Ha nepeoro HepaBeRCTBa Haxomgum: x > 2. Pac-
CMOTPHM BTOpOE HepaBeHCTBO. KpazpaTHmil Tpexunes x* + x + 2
He HMeeT RelICTBHTEeNLHBEIX KOopEeil, a ero crapma#l KoshduiHeET
{kooddunnredT opu x?) nonomureneH. 3Hauur (cM. § 1), Opu Beex x
BHITIOJIEACTCA HepaBeHCTBO X2 + x + 2 > 0, a moroMy BTOpOE Hepa-
BEHCTBO CHCTEMBI He uMeeT penreEufi. UTo 2To 3HAYMT AAA CHCTEMEI
HepaBeHcTB? JTO 3HAYWT, 9TO CHCTEMA He MMeeT pemeHuH.

6) I3 mepBoro HepaBeHCTEA HAXOAHM: X > 2. Bropoe HepaBeHCTRO
BHIDOMHAETCA UPH MOGHX SHAYEHHAX X, UTO 9TO SHAYHT ANH CHCTE-
Me1 HepaseHeTB? To, 4To ee pelllenie coBOAXAeT ¢ PeHIeHHEM EPBOTO
HepaBeHCTBA.

Oreeria)d; 6) x> 2.

Jagupiii mpuMep ABAAETCH WLIIOCTpanued AJAg CAeAYIOINHX TOo-
JeSHBIX YTBeDPH{HeHMI:

1. Ecau 6 cucmenme u3 HECKOABKUX Hepaserce ¢ 00roil nepemen
HOl O0HO HepPaGeRCME0 He UMeem PeuteHull, mo i cucmema He useent
petteruil.

2. Ecau 8 cucmeMe u2z 0syx HepaseHcms ¢ odnoil nepemennoil
00HO HepaseHcmBo GLLNOARACMCA NPU ROOLLX FHAYEHUIX nepeMer-
HOIt, MO PelleHue cUCTIeMbl CAYNCUM peuiene dpyeozo HepaseHcmea
CucmeMst,

Sapepmas maparpad, BEPHEMCH K NPUEEIEHHOH B ero Havamge 3a-
nade O 3aAyYMAHHOM HHC/IE H PEIIEM €e, KAK FOBOPHTCH, DO BCEM IIpa-
BUJIGM.

IIpeMep 2. 3agyMmMado HaTypanbHoe umesao. MapeeTHo, uTo
€CIH K KBANPATY 34AYMAHHOrO YH¢aa npubasuTs 13, 1o cyMMa OyneT
foJbIe ODPOH3BEXEHHS IALYMAEHOTO dYuena H umcaa 14. Ecam sxe
K KBaJpaTy 3ayMaHHOro 9ucia IpubasuTh 45, To cymma OyzeT MeHbine
OpOM3BECHKA 3aAYMAHHOTO 4Hcaa M uucaa 18, Kakoe umeao sany-
MaHo?

Pe m e 5 u e, Heppuiif aran, Cocmaenenue xamemamuveckoli Mo-
denu.

SagyManHoe YHCA0 X, KAK ME] BHIETH BRIIE (CM. ¢. 41), JomxE0
YAOBIETBOPATE CHCTEME HEPABCHCTB
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1 . PALIMOHANBHLIE HEPABEHCTBA M MX CUCTEMbI

x*+13 > 14x,
x* + 45 < 18x.

Bropoit aran. Pafioma ¢ cocmashentol Modenvio.
IIpeoGpaszyeM nepsoe HEPABEHCTBO CHCTEMEBI K BHIY
x2—14x + 13 > 0,
Haijzem xopuu KBazparHoro Tpexwaesa x® - 14x + 13: x, =
x, = 13. Hurepecywommee HaC HePAaBeHCTBO BHINONHAETCH NPH X <
win x > 13 (puc. 48),
ITpecOpasyeM BTOpPO€ HEPABEHCTBO CHCTEMEL K BHILY
x*-18x + 45 < 0,
HaiifeM KOpHH KBagpaTHOro Tpexuiaema x® — 18x + 45: x, =3,
x, = 15. HuTepecyromee HAC HEDABEHCTBO BRIIOJIHAETCH, €CIH
3 < x <15 (puc. 49).
IlepeceuenneM HalieHHEIX pemeHW# cay:xuT uATepBan (13; 15)
(pue. 50).
Tperuit orau. Omeem Ha sonpo¢ 3adquu,
Hac naTepecyeT HATYPAJbLHOE YHCI0, IPHHAAJCIKAICE HHATEPBAIY
(13; 15). TakuM UHCIOM ABIAETCH YBCIO 14,
O 1 B e T sagyMano yacao 14,

1
1

Puc. 48 Puc. 49

X

Puc. 50



1. u PAUMCHANGHLE HEPABEHCTBA ¥ MX CHUCTEMBI

OCHOBHBIE PE3YJILTATHI

e B 3T0il riaBe BB MO3HAKOMMAMUCH ¢ OOHATUAMH, QTHOCHIIUMUCH
K pelleHni0 HepaBeHCTE ¢ OZHON mepemMeHHOI:
YaCTHOe DeIIeHHe, oDIee pelueHEne, PEIIeHHEe HEPABEHCTEA;
pannoHanpHOE HEPABEHCTEO;
PAaBHOCHABHEIEG HEPABCHCTBA, PABHOGHJILHOE IpeobpazoBaEne Hepa-
BEHCTBA;
CHCTEMA HEPABEHCTE;
pellleErNe CUCTEeMEl HEeDABEHCTE,

o BRI N0o3HAKOMMJKCE ¢ METOAOM HMHTEDBANOB, KOTOPLIE aKTUBHO
HCIOAB3YETCHA OPM pelleEMM PAHOHAJNBHLEIX HePABEHCTB.

¢ BH NO3HAKOMMAHCE ¢ HAYAJLHBIMY OOHATHAMH OLLICOPUHATOIO
B MaTeMaTHKe A3bIKA TeOPHH MHOMKECTR:
JJIeMeHT MHOXKeCTBa, IIOAMHOMKEeCTBO JAHHOI'O MBOMKECTEA;
ofpegrHenne | nepecevyeRne MHOMKECTB;
IIycroe MHOMECTBO.



[AABA
2 CUCTEMDI

YPABHEHMHA

§ 5. OchHosHble noHaTHa

§ 6. Meroas: pewenns cHCTEM ypaBHEHMA

§ 7. Cucremst ypaBHEHHA KaK MATEMATMHECKME MOLenH
PEeAnbHLIX CHTYSLMI
CcHoBHbie pesynsrars

§ 5. OCHOBHbIE NOHATHS

C cucreMaMH ypaBHEHHI BEI yie BCTPEYANHC: B KYpDCe
atrebpst T-ro xjacca, HO 9T0 ORIAH TOMLKO CHCTEMEL ABYX JHHEMHEIX
YPUBHEHHITI ¢ JEYMH IepeMCHHHIMA. Telleps MBI IOTOBODHM ¢ peIme-
NMH CHCTEM HENWHEHHBIX YPABHCHHE ¢ AByMA IepeMEHHBIME, TeM 00-
Jee ITO TAKHE CHCTEeMH JOBOJLHO YACTO UDEACTABIAKT cO00i MaTe-
MOTHIECKHE MOJeNH H3VUAeMEIX CATYaIMAil,

IIpumep L Ilpucramn B u C Hax0aATCA HHKE DPHCTEHE A 0
reqernio pexna Ha 30 kM K 45 KM coorsercreeHHO (pre. 51), Motop-
ItAf JIOSKA OTKOAMT OT MpHCTaHKM A, noxoauT po C, cpady noBopadIH-
MABT HA3aA M OpHUXOAHT B B, saTpaTus Ha Bech nyTsh 4 1 40 mMun,
B gpyroit pas ara e JOAKA oTOINNA OT upMcTaHM C, Aomaa po A,
fa3y DOBePHYNA HAZ4N M NpHIIa E B, saTpaTns Ha BeCcs NyTh 7 .,
Yfemy paBHEL COGCTBEHHAA CROPOCTE AOIKH U CROPOCTE TeYSHHA DEKU?

Pemenue Bsegem ape mepeMeHEHEIE:
X KM/y — coBCTBeHHAS CKODOCTH JOAKH,
I KEM/9 — CKODOCT: TCUCHHS DCKH,

30 xm
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2. u CUCTEMb! YPABHEHWMA

Torge x + J KM/Y -— CROPOCTB ABMKEHUS JIOAKH N0 TEYEHHUIO DexH,
X — If KM/Y -~ CHOPOCTD ABHKEHUSA JOIKA NTPOTUB TeIeHUA DEKH.

Pacemorpum nmepemiii pefic nmogxu. On cocrasmn 45 KM mo reve-
uio ot A 70 € 1 15 xM oporre Tewenus ot € ao B, 3maunt,

45
pyrps y — BpeM#a ABMMKeHHAA J0aKu or A mo C,
15
pramy Yy — BpeM#a ABHXeHHdA joakxm ot C ao B.
2 14
Beero Ha uepebiif peiic aogkra aaTpariiaa 4 4 40 Mun, T, e, 4§ =3

Taxum 00pasoMm, DOTyIaeM ypaBHEHHE
45 + 15 _ 1;4_
x+y x-y 3
PacemorpumM propoif pefic nogxu. O cocTaeua 45 KM NpOTHEB Te-
yeHHA or C 10 A 1 30 KM o Teuennio or A a0 B. 3HavHrT,

45

z—y 4 — BpeM#d ABHXKeHHA JOoOKH oT C #o A,
30

% +g 1 — BPEMA ABHIKEHUSA JIOAKHM OT A pmo B.

Beero Ha BTOpOi peiic Jonxa sarparans 7 4. TakuM ofpasom, moay-
ae H
dJaeM YpaBHeHHe 45 . 30
X-y zx+y
MaTeMaTHYeCKas MOJEIL 3afavH npeiacraBiaaer coloil cHereMy
IBYX YpapBHeHHH ¢ IByMsa NepeMeHHBIMH:
45 16 14
+ = —_,
x+y x-y 3
45 + 30 -7
x-y x+y

=T.

Kak pellIuTh 3Ty CHCTEMY, ME TIOKA HE SHAEM, NPHAETCS BEPHYTHCH
K mell nosgHee (9T0 GymeT cmenaso B § 7), Ho cHauala HANO CO3JATH
HeOOXOAUMYIO TeopeTHuecKkyio baay.

{. PaumoHanbHbie YPABHEHMS € JBYMS NePeMEeHHbIMM

Onpepenenne 1. PannoHansHoe YPABHCHHE C AEYMH NepeMeH-
HBIMH X, ¥ — 3T0 ypaBHenue sufia h(x; y) = glx; y), roe kR(x; y),
g(x; y) — panMoHaNbHEIE BHIpAYKEHHHA, T. e, aarebpauvdecKHe BbIpa-
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2. u CUCTEMBI YPABHEHWI

SOeHKH, COCTABICHHRIC K3 THCEN H IIEDEMEHHBIX X, Y ¢ IIOMOLILIO One-
panmit CAOMKeHKA, BRIMHTAHHA, YMHOMCHKA, AcHeHHA W BO3BeleHHA
B HATYDPAJALHVIO CTENEHb.

ITpiMepsl pANACHANLHEIX YPABHEHHU ¢ ABYMA NepeMEHHBIMU:
X+ yt=58; y-x=4; 2xy+ =0
x x?

x+y x-y

=2y-1 u r. 4

KohegHO, MOMHO pacCMATPHBATE PALHOHANLHBEIE YDABHEHHA H C
BPYIHMHE ilepeMeHHBIMH, He 00A3aTe/IsHO ¢ X H Y HanpuMep, a® — bt =
= 3ab — panHOHANbHOE YpABHEHHEe ¢ IBYMA [IepeMeHHLIMU &, b,

PanuoHannHOe ypasueHue h(x; ¥) = ¢(x; i) Bcerga MOMKHO Ipeob-
pascBate K BHmy pl{x; i) = 0, rge p{x; ¥) — paUHOHAJLHOE BBHIpAMKE-
ane. Ina aToro QOCTATOMHO NepeilHCaTh Ypaemenme rak: h(x; y) —
= g(x; ) = 0. Ecan p(x; y) — MOrOwNeH, TO p(X; ¥) = 0 HasHBatOT
Yensid PAyUOHAALHbIM YpasHenueM.

Qnpegenenue 2. Pemennem ypasuenus p(x; y) = 0 Hasssaor
BCAKYIO Mapy uYucen (x; y), KOTOpasA VIOBRETBOPAET 3TOMY YDaBHe-
HHIO, T. €. 06pallaeT paBeHCTBO C TepeMeHERMU p(x; 1) = 0 B BepHOE
YHC/IOBOE PRBEHCTBO.

Hanpumep:

1) (3; T) — pemerue ypaeHeHua x2 + 3 = 58. B camom geje,
3% + 72 = 58 — BepHOE YHCIOBOE PABEHCTBO.

2) ({22 ; —6) — pemenue ypapuenus x% + y? = 58, JleficTeuTessHO,
(vV22)*+ (=6)% = 58 — BepHoe uMCnOBOe paBeHcTBo (22 + 36 = 58).

3) (0; 5) — pemwenue ypasreEs 2xy + x% =0, mockonsky 2:0-5 +
+ 0 = 0 — BepHoOe YHUCIOBOE PABEHCTBO.

4) (1; 2) "e apnaerca pemieHueM ypasHeHud 2xy + x° =0, B ca-
mMoM gene, 2:1:2 + 1° = 0 — HeBepHOe paBEHCTBO (UOAYYALTCH
6=0).

IIpuMmep 2. Pemurs ypashenue (2x — 8)> + (y + 3)4=0.

P e m e u u e. IIpn moberx 3a9eHNAX X, ¥ BEINOJHHAIOTCH HEpa-
nemcTBa (2x — 8 2 0, (v + 3)* # 0. 3BuaunT, feBas YacTh 3aJaHHOTO
YD2BHEHNA BCET/A HeOTPUIATeNbHA, MPAYEM DABEHCTBO €€ HYJIO BO3-
MOMKEO JHIUL B OZHOM CXydae: KOPAg KaKaoe M3 ABYX CHATAEMBIX
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2. u CUCTEMBI YPABHEHWA

ofpamaerca B Hyab. Taxum 00pasoM, 3afiada CEOJHTCH K PENISHAIO
(2x -8y =0,
(y+3y =0,

H3 KoTopoit monyuaem: 2x —8=0,T.e. x=4;y+3=0,T.e. y=-3.
OreerT: (4 -3).

CHCTEMEl YPaBHEHHH {

IIpamep 3. HaliTi Bce nenouncnIeHESIC PEIIEHHA YPABHECHHA
x—y=10.

Pemeunne, Ecium x =k, B € Z, 10 ypapHeHUE £ — ¢ = 10
npuHHMaeT Bug k — y = 10, otxyga moayuaem: y = £ — 10; s1o nenoe
YHCNO. JHAYMT, OENOYHMCICHHBIMU pPElleHHAMH YPRBHEHHS CJOYIKAT
mobele napsl Buga (B: Bk — 10), rae ke Z. (il

Ecian gaHO Iiejioe PAOWOHANBHOE YPABHEHHE C HECKOJIbKUMH Ie-
PEMEHHEIMY H C HeJ0yuncaeHabIMA Ko PunHeHTaMe | ecaIl MOCTAB-
JeHa zajada Ha¥iTH lLeJOYMCIeHHEIe (MIH, B Oosee odieM cayyae,
PAUMOHANGHEIE) €0 PRIIEHHA, TO TOBOPAT, 4T0 38AaH0 JuoHaRmMose
ypagHenue (B YecTh ADEBHETPEUECKOr0 MaTeMaTuka JuodaHTa; npea-
nonoxurensio 111 B.). JuohasEToB0 YpaBHEHHEe HASLIBAIOT TAKIKE Heo
npedenennvin ypasrenuen, HeonpeaeneHHOCTD 3aKIIOYAETCA, BALHAMO,
B TOM, YTO TEKOe YpaBHeHHe, KaK NMPABWI0, HMeeT (eCKOHeUHOe MHO-
JReCTBO pemleHnii, KaK 70 OpLI0 BHIINE B NPHMeDe 3.

B GonsuimHCeTBE CAyYacE Demledne AMOMAHTOBEX YPABHCHHE CO-
NPAMEHO €O SHAYUTEJLHHIMM TPyLHOcTAMH. HHOTAA OoHM mpeopone-
BAIOTCA ¢ NOMOIILI0 CBOMCTE JENHMOCTH IENBIX YHCEJ,

IIpumep 4. HalfiTu nenouncireHuble PEIICHHA YPABHEHHA
2x + 3y =17,

Pemesnne Ilyers (x; ¥) — pemlenue ypasuenusa. Toraa
17 — 8y = 2x, Tax Kak x — 1eJ0€ YHI0, TO uncao 17 — 3y yerno, Pac-
CMOTPHM CTAEJBHO caydaii, KOrpa [ 9erHo, M chydail, Korjga I HeueTHO.

1) Ecau y — dermOE umcho, TO 3y derHo, a 17 — 3y HeueTHO Kak
PA3HOCTH HEeYeTHOTO Yucya 17 u ueTHOrO YnHeaa 3y. 3HAYHT, 9TOT CAY-
Yail HAM He DOAXONHT.

2) Ecam y — HeyeTHOE 4HCNO, T0 ¥ = 2k + 1, roe £ — ueaoe dHCIO0.
Torga 17 -3y =17-3(2k+ 1) =17 -6k — 3 =14 — 6k = 2(7 — 3k).

Tax xKarx oo yenobuio 17 — 3y = 2x, 1o noayuaem 2(7 — 3k) = 2x,
x=T- 3k

Hrak, ecnu (x; y) — pemmeHde JaHHOTO YPABHEHHA, 70 X = 7 — 3k,
a y =2k + 1, roe ¥ — mesoe umcio.
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2. CHUCTEMbI YPABHEHWM

Ilposepnm, 4TO BepHO H OOpaTHOe, T. €. ecxu x = T — 3k, &
¥ =2k + 1, 1o (x; y) — pemerne ypasHEeHnd 2x + 3y = 17,

IIpousBeneM NOACTAHOEKY:

2x+3y=2(T-3k)+ 32k +1)=14 -6k + 6k + 3=1T.

BHauur, nwbaa oapa Buaa (7 — 3k; 2k + 1) ApnAeTca pemeHHeM
ypasEenua 2x + 3y = 17.

Yrobel Bam OBLI NMOHATHee OOJYUEHHELH pesyianTaT, SajuM Iapa-
MeTpY K HeCKONBKO KOHKPETHRIX LeJOYHCJeHHBIX SHauYeHM.

IIyere k = 0; Torpa mapa (7 — 3k&; 2k + 1) upespamaerca e (7; 1),
llogcTapne sHaveHua x = 7, y = 1 B ypasRenue 2x + 3y = 17, nony-
uum: 14 + 3 = 17 — BepHOe DABEHCTEO.

IIyere k = 1; Torma mapa (7 — 3k; 2k + 1) npespainaerca B {4; 3).
Iloacrasue sHavenua x = 4, y = 3 B ypasenue 2x + 3y =17, noay-
yaM: 8 + 9 = 17 — BepHOe paBEHCTEO.

Ilyers k = 2; Toraa napa (7 — 3k; 2k + 1) npespamaerca B (1; 5)
llogcTapue 3EaueHHd x = 1, ¥ = 5 B ypasHenne 2x + 3y = 17T, nony-
auM: 2 + 15 = 17 — BepHOE PaBEHCTEO.

Ilyers & = —1; Torpa uapa (7 — 3k 2k + 1) npespamaerca B
(10; -1). Hoacrapue sEavenns x = 10, y = -1 B ypaBHenne 2x +
t 3y = 17, moayuum: 20 — 3 = 17 ~— BepHOE paBeHCTEO.

Jna HaTIAZHOCTH CBEeleM [ONydeHHEIe pPesylbTATHL B TAGMULLY.

k x=T7-3k y=2k+1 2% + 3y

0 7 1 2-7+3-1=14+3=17

1 4 3 2:44+3:3=8+9=17

2 1 5 2:-1+3:5=2+156=17

-1 10 -1 2-10+3-(-1)=20-3=17

Tak xe 06CTOMT AEN0 €O BCEMM OCTAJNLHEIMY LeJOUHCJeHHELIMA
sIlaYeHHAMH mapaMerpa k.
Oreer: (T—38k; 2k+ 1), Tae ke Z,

Ipumep § Hailre nenouucicEHble PDEIIeHAA YDABHEHUA
dx + Ty =29,

Pem e u u e IIpeoGpasyem ypapHeHHe K BHAY X = 29—;73 u
AnJIee: X = 28"'—1_73, T.e. x=T-— 1'1’4_—1 3uauenne x OyIeT meJabIM
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2 . CHCTEMBI YPABHEHMA

TOTAA H TONBKO TOTHAA, KOTHZa BeIpaxkeHHe I{y) = Ty — 1 genurca Ges
ocrarka Ha 4. 1A Deroro 9ucia i no OTHOIICHHIO K yHcay 4 HMeT-
cA 4 BOIMOKHOCTH! OHO KPaTHO 4HCAY 4, OHO AAeT IDH ACIeHHH HA 4
OCTATOK 1, OHO AaeT npH AelieHHA B& 4 OCTATOK 2, OHO AgeT IpH Jg-
JleHHH Ha 4 ocTaToK 3. PaccMOTDEM Ka)IyI0 H3 3THX BO3IMOMCHOCTEL
N0 OTHENBHOCTH.

VDy=4n. Torgapiy) =Ty - 1=T-4n -1 =28n — 1. Dro umcno
He OeJHTCA Ha 4.

Dy=4n+ L. Torgap(y)=Ty—-1=T74n+1)—-1=28n + 6. 10
YHCJI0 He JedaTca Ha 4.

y=4n+ 2. Torgap(y)=Ty-1=74n + 2)-1=28n + 13. 310
YHCJIO He SeNHTcA Ha 4.

4)y=4n+ 8. Torpap(y) =Ty - 1=T4r + 3) -1 =28r + 20. D10
YHCAO AeJHTCH Ha 4.

Hrau,y=4n+3.TOI‘Jxax=7—zy4;l =7"'28n+4+20 =7-(Tn+

+5)=2-"Tn.
OrBem:(2—-Tn;4n+ 8), rae ne Z.

Ilpumep 6. Halitm nenounciieHHEIe PEIDSHHA YPABHEHHS
4x? — y2 = 11.

Peme s ue [lepsrill ciocod. IlepennineM ypapmenne B Bue
(x — yX2x + y) = 11. Jleada 4acTh YPABHEHHSA [PeACTABJAET co000i Ipo-
u3BefeHHe ABYX Ueanx unces. OHO MoMeT paBHATHCA 11 JHINL B YeTH-
pex caydadx: Korja Iepeblli MHOMCHTeNL pabeH 1, a BTopoii 11; korma
nepBbIii MHOMKHTENL pabeH —1, a Bropo#t —11; KOTA2 NepBEI MHOMKHTENL
paser 11, a BTOpol! 1; Korja mepenlil MEOMHATENL paked —11, a BTopoil
—1. 3uauuT, safaua CBOAUTCHA K pPelIeHMIO YETHIPEX CHCTEM YpaBHeHHI:

2c-y =1, 2¢ -y = -1, 2¢-y=11, [2x-y=-1L,
2x+y=11; 2x+y=_11; 2x+y=1;

Wz mepeci cHCTEMEBI HAXOAHM: X = 3, J = 3; H3 BTOpOH: x = -3,
y = —b; us Tperbeil: x = 3, y = —b; us verseproli: x = -3, y = 5.

Orser: (35 5), (-3; -5), (3; -5), (-3; 5).

HOng ypapseHnil ¢ ABYMA [IepeMeHHBIMH, KaK W AJA YPABHEHHII ¢
OoaHOH mepeMeHHOH, MOMKHO BBECTH NOHATHE PABHOCHJILHOCTH.

Onpeaenexme 3. pa ypasmennsa p(x; y) = 0 m ¢(x; y) = 0
HAJHBAlOT PABHOCHJIBHEIMH, €CJIH OHH HMEIOT OJHHAKGBLIE DellleHns
(B 9ACTHOCTH, eCJH 004 YpaBHEHHA He HMeIOT pellleHuit).
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2. CUCTEMbl YPABHEHWHA

OOGBEIYHO TIpH pelleHHH YPABHEHHA CTADAIOTCH 3aMEHHUTH AAHHOE
ypaBHeHHe GOJee NPOCTHIM, HO DABHOCHUIBHHEIM eMy. Takyio 3aMeHy
HassIBAIOT PABHOCHILHEIM NpeofpazoBanneM ypaBHeHHH. [IBa OCHOEB-
HBEIX PABHOCHJDLHBIX IIpeofpa30BaHHA YKAIAHEI HEME.

1) Hepenoc wieHos YpasHerUus us o0uoil wacmu ypasherus 8 dpy-
Y0 € NPOMUBOROACHHUMY IFHAKGMIUL,

Hanpumep, samesa ypasEeEMa 2x + Sy = Tx — 8y ypaBHeHHeMm
2x - Tx = -8y — By ecTh PABHOCHILHOE NpPeofpa3oBagie ypasHeHHd.

2) ¥Vmuomcenue uru dererue ofeux wacmel YpasHEeHUA HG 00RO U Mo
Hee OMAUMHOE OM HYJA YUCAO UJLL 8LIDAXCeRLEe, 6CT0dY OMALLHOE OM HYAA.

Hanpumep, saMmera ypasHenua (,5x% - 0,3xy =2y ypaBHeHHEeM
6x® — 3xy = 20y (06e wacTH ypaBHeHMA YMHOKAJIH OowieHHO Ha 10)
oCTh PABHOCHJAbHOE HpeoGpalopaHue YDaBHEHHA,

HepapHoCHABHEIMH Tpe00pa3oBaHENAMA YPABHEHAHA, KAaK U B CJIy-
yge YpaBHEHHI ¢ OZHOI TepeMeHHOM, MOTYT OKa3aTECH:

a) ocsoboscderue om 3Hamenameaeil, codepicauy nepemenmbie;

§) sozsedenue obeux wacmeil ypasrenua 8 xeadpam.

Ecxu B nponecce pemenns ypaRHeHUA TPUMEHSIIOCH OOHO U3 VKA~
AGHHBIX HePABHOCHILHEIX IpeoGpasoRaHuUil, ToO Bee HallAieHHEE pelme-
HER HALO IPOBEPHATH NOJCTAHOBKOH B HCXOAHOR YDABHEHHE, IOCKOIb-
XY cpelll HUX MOTYT OKASATECA TOCTODOHHHE DELIeHH, T. €. IApsl
sHceN, He YIOBJETBODAIHINE HCXONHOMY YPABHEHTIO,

2. Tpagm ypaBHEeHHS C JBYMA NepemeHHbIMM

Iiycrs pamo ypaeHerme p(x; i) = 0. MaoixecTBo TOqeR (X3 Y) KO-
OpAUEATHON wnockocTH 20y, Takux, 4ro (X; y) — pellleHHe ypasHe-
uud p(x; y) = 0, HABRKIBAKWT 2PAPUKON YPAGHEHUS.

Npumep 7. IHocrpours rpadpur ypaBHEHHA
3x +4y-12=0. (1)
Pemenue s xypea anrebpel 7-r0 Kiacca BaM M3BeCTHO, YTO
I'pahHKOM JHHEHHOrO YPABHEHMA ¢ ABYMSA NepeMeHHBIMHE ax + by +
t ¢ =0, rae xoTs Om OZHO M3 YHCEN &, b OTHMYHO OT HYJs, ABJIAETCA
HpAMaA JHHHA, 3HaudT, rpaduy ypasEeHHd (1) — npamad, fud no-
CTPOEHNA KOTOPOil ZOCTATOYHO YKAZATH JBE TOUKHM, el MpHHAIeHa-
mue, Ecna 8 ypasneane (1) mopcraeurs x = 0, TO OHO npUMeT BUI
4y - 12 = 0, orkyna HaxopmMm: y = 3; urak, (0; 3) — TouKa, KoOpAH-
ILHTHL KOTOPOHE YAORNeTBOpAT ypasHeHMIO (1). Ecom B ypasHerue (1)
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2 . CHCTEMbI  YPABHEHWA

2
N
=
> >
0 \4’\k x -2 [O] 1 2 x
~ H
Puc. 52 Puc. 53
7
2 xy =2 —
1
-4 | -2-1 --—’_
=== 101 2 4%
3

Puc. 54

noAcTaeuTh ¥ = 0, T0 oHo npamer Bua 3x — 12 = 0, orxyna Haxoamm:
x = 4; urar, (4; 0) — TOUKE, KOOPAHHATH KOTOPOH VIOBIETBOPSIOT
ypasgennio (1).

ITposegem uepes mouxm (0; 3) m (4; 0) opamyio — 10 KB Byger
rpadux ypasaenasa (1) (pac. 52). @

Ecxu ypasnenue p(x; y) = 0 yaaercs npeofpasosaTs K Bagy y = f{x),
1o rpadbuk dyHKOUE ¥ = f(x) cunTaerca OZHOBpeMEHHC W rpaduroMm
ypasHeHHs p(x; y) = 0.
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2. CHUCTEMBl YPABHEMWA
[ —

lIpumep 8. llocTpouTk rpaduk ypapHennma y — 2x2 = 0,
Peme nue. lIpeobpasyem yparheHne K suay y = 2x% I'padm-
som byuxuum y = 2x? asaserca napabona (pmc. H3).

fMiprmep 9 IHocrpowth rpadumk ypasHeHHR Xy = 2.
2
Pem e n u e, IipeofpasyeM ypaBHeHNte K BULY ¥ = e T'paduxom

2
$yukmnn y = + ABiAeTcA runepbosa (puc. 54). W

3. CDOPMYI'IEI PAacCTOAHMA Men(ly ABYMR TOUKaMM
KOOPAMHATHOM NnockocTu. Fpathuk ypaBHeHms
(x—ay+{y—by=r

Crpos rpadguky ypasEeHEN B mpmMepax 7-—9, MBI OOTHPATHCH
JAWILE HA MaTEPHAN, H3BECTHSIH BaM M3 Kypca anrebper 7—8-ro xmac-
oou: rpabuxamMi Oulnn OpaMad, napaboia, runepbosa. B aToM nynk-
¢ MBI PACOIEDEM KDYT FEOMETPHUYSCKHX (DHUTYP, KOTOPLIE MOTYT CIy-
MuTs: IpahEKAME YPABHEHWH ¢ ARYMA HEepeMeHHBIMH.

Paccmonnue mexdy moukamu A(x;y,) u B(x,; y,)

Teopeua.] KoOpIuHamHol naocxocmiu X0y SoYUCAAEMCR 1O
dopmyne
AB = (% — %) + (32 - 31 P
|
LYY
B yz = y 2|
)
"\\h
= ¥=y,
C ¥ A
x, O x, i
[ =‘ xz X = xl
I []
Puc. 55
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2 . CUCTEMbI YPABHEHWA

Hoxasareabcrso. CoexuBEM TOUKK A(x;; ¥,) u B(x,; y,) or-
PesKOM ¥ NpoBemeM NPAMbIe X = X, X = X,, ¥ = Y, ¥ = ¥, (puc. 55).
Pacemorpum mpamoyroasEei TpeyroasHUK ABC. Jnnna xarera AC pap-
HA DacCTOSHHMIO MEMKAY TOUKAMHE X, U X, OCE X, T. &, AC =| X, = x11 . Jom-
Ha xarera BC paBHA PacCTOABHIO MEXKAY TOYKAMH ¥, K Y, OCH }, T. €.
BC =|y2 - yli. IIo Teopeme ITudaropa AB? = AC? + BC?, 1. e.

AB = x, - x|+ |y, ~ y,1% 2)
Tax xax a2 = a2, 0 dopmyay (2) MOKHO OEDEITHECAT: B BHAE
AB? =(x, - x)* + (y, — y,)%

3Haunr, AB = J(xz - %) +(y: — ). Teopema goxasaHa.

Boruucaum, Hanpumep, PaccTOAHME MeXKITY ToukamH (9; ~1) B
(2; —25). Iomyqum: \/(2 —9) + (=25 + 1)2 = 72 + 24¢ = 625 = 25,

Tpaguxom ypoeuenus
(x—a)+(y-byF=r 3)
Teopema 2 ABRAEMCA OKPYHHOCME HA KOOPIURAMHOU RAOCKO-

cmu xOy ¢ yeumpom ¢ moure (¥(a; b) u paduycom
r (r > 0) {(puc. 56).

L] Jua
(x—af+(y-bf=r?
AT
/ M(x; y)
/ )
Ar
O'(a; b)
X
0 ™
"~
Puc. 56

i



2. CHCTEMBL YPABHEHWA
L —

HorazarenscTso. BosoMenm mrobyio Toury M(x; y) ORpy:XHO-
. TTo Teopeme 1 O'M = J(x —aP + (y - b)*. Ho O’M = r, sHauur,

r =\/(J|:—.‘:t)2 +(y - by, T. €.
(x-ap+@-bP=r

Hrax, koopaunars! nwdoit Touky M(x, y), npuHagIeKamed OK-
PYXHEOCTH, YAOBJETBOPAIOT YPaBHEeHHK (3).

Eean toura P(x; y) He JeXUT Ha OKPYKHOCTH, To aubo OP < r
{ecnm Touka P pacnono:eHa BHYTPH ORPYRHOCTK), 1ubo O'P > r (ecnin
Tika P pacnonoieHa BHE ORPYREOCTH). H B TOM H B APYroM ciydae
ypaBEeEHIO {(3) KoopAmHaTel TOUKA P HE YAOBICTBODHIOT,

ClefoBaTENBHO, TOUKA OKPYXHOCTH H TOJBKO OHU YAOBIETBODS-
v ypapeeHnio (3). Teopema RoxasaHa.

Ilpumep 10. Iloctpours rpadbuk ypasuemnd x? + y° = 16.

P e m e B u e. [lepenmmen ypasuerne B eage (x — 0)2 + (y — 0¥ =
w 42, TIo Teopeme 2 rpadmxoM STOrO YPABHEHUE ABIASTCH OKDYXK-
HOCTE ¢ UeHTpOM B Touke O(0; 0) u paguycoM 4 (puc. 57).

IIpumep 11. Hocrpoure rpadmk ypasHeHHT:

ay(x-1¥+{y-2P=9; 6)x2+yt+4x=0.

PemeH ue. a) [lepenameM ypaBHenme B Buge (x — 1) +
+ (y — 2)? = 3% I'paduxoM 3TOr0 YpaBHEHHA IO TeopeMe 2 apiagerca
OKPYIXHOCTE ¢ UeHTpoM B Touke (1; 2) u paauycom 3 (puc. 58).

i y y
al =16 x—1)t+(y—2)=9
[T T AT TN N
/l \\ N
r/ N\
X 2
i \
4 9) 4
1 \[o / -
N V 2 L1 4 1%
AN g
o
Puc. 57 Puc, 58
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2. CUCTEMBI YPABHEHWA

6) Hepennmen ypassenne B Bage (x2 + 4x + 4)+ y*=4, 1. e,
(x+ 2¥+ ¥ =4,
H Aanee
(x - (=2)* + (y - 0) = 2%
I'padpproM 5TOr¢ ypapHeHHA OO TeOPeMe 2 ABAACTCA OEPYKHOCTh
¢ geHTpoM B Touke (—2; 0) M pagmycoM 2 (pme. 59).

7\

(x+2P4+p2=4
/r——"-u
f \‘ #__
-4\ | 2 | fo| =
N L/

Puc. 59

OdopMEM OCHOBHEIE Pe3VARTATHI 3TOT0 NYHKTA B BHAe TAOIHMIEL.

AnagwrHaecKan TeoMeTpHyecKan Caoeeceas
MoAenh Mojers MOJeTh
x4+ = OKpyMHOCTh H& KOODAH-

HaTHOH ILTOCKGOCTH ¢ LEeHT-
poM B HayaJe KOOPAMHAT
H pagHycoM r

(x—ay+y-byY==r ¥ OKpPYKHOCTE Ha KOORIH-
HATHOH ILTOCKOCTH ¢ IeHT-
PoM B TOUKEe (4; b) K pa-
b JAYCOM
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2. CHUCTEMBI  YPABHEHMI

4. CucTembl YPABHEHMH € LBYMS NEPemMeHHbIMKW

Onpeaenenue 4. Ecnu nocrasieHa 3agada HafTH Bee Taxkue

nhapst unceda (x; y), KOTOpPHE OAHOBPEMEHHC YAOBJIETRODAIT YpaBHe-
xuio plx; ) = 0 m ypaseeHmo ¢(x; y) = 0, TO rOROPAT, 4TO YEA3aHHLIE
ypasHeHHs o0pasyoT cHeTeMy YpaBHenmMil:

{p(x; y)=0,
g y)=0.

apy uncen (x; y), KOTOPARH OZHOBPEMEHHO ABJACTCH DEIISHHEM
¥ UEPBOrO H BTOPOrO YPABHEHHWH CHCTEMbI, HASBIBAIOT PeNICHHEM
CHeTeMEI ypaBHenni. Pewume cucmemy ypaeueruit — 910 ZHAMHUT
HaliTH BCe ee pPeIICHHMA HAH YCTAHOBHTHL, UTO DemeHU Her.

Hanpnmep, mapa (3; 7) — pemenne CACTEMEl Y)aBHEHHH

x* + y* = 58,
y-x=4, @)

B camom mene, 3Ta mapa yAOBIETBODAET K&K MEPBOMY, TAaK M BTOPO-

MY YPABHEHHK) CHCTEMbI, 3HAYMT, ABIAETCH ee pemeHmem, OOGLIuHO

x=3,

— pemeHue
y="T

onyT Tak: (3; 7) — pemeHne CHCTEMEI, HJIK {

OWMCTEMEL,

A mapa (5; 9) He ABnAeTcH pemeHneM cucTeME (1); 0Ha He yAoB-
JAETBODEET NEPBOMY YDABHEHHIO (XOTA H YAOBASTBOPSET BTOPOMY
YUABHEHAK) CUCTEMEI).

PasymMeerca, mepeMeHHble B YPABHEHUAX, O0DASYIOIIHY CHCTEMY
ypaBHeHHE, MOryT OuTh 0G0SHaueHH H APYTHMH OYKBaMM, HallpH-
Mep JATHHCKAME ¢ U b, s U ¢, ¥ ¥ v B T. A, Ho B yofoM caydae npu
DAIACH OTEETA B BHAE MaPhI YACE] UCIOIR3YIOT AeKcukozpaduneckull
Memod, T. e, Ha IEpBOe MECTQ CTABAT TY M3 ABYX OYKB, KOTOpad B
JATHHCKOM aybaBHTe BCTDEYASTCA DaHbIIE,

HUeoraa yoaeTca pemnaTs cUCTeMY YpabBHeHHH epaduieckuMm me-
modox, KOTODEIR 3aKIOYAETCA B CAEAYIOIIEM: HOCTPOHTL rpadui
NepEOTO YPABHEHHUA, MOCTPOUTE Ipadik BTOPOTO YpaBHEHMs K, HAKO-
Hem, HaWTH TOUKK NepeceueHna rpadHKO0B; KOOPAHMHATEL KaI0# TOY-
KW NepecedeHnI CAYHMAT PemeHueM CHCTeMbl YPaBHeHHH.
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2. CUCTEMB! YPABHEHWIA

IDIpame p 12, PemuTs cACTEMY YDABHEHHH
x% + yt =16,
y—x=4.

Pemer me. 1) HoerporM rpadur ypassemma x? + y* = 16 —
OKPYRHOCTE C EHTPOM B HauAJe ROOpAMHAT B pagmycoM 4 (pme. 60).

2) Hocrpomm rpaduy ypapeeH#a y — x = 4. 910 npaMad, npoxo-
aaman uepes ToukH (0; 4) m (—4; 0) (puc. 60).

3) ORpY!KHOCTE M IPAMAA IEPECERAIOTCH B TOuKax A u B (puc. 60).
Cyzaa nmo ODOCTPOSHHOH TeoMeTpHYeCcHKOH MOJenH, TOYKA A mmeer
roopamEarH (—4; 0), a rouxa B — xoopamuate! (0; 4). IIpoeepxa mo-
KAa3bIBAET, ITO Ha caMoM jgeqe napu (—~4; () z (0; 4) asnsrorca peme-
HUAMA 060X YPABHEHHH CHUCTEMbI, & 3HAYMT, H PEIICHUAMA CUCTEMbBL
ypaeHeHmi. Clei0BRaTeNLEC, 30aHHAH CHCTEMA YPABHEHUH UMeeT IBA
pemenua: (—~4; 0) u (0; 4).

Ornemr (—4; 0); (0; 4).

Opamep 13. Pemuth cacreMy ypaBESCHHHA

{2x2—y=0,
xy=2.
7k
yox=4 ¥ y = 2x*
4 [\ f
// B\\\ |
/ N \ /
WAZaN \[ T\
L o] 1 : \i' Ay=§
i 7 nl
N )4 T O 1 2 x
N L7
x4+ =16
1] |
Puc. 60 Puc. 61
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2. CHUCTEMbI YPABHEHWA
—

Peme m ue. 1) Ilepenmcar nepsoe ypasHeHMe CUCTEME B BUAE
¥ = 2x%, opExoAUM K BRIROAY: rpadMKOM YDaBHEHHHA ABJAETCH mapa-
Gona (puc. 61).

2
2) Ilepenuca®e BTOPOE YPABHEHHE CHCTEMEL B BHAE J = < » IDEX0-

AMM K BEIBOAY: rpadHKOM YpaEHeHHA sBadeTcs Tunepboia (puc. 61).

3) IlapaGoxa & runepdoia nepecexaloTea B Touke 4 (puc. 61). Tog-
RA nepecedeHns TOJLKO OAHA, ODOCKOJLKY IPABAA BETBbL Iapaboinl
cayKHT rpaduroM BoapacTamolell QYHRINY, a NpaBad BETBL TUIED-
untl — yomeatomed, Cyaa oo nocTpoemHOl reoMerpHIeckod Mone-
Ax, TOuKa A HMeeT KoopauHATH (1; 2). IIpoBepka moxKaskiBaer, 9T0,
JeficTBATeEHO, mapa (1; 2) ABageTcA pemeHmeM 000MX ypaBHEHMH
CACTEMBL, A 3HAYHT, H PEINCHHEM CHCTeMBI ypaBHeHHHA. Creaosarenn-
K0, SafaHHAd CHCTEMa YpaBHEHMI Mmeer ofuo pememme: (1: 2).

OrserT: (1; 2).

Tpaduveckuit MeTon pemenns CHCTeM ypasHeHuil, Kak u rpadu-
VUCKHH MeTO[ pelHeHHA YpaBHeHHI, XPACHB, HO HEHAAeKeH, Bo-nmep-
PLIX, DOTOMY, UTO rpadEn ypaBHEeHEMH MBI CYMEEM IOCTPOMNTE Jane-
X0 He Bcerga. Bo-Bropnix, jgaike ecaM rpaduxm ypassernii yaamnoce
NOCTPOMTE, TOUKH NepeceYeHnA MOTYT OBITE He TAKHMH «XOPOIINMAS ,
KAK B CHENHANBHO MOAOOpaHHBIX mpHMepax 11 um 12, a To H Bomce
NOTYT OKA38THCH 38 OPEHEIAMM YepTe:Ka, SHAYAT, HAM HYIXHO Dac-
flOIE8raTh BEAREeKELIME AnrefpaluecKHMN METONAMA PCIICHHA CHCTEM
ABYX ypaBHeHni ¢ AByMSH NepemeHHEuIMH. B wacTmocrH, npHmep 13
X0KHO OLLIO peHmINTh METOAOM MOACTAHOBKH. a3 mepBoro ypapHeHua
XuxonuM, uro y = 2x°%, Iloacrapus 2x% BMecTo I BO BTOpPOE YDABHEHME
hm:wem:m, nomyunm; x - 2x2=2; 2x%=2; x*=1; x=1. BEcom x =1, 10
Mo dopmye y = 2x? gaxopgum, uro y = 2. Ionyqaem: (1; 2) — peme-
K¢ CHCTEMEL.

Tlogpobree 0 MeTOAAX pelleHHA CUCTEM YDABHEHWH MOrOBOPHUM B
‘taepyomeM naparpage.

5. HepaeeHCTBA M CHCTEMbI HEPABEHCTB
C AIBYMS NEpPeMeHHbIMM

B 9TOM mYyHKTE ME NOTOBOPHM O pemIeHUHM HEPABEHCTE BHJAA
pix; ) > 0 (p(x; y) < 0), rae p(x; y) — aaredpanyeckoe BHIpaXeHOE,

Onpeaenexuwe 5, Pemenuem HepaseHcTRa p(x; y) > 0 Haswl-

BT BCAKYVIO MApY qucen (X; Y), KOTOpPaA YAOBJIETBOPAET 3TOMY
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2. CUCTEMBl YPABHEHWA

HepaBeHCTBY, T. €. oOpauiaeT HEPABSHCTRO ¢ HepeMeHBRIMA p(x; y) > 0
B BEPHOE THCIOBOE HEPABEHCTEO.

Hanpumep, napa (2; 1) ABadercd pelleHHeM HepaBeHCTBA
2x+3y>0(2-+-2+ 3 -1 >0 — BepHOe INCIOBOE HEPABEHCTEO), 4
mapa (0; —1) ge EBIACTCA PEIICHHEM STOIO HepaseHCcTBa (npoBepbTel).

Yrobn HANHTH BCe pellicHEAA HEPABEHCTEA C ABYMA IEPeMEHHLIMHE,
qamie BCero onMpanTes a rpabHx ypapHedma p(x; y) = 0. Kax pac-
CY:RAAIOT ZAJbIIe, NOKAXKEM Ha NpHMepax.

Iipamep 14. Pemute HepageracTBo 2x + 3y > 0,

Peme 1 u e. paduxom ypaeaerus 2x + 3y = 0 Asngerca mpa-
Maf, OPOXOSAINAN depes Hauaxo koopaaear (0; 0) v, raupumMep, Toq-
Ky (3; —2) (koopaumaTh 0f6enxX TOMER YACOBIETBODAIOT YPABHEHHI)
2x + 3y = ). Ora mpaMan uaobpaxkena ua puc. 62. IIpecbpasyeM sa-

2
OaHAOE HepaBEHCTRO K BHIY Jf > —Ex. Temepb ACHO, YTO HAC MATe-

PECYIOT T€ TOYKH KOOPAHHATHOH IIJIOCKOCTH, KOTODBIE HAXOAATCH
BH I ¢ NOCTRpOeHHOH mpamoii. Takum oGpazoM, Bce peUIeHHA 3aJaH-
HOI'O HEPABEHCTBA ME0METPHUECKHE H300PAKAIOTCA TOUKAME TIONYILIOC-
KOCTH, PACHONOMEHHO Buime npamoit 2x + 3y = 0 (pme. 63). (]

IIpaxTeucckmit coser. Ilocne Toro Kak GeIN1 mocTpoeH rpadux
YPABHEHHA, MOMKEO OLUIO PACCYMIATE TAK: DENISHEHA IAABHHOIO He-
PaBeHCTEA H300PAsKEAIOTCH TOUKAMH MOAYIJIOCKOCTH, PACIONIOKEHH0H
G0 BeIIIe, TuG0 HHKe TOCTpoeHHOH npaMoll. UYToOH IpaBHABHO

Ya . ¥
ks,

/

o)
/1
s
=Y
)
£
AR
\\3\?\ |

/

Puc, 61 Puc. 63
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2. CUCTEMBl YPABHEHMA

-
—

apIGpaTh HYKEYIO NOAYILIOCKOCTE, BOSEMEM JIOGYIO TOURY OJHOH u3
HUX H NOACTABHM KOODAMHATHL TAKOH KOHTPOJILHONH TOURHA B 3a[aH-
Hoe HepaBeHeTEO, ECIH MoJAyYHTCA BepHOe YHCA0BOE HePAaBEHCTBO, TO
NOIYIIOCKOCTE BuIOpaHa BepHO, ecim Her — T0 Her (3gech QaxrTn-
YeCKH WHCNOABIYETCH YTBEPMHEEHME, KOTOPOe MOMKHO HOKA3ATH JHINL
cpedCTBAMA BHCIIeH MATeMATHRHA: eclH rpadAKOM pAIHOHAJLHOTO
ypaBaeHuA p(x; y) = O apnaerca nmHEuA L, 170 00 OAHY M IO IPYIVIO
¢1opory or L BrmipaskeHme p(x; y) COXpaHAET HOCTOSHHBIN 3HAR).

BosesmeM B KauecTBe KOHTponpHOH Touky (1; 1) s Bepxueli mo-
RYNJICCKOCTH H HOACTABHM €€ KOODEKHHATEHL B 3aFAHHOE HEPABEHCTEO.
Tlonyaam: 2 -+ 1 + 3 - 1 > 0 — BepHOE YHCIOBOE HEPABEHCTBO. 3Ha-
NHT, FeOMETPHYECKON MOLENBI0 PEIICHHA 38TAHEON) HEDABCHCTES AB-
NHETCA OOAYNAOCKOCTh, PACHOAO/KEHHAA BRIME npaMol 2x + 3y = 0
{puc. 63). IloEMMAaTL 3TOT BEIBOJ CIEEVET TAK: KOODAHHATH MO0
TOUKKM MHOKECTBa, SA4IMITPHXOBAHEOrO HAa puc. 63, o6pasyior mapy
yUCes, CAYRAIYI) PelllecHAeM HepABeHCTBA 2x + 3y > 0,

IIpumep 15 Pemwre mepasenerso y — 2x2 < 0.

Pewenne. I'padarom ypaseesus y — 2x2 = O corysmur napabo-
an y = 2x% (pue. 64). Ona geauT KOOPIBEHATHYIO ILUIOCKOCTL Ha JBE
NACTH: OJHE PACHOIOMKEHA BEINC, A APYrad Huke mapabonarr, Boapmem

y

)
e
N

N
N

= Dy2

.

Iy =

N

%
v
7

7

N

Puc. 64
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2. u CHUCTEMbI YPABHEHWH

B Ka4eCTBe KOHTPONBHOH Toury (0; 1), pacmonoXKeHHyI0 BEIIE Oapa-
Goabi. IloACTABHE KOOPAUHATH 3TOH TOUKHM B 3aaHHOe HEPAREHCTBO,
ooxyaum: 1 — 2 - 0° < 0 — geBepHOe UHCAOBOE HEPABEHCTBO, JHAYMNT,
B KAYECTBe reQMeTDHYeCKOl MOAe/TH pelmeHUHl 3a3AaHHOTO HepaBeH-
CTBA cJefyeT B3ATH YacTh KOODAEHATHON ILIOCKOCTH, PACOOI0KEeH-
HYIO He BBIIE, a Hie napabonsr (puc, 64). |

Onpeaenexnye 6. Ecnu nocraeiena sajada HaiiTH Bce Taxye
napsl guces (x; ), XKOTOpble OOHOBPEMEHHO YIOBIETEODEIOT HEPABEH-
crBaM pl(x; y) = 0 u g(x; y) > 0, TO TOBOPAT, YTO YKa3aHHLIE Hepa-

plx; y) > 0,
qglx; 1) > 0.

ITapy umcen (x; y), KOTOpadA OAHOBPEMEHHO ABNAETCA DEIICHUEM
H TEePBOrO ¥ BTOPOIY HEPABEHCTB CHCTEMBI, HASLIEAKT PelIeHHEM CH-
CTeMBI HePABEHCTE. PelllNTh CHCTeMY HEPABEHCTE -— IHAYHT HailiTi
BCe ee pelHeHWA (HIHE YCTAHORWTE, UTO PEIHeHWH HeT).

BeHCTBa 00pA3yIOT CHCTeMY HepPABCHCTB

2x -3y <6,

IIpaMe 16. PeinTh CHCTEMY HEPABEHOTE
P P y Hep x+y+720,

Peme ® ¥ e 1) Hocrpoam rpadux ypasdersus 2x — 3y = 6. 9o
npaMad, opoxogaman yepes Touxy (3; 0) m (0; ~2). BossMem B Kade-
CTBe KOETPOABHON TouKy (0; 0), pacmono:KeHHYIO BBIIIE MOCTPOSHHOA
opAMeif; ee KOOPAHHATH YAOBJAETBOPAIOT HepaBeHCTBY 2x — 3y < 6.
3HaYuT, TeOMeTPHIECKHM DelIeHHeM [TepBOTO HepABEHCTBA 3878 HHOM
CHCTEME CAYXAT NDOAYNRAOCKOCTh, DACIOAQKEHHAA BBIIE NMpAMOM, H
cama mpamMas (MOCKOAbKY 3aJaHHEOE HEPABEHCTRO — HeCTporoe) (puc. 65).

2) IlocTpomM rpaduk ypasuenna x + y + 7= 0. 3ro npamad, opo-
x0oaAmaA depes o4kl (—7; 0) u (0; —7). BostMeMm B KauecTBe KOHT-
poasgoil Touky (0; (), pacmoMoAKedHyI0 BHILES MOCTPOSHHON NpAMOiL;
€€ KOOPAHMHATH YAOBIETBOPAIOT HepaBeHcTBY X + ¥ + 7 # 0. 3daumr,
reOMeTpHYECKAM pelledHeM BTOPOr0 HeDABEHCTBA 3aJamHOR cHcTe-
MBI COYKAT ODOAYILUIOCKOCTh, PACTOJIOMKEHEAsA Buime Ipamol, u cama
npamasa (puc. 66).

3) B kauecTee pemreHHil 3agaEHoil CHcTeMbI HEDABEHCTB CAEAVeT
BBATH Bce OGLIME TOMKH IOCTPOSHEBIX HOLYIJIOCKOCTEH, T. . MX Ie-
pecedeAne (3amMTPHXOBado Ha puc. 67). |
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2. CUCTEMbE YPABHEHMIA

§ 6. METOABI PELLEHMS CMCTEM YPABHEHMA

B sTom maparpade MBI 0BCYAEM TPH MeTORA PEIIeHHS CH-
cTeM ypaBHeHmid, Gosee Hajge'xHEle, UeM rpaduvyecruil MeToqm, KOTO-

PRI PAcCMOTPEad B IPeAbIIYINeM maparpade.

1. MerToa NOLACTAHOBKM

Or0T MeTo) ME OPHMeHANM B 7-M KJacce AAs PelfeHHs CHCTEM
JHHelEBX ypaBHeHnH. Tor anropHTM, KOTOPLIH 6B BEIpaboraH B
7-M KJIacce, BOONHE OPHIOZEE L) PEIiCHHA CHCTEM JIOOLIX IBYX
ypabBHeHR# (He 00a3aTeIbHO JHEHERHEIX) ¢ ABYMA IepeMeHHBIMH X W
y (pazyMeercs, nepeMeHHEe MOrYT OBITL 0603HAYCHE H ApYIrEME GYK-
BAMH, MTO He HMeeT 3HAHcHUA). DaKTHYECKH 3THM AJIT0PHTMOM ME
BOCNOJAL30BANIUCE B NPeABINYIOEM Naparpade, KOraa 3aBepIUANHA pas-
rOEOp O mpumepe 12,

4 N
A.JII'OplITM HCIIOJIB30BAHNA MeTOda HOICTAHOBKH

IIPM PellleHUH CHCTeMbl ABYX YPaBHeHHil
¢ ABYMA OEPEMEHHBIMH X, Y

1. BripasaTh [ depes X U3 ONROIO YPABHEHUA CHCTEMBL.

2, I[lopeTaBUTE DOAYIEHHOE BRIDAMKEeHAEe BMECTO [ B IDYTOe YDaER-
HeHHe CHCTEMBIL,

3. PemmmTs mosydeHEOe YPABHEHUE OTHOCUTEALHO X.

4. IlogcraBuTh KA)RALLA U3 HAANeHHEIX Ha TpeTheM LIAre KOpHe[
YpaBHeHUA NOOYEPeIHO BMECTO X B BRIDAKEHHE y Uepesd X, IO-
JAydeHHOE HA NEPBOM IOATE.

5. Sanmucars OTBer B BuZAe map 3uadenuil (x; y), Koropeie Grian

% HafleHEl COOTBETCTBEHHO HA TPeTEEM H 4YeTBePTOM IIAre.
./

IlepemeHERE X 1 y, PA3YyMeeTCHd, PABHOUDABEEI, II0ATOMY ¢ TAKMM
JKe YCIIEXOM Mbl MOKEM HA [€DPBOM ILUATE AJIFOPHTMA BLIPDAZHTE He Y
yepes X, a X wepes y U3 OfHoro ypabHemma. O6mvE0 BRIGUpaT TO
ypaBHeHHe, KOTOpoe OpefcTaBiadAerca BGolee OPOCTEIM, H BRIPAIKAIOT

TY NEPEeMcHHYIO U3 Hero, JIs Koropolt aTa nponeaypa IpeAcTaBIAeTcs
6onee mpocToid.



2. CUCTEMb! YPABHEHUM
=

Mpumep 1. PemuTk cucTeMy YpaBHeHUH

x+3y=5,
xy =2,
Peme s ne 1) BupasuM x uepes y us NepBOro ypaBHEHHH CH-
Mmel; x =5 — 3y.
2) ITopcTaBuM MOJIYyUeHHOE BEHIPAM(EHIE BMECTO X BO ETOpOE ypas-
nue cuerembl (5 — 3y)y = 2.
¢y 3) PemmMm nomyuemHOE® YpaBHEHHE:

5y - 8y* = 2;
3y -by+2=0
2
n=1 ¥.=3-

4) INogcraBnM mOoYEepeAHO Kaxgoe N3 HaliAeHHLIX sHAUeHHH y

2
Qupmyny x = 5 ~ 3y. Ecnnyzl,'rox=5~3-1=2;ec.nﬂy==5,

2
x=5—3-§=3.

2
5) Ilapw (25 1) u (3; 3 ) — pelleRH#A 3aJaHHOME CHCTEMEl YpagBHe-
nil.
2
Oreem (2; 1); (3; E)'

2. Metop anre6GpanYecKoro CNoMeHMs

JTOT METOX, K&K M MEeTOJ HOACTAHOBKI, 3HAKOM BaM H3 Kypca
1¢8pEL T-ro Kaacca, rae OH OPUMEHAJNCH JUIA DEIIeHHA CHCTeM JIH-
#spix ypaBHeHH#H, CyTh METOAA HANOMHIM Ha CAEAYIOIIEM IDUMEDE.

[lpumep 2. Pemntt cucTeMy YpaEHeHHMN
2x+xy+2=0,
4y +3xy+ 30 =0.

Pelll ¢ Hme YMBOXAM BCE WISHBI NEPBOTO YPABHEHHSA CHCTEMEL
4, &4 BTOpOE ypaBHeHHe ocTabumM 0eg N3MEeHEeHMA:

6x+3xy+6=20,
4y + 8xy + 30 =0.
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2- CHMCTEMbI YPABHEHWIA

BriureM BTOpOE YypaBHEHHE CHCTEMEI B3 €€ IIEPBOTO YPABHEHHA:
6x +3xy+6)—(dy + 3xy +30)=0-0;
6x —dy - 24 =0,
3x—-2y—-12=0.

B pesynbrare anrefpamaecKoro cIOXMeHHA IByX ypaBHEHHH U
XOAHOH CHCTEMEl DOJYMHA0CH ypabBHenue ojiee TPOCTOe, HMeM IepB:
U BTOPOE YpaBHeHUA 3aJaHHOH CHCTeMEBl. OTHM 60Jee MPOCTHIM ypan
HeHUeM 3aMeHHUM A00e YpaRHeHWe 3aAaHHQH CHCTEeMEBI, HATIDHME]

Bropoe. Toraa sajaHHAA cucTeMa ypaBHeHMI saMeBHTCA (GoJiee mpo
CTOM CHCTEMOM:

2x+axy+2=19,
3x-2y-12=0,

BTY CHCTEMY MOMKHO DEIIINTE METOAOM IOOACTAHOBKH. W3 BTOPOIu

YPABHCHNA HAXOXHM: Y = . HO,I[CT&'BHB 9T0 BEIDRELHHE BMECTO

2
y B TIepBOe YpaBHeHHUE CHCTEMbI, TOJAYINM:
2x +x- 3Jc_12+2=0;

4x+ 322 =12x + 4 =0;
3x:-8x+4=0;

x, =2, x,= 3
OcTanoch MOACTRBUTE HafifleHHEE 3HAYEHHAS X B (GOPMYIY
y=3x;12. Ecam x = 2, 10 y=-§-'—22—-_-1—2-=—3; ecau X = 'g‘, TO
R S
y=—2—=-5.

Taxmm obpasom, MBI HALLIH gBa pellleEua cmereMbl: {2; —3) u
2, _
(% 5).
. {9, . (2,
Orser (2 -3) (5, —5).
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2. CUCTEMbBI YPABHEHMIA
| —

3. Metop, BeefleHMsl HOBbLIX nepemeHHsIX

C MeTOAOM BBefleHHA HOBOI NepeMeRHOH DA PeIeHAT YPABHERIH
8 0HOM NepeMEeHHOH BEI NOZHAKOMHINCE B Kyhee anreGpel 8-ro xiacea.
('yrs TOr0 MeTOZA NpH DEIIEHNH CHCTEM YPABHCHHH Ta ke camas,
MO ¢ TEXHHYECKOH TOYMKM 3pEeHNA UMEIOTCH HeKOTOphe OCODeHHOCTH,
KOTOpPEIE MEI M OGCYAUM B npumepax 3 u 4.

Hpremep 3. PemuTs cacreMy ypasHenmii

Ti¥_25
¥y o ox
x2—p? =3,

X
Pemer ue. Beegenm HOBYIO IePeMERHYI0 = ; Torga ODepboe
YpPABHEHHE CHCTEMELI MOYKHO 6yIeT DepenHcaTs B 6ojee MpoOCTOM BHAE!
1
i i 2,5. PemmmM 5T0 ypaBHeHHe OTHOCHTENBLHO NEPeMEHHOH ¢;

14 pe

tlii'l‘ T - ? = 0;
2¢2 + 2-5¢
—_— =

2t ’

28 -5t +2=0;

t,=2, t,=

-

[

Ofa 5THX SHadueHHA YAOBAETBOPAIOT yCAoBHIO 2¢ # 0, a moToMy
HAAIOTCA KOPHAMY PacCMATPHBAEMOTO YPABHEHHA ¢ MEpeMeHHOH i,

x x
Hot = E » BHAYHT, JHGO ; = 2, OTKYZa HaXoJuM, 4UTO X = 2y,

ot

2

Tarpm 06pasoM, ¢ TOMOLMILI0 METOL& BBeAEHHA HOBOI mepemeH-
il HaM YAAN0CH Kak OBl PACCAOHTH NEpPBOE YPABHEHHE CHCTEMEI HA
jina GoJIee MPOCTEIX YPABHEHMA:

x
nubo ; ==, OTKYJa HaxoauM, 4ro Y = 2x.

x=2y y=2x.

Yro e panbine? A gaiblle KAMAOe H3 ABYX OOJYYCHHEBIX IPO-
CIhIX ypaBHeHuil Hy:XHO MoOUepPesHO PACCMOTPeTh B CHCTEMEe ¢ ypas-
tenmem x2 — y? = 3, 0 RoTOpoM MEI HOKa He BenoMmHHANH, HBRIMMN
CHAQBAMHE, 3871a%4 CBOANTCH K POINIeHHIO NBYX CHCTEM YDaBHEHHIT:
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2. CUCTEMBI YPABHEHWHM

x = 2y, y = 2x,
22 =3 x?—y? =3,
Hano HaliTH pelleHHA NePROHM CHCTEMEI, PEIIEHUA BTOPOil CHCTEME H

BCe IOJIYyYeHHRIe OAPLl BKJAKYATE B OTBET.
Pemvm mepByio cHCTEMY YPaBHEHWI:

x =2y,
xt—y? =3,
BocooaszyeMca MeTOAOM HDOACTAHOBKH, TeM 0oJee 9TO 2mechk Aasa

Her¢ Bece TOTOBO: HOACTABYM EBHIpajKeHHe 2y BMECTO X BO BTOPOe Ypas-
HeHue cucTemnl, IloyuumM moc/aeaoBaTeABHO:

@y -y'=3
4~y = 3;
3yt =3;
y¥=1

y,=1, y,=-1
Tak RaK X = 2y, TO HAXOLUM COOTBETCTBeHHO: X, = 2, x, = —2. Tem
CAMLIM IQJIYUEHH ABA pellleHnd saganHoi cucremer (2; 1) u (-2; -1).
PemmM ETOPYIO CHCTEMY YPaBEEHHI:

¥y = 2x,
x%—y* =3,

CHOBa BOCIOAB3YEMCH METOAOM IOACTAHOBKK: IOACTABHM BEIPA-
JKeHHe 2X EMECTQ § BO BTODOe YpapHeHHe cucTeMsul. IloayanmM mocae-
JAOBATENbHO;

xt - (2x)Y = 8;
x%—4dx® = 3;
~3x% = 3;
x%=-1,

970 ypaBHeHHEe He MMeeT KOPHel, SHAYNAT, U CHCTeMa ypPABHeHmil
He mMeer pemnernii. Takmm ofpazoM, B OTBET HALO BKIIOYHTEL TOALKO

peIleHHus NePBOH CHCTEMEL.
Orsem (2; 1) (-2; -1).

Meron BBefeHHMS HOBBIX LIEPEMEHHEX NIPH PemieHHW CHCTEM JBYX
YPaEHeHWH ¢ JRYMA HNePEeMeHHEIMF TPHMEHAETCA B IBYX BADHAHTAX.
Iepenilt eapuanm: BBOJUTCA OAHA HOBAA NEPEMEHHAHA M WCHOALIYETCH
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2. CHCTEMEI YPABHEHWA
=

$OJILKO B OfHOM ypaBHEHWM cHcreMEl MmeHHo Tax oficrosamo geldo B
ppuMepe 8. Bmopoii éapuanm: BBOAATCA JBe HOBEIG IEDeMCHHEIE W
MCUOABIYIOTCH ONHOBPEMEHHO B 060MX YpaBHEeHMAX cmeTeMiul. Tak
8yscr obcroaTe Deao B npuMepe 4.

IMIpramep 4. Pemurs cucremy ypaBHeHHH

2 . 3 _,
-3y 2x+y ’
8 _ 9 =1.

x -3y 2x + y

Pemenue., BregeM ABe HOBHIe IepPeMeHHHE: @ =

3 8 9
- VureM, 94TO TOrO4a 4qa, = 3b.

2x+y x -3y x — 3y
910 DOSBOJAUT IepelucaTh 3aJaHAYH CHCTEMY B 3HAYHTEIALHO 60-
JAbe TIpOoCTOM BHAE, HO OTHOCHTEJILHO HOBHIX MEpeMeHHBIX ¢ H b

{a+b=2,

x-3y’
b=

4a-3b =1,
IIpuMeENM AAA pellleHHA 3TOH CHCTEMEI MeTOR aarelpaudecKoro

CHOKEHNA!
{3(1 +3b =6,

da-3b=1;
Ta=T;
a=1,
Tak xagK ¢ = 1, 7o u3 ypasEeEua ¢ + b = 2 maxogum: 1 + b = 2;
= 1. TakumM 06pa3oM, OTHOCHUTENLHO ODePEMEHHEIX ¢ B b MBI ODOIyYn-
th QEHO pelleHye:

a=1,
b=1.
Bosepamancs K nepeMeHHEIM X H y, HIOJIY4ACM CHCTEMY YpaBHeHull

2 -1,

x -3y
3 =1,

2x+y

T. C.
x-3y=2,
2x+y=38.
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2. ‘l CUCTEMbl YPABHEHWUIA

IIpuMeHUM AJSA PEIIeHUA 3TOH CHETEMHE MeTOJ aIreSpandecKoro
CIHOMCEHNAA:

x-3y=2,
6x+3y=9
Tx=11;
-1
7
11
TaRRaRx=7,mn3ypaaﬂe:ﬂm12x+y=3naxo,mm:y=3—2x=
11 22
=3 - 2-7 =3- 7= —%. Tarum o0pa3zoM, OTHOCHTEIRHO IepeMeH-
HEIX X H ¥ MB OOJYIHIH OZHO pDelleHHE;
.t
==
-_1
y= 7
0 . ]_i- _l
TBET: 71 7

Sapepmun 5TOT maparpad KpaTKHM, HO AOCTATOUHO CEPBE3HEIM
TEOPETHYECKHM PasroBopoM. BEI yiXe HAKOINWIH HEKOTODHIH OOBIT B
PellleHHH PA3IUYHEX YpabBHeHWH: NHHefHBbIX, KBAADPATHLIX, PaIyo-
HAJBHBIX, HPPAUHOHAJBHEX. BH 3HaeTe, YTO OCHOBHAA MAesd Delle-
HHA YPABHEHHA COCTOHT B MOCTENIEHHOM Iepexole OT OZHOTO YDAERHE-
HHA K Apyromy, Oogee NpocTOMY, HO PEBHOCHJABHOMY 3aZaHHOMY.
B npeamzyinem naparpade MEI BBeIH IIOHATHE PABHOCHJIBHOCTH IJIA
ypaBHeHH# ¢ ByMs nepemenabiMH. HcmoabsyioT aT0 MOHATHE H 1A
CHCTEM YpABHEHMI.

Onpeaenexnne. Bpe cucTeMbl yPaBHEHH# ¢ IePeMERHBIMM X W
Y HA3HIBAIOT PABHOCHIBHBIMY, ECHH OHHM HMMeOT OJHU H Te K€ pelle-
HUA MaE ecial 00e CHCTEMEL He UMEIOT pPeleHuH.

Bce Tpi MeToA8 (NOJCTAHOBKH, anre0paniuecKoro CJIOMEHNE U BBe-
JeHWA HOBBLIX NEpPeMEHHEIX), KOTOPEe MBI OOCYAUNIH B 3TOM Iaparpa-
te, KOPPEKTHBI ¢ TOUKH 3PSHHA PABHOCUABHOCTH. HHEIMM cloBamy,
UCNOALIYR MU Memodul, Mol 3aMenideM OOHY cucmeMy YpaeHeRul
dpyeoii, 6onee npocmoti, HO paGHOCUALHOIL NEPEOHAYAALHOLU cucmeMe.
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2. CHUCTEMbBI YPABHEHMA

§ 7. CUCTEMBI YPABHEHMA
KAK MATEMATMYECKME MOAENH
PEAIIbHBbIX CUTYALIMA

BaM mzBECTHO, 9TO CHCTEMA ABYX VPABHEHHH ¢ OByMA Ie-
PEMEHHEBIME MOKET CIYIKHTE MaTeMaTHYeCKoH MOJeIbI0 PpealbHOH cH-
1yanzy. [lepBrlil OOEIT B DEIDEHMU TAKHX 38737 BEI NDAOOPEIH E Kyp-
ee anreGpel 7-ro Kiaacca. IIpasia, TaM BCTpeYaNMCh TOJBKO CHCTEMBI
ABYX NHEHEHHEIX ypapHeEHi ¢ IByNMsa nepeMennbiMiu. Teleph Mh yme-
#m perraTh Gofee CAOMKHEIE CHCTEMBl YDABHCHHH, 3HAYAT, HAM BIIQJI-
#e [0 cuIaM ¥ pelmeHde Oovee CAOKHBIX 3afad.

IIpumep 1.B palinerrpe ABa KHHOTEaTpa — «Paren» n «Caa-
pa», mepsulif — Ha 400, a propoli — Ha 600 Mect. B spuTeanHOM
auae kuporearpa «Cinasas Ha 4 paga Goxbine, Yem B KNHOTeaTpe «Pa-
Kexs, ¥, KDOME TOro, B KaXKAOM pAdy Ha 5 mecT Golnille, YeM B Ku-
worearpe «Paxens. CKOMBKO DAAOE B SDHTENLHOM 3ajie KHHOTEATDA
s«PaKrens», ecAH UBBECTHO, YTO B KAJKAOM DAAY KHHOTeaTpa «Clapas
Bonee 25 mecr?

PemeH ue. Iepbhil sTan. Cocmaesaentie MameMamuieckoil Mo
deau.
Hyere ¥ — w@eno pAKoB B KuHOTEAaTpEe «DaKesns,
¥ — YHCH0 MECT B K&WKAOM DHAAY KUHOTEATpa «WDakrei»,
Torga x + 4 — uucao pagos B KuHoTeaTpe «Caabas,
¥ + b — uncao MecT B KaAoM pagy KuHoreatpa «Caasas,
31185 YHUCIO PAAOE M UMCIO MECT B PaLy, MOXKHO HaltTn ofiee 4meio
MCCT B K&yKA0M KHHOTEATDE:
XYy — UHCA0 MeCT B KHHOTeaTpe «Dakedn»,
{(x + 4)(y + 5) — umcmo MecT B KuHOTeaTpe «Caakas.
lio yenosnio B kuHOTeaTpe «®anenas 400 mecr, T. e. xy = 400, a B KHHO-
rearpe «Caasas 600 mect, T. e. {x + 4)(y + 5) = 600.
TaruM ofpa3oM, Mh TPUXQIUM K CHCTEMe IBYX YPaBRHEHHH
¢ ZBYM# ITepeMeHHEIMI:

{xy= 400, )

(x + ) (y + 5) = 600,
ag X, iy — HATYPAJABHBIE YHCIA.
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2. II CHCTEMBl YPABHEHHA

MaTemaTHUeCK4d MOZENL 3aJA4YH COCTABJEHA.

Bropoii aran. Pafoma ¢ cocmasiennois modenvio,
Hmeem:

xy = 400,
xy + 4y + 5x + 20 = 600;

= 400,
{x‘" @)

xy + 4y + bx = 580,

I[IpuMenuM MeToh aJrefpamvdecKOre CIOKEHAA! BEIUTEM IIEpBOE
ypasHeEHe B3 Broporo. Ilomyumma:
(xy + 4y + bx) — xy = 580 — 400;

4y + bx = 180.
3aMennM 5THM YpABHEHHEM BTODOe VDABHeHHMEe CHCTEMEH (2):

xy = 400,

s B (3)

y+ 5x =180,

Cucrema (3) mEecKOJBKO mpolne, uem cacrema (2), ee MOXKHO pe-
IIATE METOAOM MOACTAHOBKK, BrIpasuM y uepes x U3 BTOPOIC ypas-

180 - bx
HeHHA cucTeMul (3 ¥ = —a ITogcTaBHM 5TO BRIpAMEHIE BMeC-
TO j B IepBOe YpaBHEHUe cHcTeMHl (3):

X 1804— bx = 400;

x(180 — 5x) = 1600;
B5x? - 180x + 1600 = 0;
x%2 - 36x +320=0
(ofe vacTH OPEALIAYEICTO YPABHEHAS ITOMACHHO DA3feHad Ha 5);
x, =20, x,=16.
180 - 5x
4
ecan x = 16, To y = 25.

Hrak, cucrema (3), & 3HAYAT, H pABHOCAJIbLHAA €H cucTeMa (1) Hme-
©T gea pemesEns: {207 20) u {(16; 25).

Tak Kax ¥y = » TO moayuaem: ecanm x = 20, ro y = 20;
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2. CUCTEMbE YPABHEHHIA

Tperuit sran. Omseem na gonpoc sadavu,

Onupasachk Ha OoaydYeHHEIE PeIIeHUA CUCTEMLI, ML JOJMHK
NpoaHANINSHPOEATE ABe EOSMOMKHOCTH: JuG0 B KuBOTearpe «@aness
20 paaos mo 20 mect B KamgoM pany, aubo 16 pagos no 25 MecT B
kaxaAoM pagy. Ecay BHGpATh HEPBYIO BOSMOKHOCTb, TO B KUHOTEAT-
pe «Caapas Symer 24 paaa (mo ycroeHio Tad Ha 4 paaa Goaeme) mo
25 mecT B KAXKAOM pAAY (IO VCIOBHIO B KaxaoM pany «Ciuabhl» Ha
§ mecr Gonbme, 9eM B «Dakenes). ITO HAC He YCTDAKUBACT, IOCKOJIBKY
00 VCIOBHIO B KaAoM pAay «Cnasel» Doxee 25 mecr. Pacemorpum
ATOPYIO BOBMOYKHOCTE: B «Daxenes 16 psmos mo 25 MecT B KamaoM.
Toraa B «Caaser Gyaer 20 pagop o 30 MecT B KaxaoM, JTO HAC Y-
TPAEBAET.

Hrak, m3 ABYX pelleHWH cucTeMH BuOuUpaeM ofaHe: x = 16,
¥ = 25, a 10 osHauaer, uTo B KuHOTEaTpe «Daken» 16 pagoe.

OrBerT 16 pagos.

Ha camom nene 3Ta 3agava He FBAfeTcA AJ8 BAC HOBOW, MBI pe-
wann ee B yuebEnke <«Amrefpa—8», HO DO-IpyromMy: MaTeMaTHYeckol
MOJenbio 3a089H GBIIO PATUOHAJARHOE YPABHEHWE ¢ OAHON mepeMeH-
nofi. TIpusesemM KpaTKue HaSPOCKH AJNA COCTABIEHHA TAKOHM MOIemH:

X — YHCJIO PAACE B KHHOTeaTpe «Dakern»,

400
—  THCIO MECT B KAMKJOM PAAY KHHOTEATDA «Darens,
X + 4 — uHCcA0 pAKOB B KuHOTeaTpe «Cmasas,
600
~ + 4 HCI0 MeCT B KaXAOM Pafly KHHOTeaTpa «Cragas.
600 400
Tlonryuaem ypasHeHHe t+d T - 5. 9To MaTeMaTHYECKAH MO-

AeJIb 3ajaqu.

CpaBHAM ABa BapHaHTA PellleHUA 380a49H. B OepBOM BapHaHTE
Suiza Gostee CA0MKHAA MaTeMaTHUECKAA MOEND (CUCTeMA YDABHEHU),
gHavuHuT, HoJlee TPYAHBIM OB BTOPOH aTan — pafoTa ¢ cocTaBiIeHHOMK
MOJeabIo. 3aT0 MeHee TDYAHBIM OHLT DEpREIM oTall, caMa MAaTeMAaTH-
YyecKad MOAeNE ORIJIA COCTABAEHA Aerde H GulcTpee. B mpuHOWne BEI-
. rQAHee VOPOINATE padoTy Ha ODepBOM 3Tale — Ha 3TANE COCTABICHHS
maTeMarmyeckoii Mozenn samauu, [IosToMy BO MHOIHMX COy4YaAx Ie-
JecoobpasHee paGoTATE He ¢ OFHOH, & ¢ JBYMSA NEPEeMEHHLIMH.

Mpumep 2. Ilpucrasm B u C paxonsrca BrKe OIpucTaln 4 1Mo
reqeHHAN) pekH Ha 30 KM u 45 kM cooTBercTBeHHO (cM. prc. 51 ma c. 49).

77



2. u CUCTEMBI  ¥PABHEHWIA

MoTopHAH JIOAKA OTXOAKT oT npucTaEn A, goxoiut no C, cpasy moso-
PAYMBAET HA3a[ ¥ IPHXOAUT B B, aTpATHB HA Beck IyTE 4 9 40 Mum.
B apyroit pas sTa ’Ke NOAKA OoTOmJa oT npHcraEy C, goma o A,
Ccpa3y HOBEDHYJIA HA3AJd M Oprmyga B B, 3arpaTHs Ha Bech OYTh
T w, Yemy paBBEI COOCTEEHHAH CKOPOCThL JOLKH ¥ CKOPOCTE TEUEHHH

pexu?

Pemen ne, Iepeuil gran, CocmasheHue Mamemamuieckoi
modenu. Iro yxe cHeaaHo BhHe (cM. upumep 1 B § B):

45
x+y
45
x-y

15 14
x-y 8
20 .7
x+y

3meck x KM/9 — coOCTBEHHAS CKOPOCTH JOAKH, J KM/U — CKO-

POCTP TEYEHHA PCKH.

Bropot aran, Paboma ¢ cocmasnenmoll modervio.
Jns peleHEA CHCTEMBl YPABHEHUHE BOCIMOAB3YEMCA METOAOM BEe-

15 15
JeHHS HOBHIX NepeMeHHEIX, IlyeTh =a, =b.
x4y x—-y
Torja cHCTeMA NPHMET BHL
14
&1+ b = E,
2a+3b=17,
Pemws aTy cHcTeMy ABYX JMHeHHBIX ypaBHeEHN ¢ ABYMH IIepeMeH-
b
HEIMH @ & b (cgenaiite atol), moayuam: a = 1, b= 3
Hraxk,
15 =1, T e x+y=15;
x+ i
15 B
=—, T.e.x—-y=9
x—-y 3 ’ y
OcTaerca pelIMTh COBCEM IPOCTYIO CHCTEMY ypapHeHH#
x+y=15,
x-y=9,

ITogyqaem: x = 12, y = 3.
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2 . CHCTEMbI  YPABHEHMH

Tperuit aran. Omeem na eonpoc 3adavi.

Tpebyeres onpededUTs CKOPOCTE JOAKHY B cTosuelt Boge U CKOPOCTD
reueHnd perd. IlepByio ckopocTk ME 0603HAUMAM GykBoll x, moXy-
yuam x = 12; sHa4YuT, cOGCTEEHHAA CKOPOCTH JOJAKH COCTABIAET
12 ¥m/u, CKOpPOCTEL TeyeHHA MLl 0003HAYMIE OYKBOH Y, TOJNYIHIR
y = 3. 3Ha9NT, CKOPOCTE TEUCHUSA DEKH COCTABAACT 3 KM/,

Oreer: 12 ®M/u; 3 KM/Y.

Nlpremep 3. Macrep H ero yYeHHK IJaHHMDPOBAJIHM COGOINA BEI-
TOJHUTE HEKOTOPYI) pabory 3a 6 ameil, CHavama 3a Jesio B3AICH yue-
HHUE, HO, BRIMOJHUB 20 % 3saganusa, o= saboxen. QcraasHas pafora
IpHULIAChE HA HOJII0 MacTepa. B HTOre BRINMOJHEHKME 3a0AHHAA PACTAHY-
Jock Ha 11 aneli. 3a croAbKO AHell Mor 6Bl BRIMIOJMHHMTE Bee 3a03HHE
MacTeD H 3a CKOJMLKO AHed yueHWK, AelicTBYA B OOHHOYRY, €CIM H3-
BECTHO, 94TO KOJHEYIeCTBO AHeH BEIDAKaeTCH NejbIM IHcIoM?

Pemenne, llepeuii 3ran. Cocmasackiue Mamemamuyeckoil mo-
denu.

Eean peur HAeT ¢ BHNOJIHEHHY HeKoTopolt paGoTHl, He oxapaxTe-
PH3CBAHHCH B KOAHYeCTBEeHHOM ILIaHe (T. e. He CKA3aHO, CKOJBKC Je-
Tameil HaZO cAeJATh, CKOJBKO KYyOOMETDOB 38MJIM BEIHYTE H T, A.), TO
ofbeM paboTLl CUMTAIOT PABHEIM 1, & wacTH paGOThl BHIPAMKAIOT B ZO-
NAX eTWHHIHL.

Ilyers x — uwmenao AHell, HeOOXOAMMEIX MAacCTepy, YTOORL BEIIOJ-
HHETE B OAMHOYKY BCIO paboTy, a ¥ — 4uucio nHeil, HeoOX0AMMEIX yue-
HUKY, 9T00E CHDaBUTECA B OAMHOYKY c0 Bceil paforoil. EciH ofnpem
Beell paborw (7. €. 1) pasgenuM Ha ymceao gHel, HEOOXOAMMEIX AJNA
BHINOJMHeHRA Beelt paboTel, TO y3HaeM 40J0 paGoThl, BHIOOIHASMYR
sa 1 nens. Urtak,

1
< — Aond paBoTHI, KOTOPYIO BEIDOMHACT MacTep 3a 1 AeHs,

1
;—,u;ona paboTH, KOTODPYIO BRIDOJHAET YUYEHHK 3a 1 feHb.

ITo ycrosuw, paboTadg BMeCTe, MACTED ¥ VIeHHEK MOTJAM OB BHI-
IOMHUTE Bee 3agaHue za 6 aHedt. loaa paGoTel MacTepa sa 6 gHeill

. 1 6
BHIpaIKaeTca popMyaoi ;-6, T. €. . Jona paboTel yIeHHKa

1 6
3a 6 guell BupaxKaeTca GopMyIol '; <6, 1, e. ;
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2 . CUCTEMbI YPABHEHWA

ITockonbKy BMecTe OHH BRIMOJHAT BcK padory (r.e. 1), cocras-

JAeM yYpPpaBHeHHe:
E -+ E = 1.
x Y

IIo ycaoBHI0O YUYeHHK BBIMOJHHUI, TPYAACH B OAMHOUKY M0 CBoeil

1
6omesnu, 20 % saganuda, 1. e. 5 qacTh Beell padorel. CKOJMBKO BpeMe-

1
HE OH morpaTra? Ecrecrsenzo, uTo  TACTB TOTO BpeMeHH, KOTopoe

. 1
HY>KHO €My Ha BEIIOJIHeHHe Bcefl paboTsl, T. e, 3y AHeit, IloroM npm-
4
IWIeN MacTep, CAEJA] OCTAaBIIYIOCH pabory, T.e. 7 9aKamEmMA, Ha 9TO
4 -
3aTpaTHn 3 * LHEH.

ITo ycnoBHIO BHIIOTHEHHE 38AaHMA DACTAHYJIOCE Ha 11 aHEH, T. €.

¥y,& gy
5 5

¥+ 4x =55,

Taxum o6pasoM, MaTeMaTHUeCKAA MOASNL 3a5a4YM COCTABJEHA —
cHCTeMAa ABYX YDaBHeHUit ¢ ABYMA IepeMeHHEIMH:

Tae X, y — DeJakle YHCHEA.

Bropoji aTan. Pafoma ¢ cocmasnenmnoil modervio.

BocnonbssyeMca MeTOZOM TOXCTAHOEKHU. BrIpasuM y deped x H3
ETOPOTO ypaBHEHHMA CHCTeMEI: §¥ = 55 — 4x. llogcraBMM BhIpaMKeHHe
55 — 4x BMecTo ¥ B OepBOe ypaBHEeHME CHCTEMBI:

6 6

s§,_6 _4
x | B6-ax (4)
Pemas 970 pauMOHANLHOe ypaBHEHWe, IOCIeAOBATETbHO IMOJYUAeM:
5H-4x X
+ 6L - 1"1:(55_4':) =
x 55 - 4x ’



2. CHCTEMBI YPABHEHWA

6(55 — dx} + 6x—x (b5 — dx) _

x(b5 - 4x) 0
4x? — 73x + 330 = 0;
x, =10, x,= %3 .

Ofa EalifleHEEIX SHAYEHHS YIOBASTEOPAIOT yeaoemio x(55 — 4x) = 0,
T. @, ABIRIOTCHA KOPHAMH ypasHeHHA (4).

Ocranock HAHTH COOTEETCTBYIOIVE SHAYSHHA ¥, 714 2TOr0 BOCIONE-
gyeMcsl cooTHOIMenmneM y = 55 — 4x. Ecam x = 10, 1o y = 15; ecan

33
I=T,T0y=22.

HT&K, COCTABJIeHHAaAA CHCTEMAa YpaBHBHHﬁ HMeeT ABa PeloeHHnsd,;
(10; 15) n (37‘3 22)-

ITo ycnoBHio KoamuecTBO OHell, HeOOXOAHMBIX KAK MAacTepy, Tak
¥ YUEHHKY IJIS BHITIOJHEHVN B ONMHOMKY ECET0 3aJaHUA, BEIPAKAacT-

(5

e HesbIM YHCJIOM. SBHAYWT, Tapa 4’ HaC He YCTPAHBAaeT,
Tperufl aran. Omeem na eonpoc 3adauu.
On yxe moayden: x = 10, y = 15.
O 71 BerT 10 gueil; 15 gueii.

3amevanne. O6PATUTE BHMMAHME HA TO, YTO, PELIan CHCTeMbl YPae-
MEHMH, COCTaBMNEeHHble B PACCMOTPEHHBIX 33434aX, mbl MPHMEHWH BCe Me-
TOhLI, © HOTOPLIX WA peYk B NPeabiyllem naparpadge: M NORCTAHOBKY,
anreSpanieckoe CNOXEHHE, H BREJEHME HOBLIX NEePEeMEHHbIX.



2. CUCTEMBI YPABHEHMH

OCHOBHBIE PE3YNbTATDI

e B oroll riaBe BH NOZHAKOMMJIHCH C HOBOI MATeMATHYE-

CKolfi Modenblo, HOTOpAs YACTO CJAYMKHT ONHCAHHEM MaTe-
MATHYECKOH CYIHOCTH PealbHEIX NMPOOECCOB, — CHCTeMOH ABYX
ypapHeHUl ¢ ZBYMA ImePeMeHHLIMH,

Bbl n03HAKOMMINCH C HOBEIMM MATEeMATHYECKHMMM HOHSTHIMMI:
ypaBHeHHe (HepaBeHCTBO) ¢ ABYM#A IepeMeHHBIMIE;

peinesEHe ypaBHeHHA (HEpaBeHCTEA) ¢ ABYMHA NEPeMeHHEIME;
CHCTeMa AByX vpasameHult (mepaBeHCTE) ¢ AByMA OepeMeHHBIMM;
pelleEVe CHCTEME! ABEYX YPaBHeHHI ¢ OBYMS IepeMeHHBIMM;

PABHOCHJABHOCTE YpaBHBHHﬁ C ABYMH IepeMeHHEIMH, PABHOCHME-
HOCTE CHICTEM Ypa.BHEHHﬁ.

Mu ofcynuan pasaudyHble METOARL DelleHHA CHCTeM ABYX VPaBHe-
HUHh :

rpadpuaecKuii MeToA;

MEeTOH TOACTAHOBKH;

MeTOh ANrefpaEdecKoro CIOXKeHHT;

MeTOL BEeLeHHsd HOBEIX TepEeMOeHHHX.

Mp1 ofpaTHIN BHHMAHHNE HA TO, UTO MeTOA BBeaeHHA HOBEIX Iepe-
MeHHKIX NPH PellleHHH CHCTeM ABYX VpaBHeHwil ¢ IBYMA IepeMeH-
HBIMH IIPAMEHASTCHA B ABYX BapHantaX. Ileperiil BapHaHT: BBOLKT-
cA OZHA HOBaf HEPeMEeHHAS X HCIONb3YeTCH TOALKO B OSHOM ypas-
HEHHWH CHCTEMHEl. BTopoii BapHAHT: BEOLATCA ABE HOBBIE IepeMeH-
HBEIE M HCHOJIL3YIOTCH OLHOBPEMEHHO B O00HX ypPABHEHHAX CHCTEMEL,

M= moxasan, 410 (x — a)® + (y — b)® = ¥ — ypaBHeHHE OKPYKHO-
CTH, NOCTPOEHHOH H& KOOPAMHATHON ILTocKocTH xOY, ¢ IIeHTPOM B
Touke (g; b) m paguycom r. B uacrmocTu, x% + y° = r2 — ypaBHeHMe
OKPY;XHOCTH, NOCTPOEHHON Ha KOOPAMHATHON minockocTH xOy,
¢ LeHTPOM B Hadalle KOOPAUMHAT H PagNyCcoM 7.



FMABA
YUCNOBLIE PYHKLLNM

§ 8. Onpegenexne uucaoBOH (ByHKUMH,
O6nacrs onpegencHus, obRacTt 3HAYeHni ByHKLmn
§ 9. Cnocobot 3aganms HyHKLM
§ 10. CsoicTsa chyHHUMI
§ 11, HertHoie w HEYETHbIE PYHKLMK
§ 12, Dyurkupmn y = x"(n€N), nx csoficrea w rpathmim
§ 13. Oywkum y = x"(n € N), ux csosicreas n rpachuxm
§ 14, Dyuxums y Yx, ee csosicraa u rpagux
QcHoBHbIE pe3ynbTarsi

§ 8. ONPEAENEHME YMCNOBOWM ®YHKLIWM,

OBNACTb OTPEAENEHMS,
OBJIACTb 3HAYEHMWA GYHKLMM

2a mBa rofa U3YYEHHA IIKOJABHOTQ Kypca aaredphl BB yike
NPHUBLIKIA K TOMY, YTO TEPMEH «PYERIHS» HMCHOJEIYETCH OPaKTH-
YeCKH TOCTOAHHO. JTO H INOHATHO: BeAbh MATeMATHKA H3Y4aeT MaTe-
MaTHYECKHE MOJeNH, 8 GOARIIIMHCTBO STHX MOAeNel TAK HJIH HHade
ceA3aHo ¢ GYEROHAME, Ho B MaTemMaTuke JelicTBYeT 3AK0H: eCJTH HC-
NOAb3YeTcd KaKoi-To TEePMHH, eT0 HAJO TOYHO ONpedelNTh, 34 IBA
To8 B3YYeHHs Kypea anrefpel MU ¢ BaAMK HAKOMAIHY AOCTATOTHO MHO-
To MPHUMEPOB, DOATBEPHEIANIINX 2TOT 3aKoH. Tak, B 7-M KiIacce MBI
BBEJIH TePMHH <CTelleHb C HATYDAJBHHIM MOKasaTeleM», TOUHO €ro
onpegegHB: <Iof a°, rae n = 2, 8, 4, ..., NIOEUMAeTCA TPOH3BEJeHHE
n MHOMHTedell, KaAwd 13 KOTOPHX PaBEH 4; UOX @' moHHMaeTcs
cAMO YHCIO a@». B 8-M Kaacce MBI BBEJIM TePMHH «KBaAPATHHIHN Ko-
peHb M3 HeOTPHIATENBHOTO UMCIAa», OAB €My TOUHOE OUpeAeseHHe:
« JE — 3TQ TaKOe HEeOTPHOATENRHOE YACH0, KBAAPDAT KOTOPOro paBeH
a». H Tak gatee ¥ romy nmogobHoe — BbL CAMM MOMKETE IPHBECTH AHA-
JIOMHYHBLIE IPHUMEPEL.
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3 . |I YUCNOBBIE YHKUMK

B To e Bpema GHLIN CAydaH, KOTJAa ME BBOOHJIY TEpPMHH W Ha-
YHHANM UM IOJAb30BATLCA, HO TOMHOTG onpeneieHus He GopMYIHpPG-
BAJIA, OrPAHMYHBASCE NPHOIMBHTEJABLHEIM HCTOJKOBAHHEM TEPMMUHA,
Tax GbINIO, B YACTHOCTH, ¢ TepMHHOM <«(YHKLIUA». [loueMy ke M
B T-M KlIacce, KAK TOABKG CTAJH HCIOJbL30OBATH HOHATHE QVHKIHM,
e ohOpPMYyIHpOBAIN TOUHOE ONpeneNeHne, ToUeMY He CHeNANH 3TOTC
u B 8-M Kmacce?

Heno B TOM, 4TO MCTOpHS PASBHTHA MATEMATHKH IOHKa3BIBAET:
OBIIM DOHATHA, KOTOPHIE YEJI0BEYCTBO ARTHBHO H AJHTENBHOE Bpe-
MA HCIONL3OBANO KAK paGouMii MHCTPYMEHT, HE 3aAyMBIBAACH G TOM,
KaK X OIpPeSeNnTs, JIMIOL HAKOIME HeOOXOZUMELHE onwvim B palGoTe ¢
TeM MM HHBIM IDOHATHEM, MATEeMATHKH HAYEHAIM OIHYIOATH Rompetd-
HOCME B €T0 (POPMANBHOM ONpefesieHHH. PasyMeeTca, He BCeTAa IepBLIe
TMOOEITKH ONPEREJHTE TO HWAH WHOE OHATHe, BpoAe ObL ACHOE HA HH-
TYHTHBHOM YPOBHE, OKASLIBAJIKCE YAAYHBIMHM, €T0 NPUXOAHUIOCH BIIO-
CHAEOCTBHM AOIIOMHATE, VTOUHATH, TakK OELIO M ¢ NOHATHEM GYEROIHH.

IIpoapannaupyeM HAm ONET PafOTHL ¢ TePMUHOM «PYHKDUA?.
B 7-M xaacce MM BBeJH TePMHMH «JINHeHHAS QYHKUHS», DOHUMAA
non 3THM YPaBHEHHe ¢ JBYMA IepeMeHHEIMH CICUHANBHOTO BHIA
¥ = kx + m M paccMaTpHBAA IEPEeMEHHEIE ¥ M ¥ KRAK HEPABHOMpDAB-
HEIe: X — He3aBMCHMAA TepPeMeHHAd, ¥ — 3aBMCHMAA IEDeMeHHAA.
SaTeM s3ajaaMch BOOpPOCGM: a He BCTPEYAIOTCH JH IOIpPH ONHMCAHHH pe-
SJILHBIX OPOLECCOE MATEMATHYCCKHE MOAENAH OA0OHOTO EMAA, HO Ta-
KHe, ¥ KOTOPHIX § BRIPAXAETCA depes X He oo dopMmyne y = kx + m, a
no xarofi-mb6o ueol dopmyxe? OTBET Ha 3TOT BOIPOC ObLI TOXYYIEH
cpasy: BeTpeuanoTéda. B 7-M KJjacte, KpoMe YNOMAHYTOH JTWHEHHOH
GOYyEKIMH, MBI H3yauau GYERIEE ¥ = ¥ M y = —x%, a B 8-M Kuacce —

dJyHKuHHy=kx2, =;,y=ax2+bx+c,y=ﬁ,y=|x|-

IlocTeneHasc MBI Ha4YANH OCOBHABATD, UTO, M3y4Yan RaKoi-1HG0 pe-
AJLHBIA ODpouece, o0LIYHO OOpaIlAIOT BHUMAHHE HA ABe IepeMeHHLIe
BeJHYWHE], YIACTBYIOIIHe B HeM (B OoJiee CIIOSKHLIX IIPOIlEccaX y4acT-
BYIOT O0JIee ABYX BeJHUYHH, HO MBI TAKHe IIPOIIECCH ITOKA He paccMaT-
puBanu). OaHA M3 HUX MecHfeTCH KaK OBl caMa mo cefe, He3ABUCHMO
HH OT 4ero (TAKYW nepeMeHHYI0 uale Beero o6o3mavaroT GyrBoi x),
a Apyraa OepeMeHHAad OPpHMHHMAET 3HAYMEHHA, Ka)Xaoe H3 KOTOPHIX
KEKHM-TO 00pasoM SABHMCHUT OT BEIGpAHHOTO 3HAYEHHMA UepeMemHON X
(Taxyic BABHCHMYI0 NEepeMeHHYIO Halie Beero o603HauanT OyKBoil y).
MaTteMaTHuecKo# MOZENbI0 PEANBHOTO HPOOECCA BO MHOTHX CAYIASX
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3. " YUCJIOBLIE DYHKLMK

va ¥

2 2 X Lol
oo™ y:J; 1 il y:&

o] 1 4 X O] 1 4 di
Prc. 68 Puc. 6%

KAK pa3 H ABJISeTcCH 3AIHch HA MATeMATHYECKOM A3LIKE 3aBHCHMOC-
™ y oT x: ¥ = f(x). Taxue maTemaTHuecKHe MOAENH MEI Ha3KIBATH
(PyHRUIMAMHA,

MareMaTHueckaa MOgedE ¥ = f(x) oOBIYHO IOMOJHAETCH YKA3aHH-
€M HA TO, H3 KAKOT0 WUHCJIOBOIO MHOMeCTBa OepyTca 3HAYEHHH He3a-
pucEMOl mepemenHo# x. Hampuwmep, Me1 reBopuamn o GyERIUN
¥ = Jx , noapasymesad, uro x > 0 (rpaduk dynrnun usobpanesn Ha
puc. 68), HO MH paccMaTpEBATHM ¥ GyHENHIO ¥ = |x , rae x € [0; 4]
(rpabux GyERIUM H300pakeH Ha puc, 69). 910 pasEble QyHKOUM.

Hcmons3oBaEre MATeMATHISCKOH MOZeln BHAa y = f(x) OXasbIBa-
eTcHa YEOOHLIM BO MHOMMX CJIYUASiX, B YACTHGCTH TOrZA, KOMOA Peasb-
HEI# Opomece OOIMCHBAETCA PAZAMYHEIMM GopMYNIaMHI HA PASHEIX IIPO-
MEXYTKAX H3MEHEHHJ HezaBMCcHMMOI mepememmoii. Bor ogna me Ta-
kux byaxouit: y = f(x), rae

x*, ecim x < 0
flx) =

2x, ecir x >,
I'padur pyErnu naobpasxken ga puc, 70. IloMmauTe, KAK CTPOHTL TA-
Kue rpadbuku? CHavaga HaAO IOCTPOUTL Hapaboly y = x° M BIATH ee
yacTek IIpu x < 0 (JleBas BeTBb mapa(oiaEl), 3aTeM HOCTPONTE HPAMYIO
Yy = 2x ¥ B3ATh ee 4acTh npu x > 0, 1 makoHen, Haxo obe BhIACTCH-
Hbi¢ 4acTH O0BeIMHUTE HA OZHOM PHCYHKE, T. €. IOCTPOHTE B OZHONH
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3 . HYHMCNOBLIE P YHKLIMU

[

-3-2-10

Puc. 70

KoopanHaTHO# muockocTH. TakHe KycodHble WYHKIIMM MBI DaccMar-
PHUBAJH ¥ B 7-M, H B 8-M KJIaccax.

Tax uTo e Taxoe pyEruMA? [IpoBeeHHEIH BRI AHAINS M HAID
OUBIT H3YYeHHI KOHKPEeTHEIX GYyEKIEHA B 7-M H 8-M Kaaccax II03BO-
JAAIOT BHACJATE JBA CYILNECTBEHHBIX MOMEHTA.

1. Banuerb y = f(x) yKaswBaeT HA I paB U I 0 {00GBLIYHO TOBOPAT
<«TIpaBlao f»), ¢ TOMOMmIBID KOTGPOro, 8Has KOHKPETHOE SHayeHHe He-
SaBHCHMON nepemMeHHON X, MOXKHO HANTH COOTBETCTBYIOILEE 3HAUE-
HHe TlepeMeHHOH ¥,

2. ¥raseiBaeTca HMCIGBOC MHOMeCTBO X (daile BCeTo Karkoi-To
UHCHOBON MPOMERKYTOK), OTKYAA OepyTca sHaYeHHA HE3ABHCHMOIL me-
pemersOl X,

Tenepbk MEI MOYKeM CHOPMYJIHPOBATE OLHO M3 INIABHEIX CIpefele-
Hull mKoAbHOrO Kypea aarefphl (ga mosanyil, U Bcell MaTeMaTHKH).

Onpeagenenne 1. Ecny AaEL 4HMCI0BOE MHOKeCTBC X M Tpa-
BUJG f, MOSBONAIOLIEE MOCTABHTE B COOTBETCTBHE KAXKAOMY 2JeMEHTY
X M3 MHOAecTBa X oIpedeleHHOE YHCIO Y, TO TOBOPAT, YTO 3ajJaHA
dyarnmua y = f(x) c obaacTeio onpedenenna X; namyr: y = f(x),
x € X, Tlpu »ToM TePeMeHHYE X HASHIBAKT He3ABHCHMOII mepemeH-
HOH MJIH apryMenToM, a NepeMeHHYIO §J — 3ABHCHMOH IepeMeHRHOI,

8é



3 . YACJIOBLIE bYHKLMM

Jamevanne. B peanbHol KM3HK MHOrAa roeopaT: «Hakosbl Mou gy HK-
e unn «aKosbl Mo hyHKUKOHANBHBIE 0BA3aHHOCTH», CAPALLMBan Tem
CAMbIM: «H3KOB KPYT MOMX BEHCTBUM, MOMX OBA3aHHOCTEN» MM «4TO A gon-
WeH fenath, KaK AercTeorathe. B peansHoM wusHk cnoBo «dhyHKUMA» O3Ha-
4aeT «AeHCTBHE® MM «NpaBuna aeicTewiz, OBpaTuTe BHUMAaHKE, YTO dhak-
THHECKM TOT ME CMBICA MMEET M MATEMATHIECKWS TEPMMH «thYHKUMAR, KO-
TOPBIM BBEAEH BbiLe B ONpefeneHkm |,

HOua obaact ompefeneHnsa pyHronz ¥ = f(x), x € X opuEATO
HCIOAL3GEATE ofosmauemme D(f) (or aar. domain — obnracre). Ha-
upumMep:

axa dyaxmun y =[x , x > 0 (puc. 68) umeem: D(f) = [0; +0);

ona pyHRIEH Yy =J§, x € [0; 4] (pac. 69) umeem: D{f) = [0; 4];

mna dyHxuuny y = f(x) (puc. 70) umMeeM: D(f) = (-o0; +o0),

Ecnn f(x) — anrefpanyecikoe BeipasKesHe H MHOKecTBO X COBITa-
Jaer ¢ 00JacTRI0 OUpejeleHHA BTOrQ BEIPAyKEeHHA, TO AeliCTBYET CO-
TJameEHe: BMecTo SanucH y = f(x), x € X ucnoassyerca Gonee Ko-
pPOTKaA 8amuch ¥ = f(x), X0Td, NOAYEeDKHEM, TaKad 3AaNHChL HE COBCeM
COOTBETCTRYET onpedenennio 1. Ho mareMarnyky cTapamwrea OHMTh 2K0-
HOMHEIMH BO BCEM: M B YNOTpeOJeHWH CI0B B (hOPMYIHPOBKAX, U B
BATUCAX MATEMATHYECKUX YTBEDHIeHHI].

Eme pas moguyepkeEeM, UTO HEAb3A NOBOPHTE 0 PYEKLMM ¥ = f(x)
Oe3 yrasaHua ee o0macTy onpeneleHUA, KOTOpasd WX 3aJaeTCH ABHO,
WY OOAPASYMEBAETCA — B Cjydae, eclH 00JacTh OnpeAcseHus GyHK-
nuu ¥ = f(x) copnagaer ¢ o6AacTEIO ONpedeNeHA BuipaxKeHna f(x) (Ta-
Ky10 ¢OnacTh onpedesleHNA MHOTJA HASLIBAIOT ecMmecmeeHkoll).

IIpumep 1. HaliTn oGaacts onpeaenecsna GyHKIIHA:
1 1
a =,/x2—6x+8’ ) y=———; B)Yy=—m———rH.
)y > ) Y ' —6x+ 8 )y '—x2—6x+8
Pemenne. a) Tak Kak 06/acTe OUpefeNeHHA PYHKIINN ABHO
HE YKA2aHA, IOAPASYMEEAETEH, YTO OHA COBNafaeT ¢ 06IacTLIO Ompee-

NeHEs BBIDAKCHHA /32 - 6 + 8, Taxkum 06pasoM, peds HAeT 0 MOHCKE

ecmecmaennoll obaacmu onpedenenus pynryuu (To e MMeeT MeCTO
B 3aaaguax 6) u B)).

Bhipastenne /(X)) @meet cMbICT JNIIL Tpn A(x) > 0. BHauuT, 3a-
Jada cBOJUTCA K DEIIeHHI0 KBAKPATHONG HepaBeHeTBa X2 — 6x + 8 > 0.
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3. u YACTIOBLIE dYHKLWM

Puc. 71

Haiipa kopEM KBagpaTHOre TpexujaeHa x*— 6x + 8 (x, = 2; x, = 4)
¥ CXeMAaTHYeCKH MOCTpOoMB mapabony y = x2 — 6x + 8 (puc. 71), Bebu-
paeM MHTeDecYIOLINe HaC TPOMEXYTKH: X < 2; x > 4,

Hrax, D(f) = (—o0; 2] U [4; +0c0) (manomEnM, uTo U — 3HaR 60B-
eAHHEeHUA MHOMECTB, cM. § 3).

1
6) PyHRINA Y= ————— onpeaAeneHa B a0boi TOUKe X, 3a
(x-2)x-49
HCHJIIOUYeHHeM Touek 2 1 4 — [pu 3THX SHAYeHHAX X 3HAMEHATeNb
Apobu oopamigereda B 0. OTBeT MOMHO IAHMCATL TaK:
D(f)=(%0; 2) U (2; 4) U (4; +0).
BrpodenM, HA MPaKkTHKe MOMKHO HCHOABIVEATEL COKPAIMEHHYIO 3ATHCH:
D(f): x 2 2; x # 4.
B) 3Jech 3a7ava CBOOWUTCA K pellleHHID HepaBeHCTBA
2-6x+8>0,

Bocnoabs30BaBIIHCE NeOMEeTPHYECKOH MOAe Lo, TPelcTaBJIeHHoH Ha
pHC. 71, HO MCKJIIOYHB M3 PACCMOTDEHHSA TOUKHE X = 2 ¥ X = 4, MOTyIaM:

D(f) = (~o0; 2) U (4; +0).
Onpegenenne 2. MaoxecTso Beex sHaveHRl GyHRIHA ¥ = f(x),

x ¢ X HOSHIBAOT o6aacTeio sHagwennii pyaxwpmd 1 obosHavaioT E(f)
(or nar. equal — paBHO).

Onpegenerne 3. T'padhicom pynsumu y = f(x), x € X Hasul-
BAIOT MHOXKeCTBO F Touer (x; ) KOOpOMHATHOHN maccxkocty xOy:

F={x;plxe X, y=flx)

Ecau mssecter rpaguy GyEKIEA, TO 06IACTL 3HAUEHWH BYHKITAN
Ha¥iTH cpaBHATENLHO HeTPYAHO, 4 3TOr0 AOCTATOYHO CIPOSIIMPOBATD




3 - HACNOBLIE ®mYHKLIMM

rpadmE Ha 0Ch OpANHEAT. T0 IHMCA0BOE MHOMKECTBO, NreoMeTPHYEecKasa Mo-
Jesb KOTOPOTO DONYYMTCA HA OCH OPZHHAT B PESYJbTATE YKASAHHOrQ
npoenupoBanng, U OyaeT npeAcraBaaTe cobol E(f). Hampumep:

ans byakoun y = Jx umeem: E(f) = [0; +°0) (puc. 68);

ana dynrnoum y = Jx, x € [0; 4] umeen: E(f) = [0; 2] (puc. 69);

ana dyaroana y = f(x) (pac. 70) mmeenm: E(f) = [0; +o0).

IIpumep 2. Hana dyuroua y = f(x), roe

-2, ecnom x s O
fX)=qx+L ecrn 0 < x < 2;
3, ecnu 2 < x < 4,

a) Haitru D(f);

6) BETHCIHTE f(_z)a f(O), f(z)a f(3,2), f(4)a f(5);

B) waittu E(f).

Peure H e, a) 00nacTh onpefgeneHua GYHKIINH COCTORT U3 Tpex
npoMexyTKoB: (~o0; 0], (0; 2] u (2; 4]. O6beqUnHE HX, NOJYIUM JAYd
(~o0; 4].

Hrar, D(f) = (—oo; 4].

6) 3adenne x = —2 yAOBJAETROPAST YCJIOBHIO X < 0, cIefoBaTeNLHO,
f(-2) Hago BRIYECAATE N0 NepBoil cTpoke sagaHmd pyHKIHU: f(x) = —x7%;
sHAguT, f(-2) = (-2)° = 4,

Suauyenue ¥ = 0 yaoeaeTBopaeT veaopuio x < 0, caeaoBaTenbHO,
f(0) Hago BRIMMCAATE OO HDEpBOH cTpoKe saJaHnAa Gyaxomu: f(x) = —x%;
sHaaut, f(0) = -0% = 0,

3uavenne x = 2 yaomJaeTBopaAeT yeaosnio 0 < x € 2, clegosaTean-
Ho, f(2) Hago BEIMNACIATL N0 BTOPOI CTPOKE 3agannsg QyHKImH: f(x)=
= x + 1; sHaunr, f(2)=2+1=3.

3HavyeHne x = 3,2 YOOBNETBOpAST YCAOBHK 2 < x < 4, ciegosa-
reabHo, f(3,2) HAZO BHIMACAATE IO TpPEeThell cTpoKe sanamma (yHK-
uun: f(x) = 3; suaunr, f(3,2) = 3.

Bnauenne x = 4 yAOBNETBOPAET YCAOBRK 2 < ¥ < 4, CISHOBATEILEC,
f(4) HAZO BEIMHCAATL IO TPeThell CTPOKe 3ajeHUA PyERIME: f(x) = 3;
sHauanT, f(4) = 8.

3nauenue x = § He yAOBIETEOpAET HA OAHOMY K3 TpPeX YCJIOBHI
yagaENA QYHKIHE, a DoToMy f(5) B ZaHEOM cay4ae BRIYHCAHTH
Heab3dA, TOUKA X = § He IPHHALIEKHAT 00JaCTH OnpeAeseHHA (PYHK-
upn, 3aAaHNe BEUCIUTE f(5) Hexoppexmwuo.



3. LL YHACSIOBBIE DYHKLMA
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Puc. 72 Puc. 73

B) OGnactek (BnpodeM, He BozGpaHAETCA HCIOJB30BATE TEPMHH
¢«MHOKECTBO*») 3HAYCHHE (QYHKIIMH, KaKk MBI yKe OTMeTHJH EBEHILIE,
MOKHO HafiTH ¢ moMoIObI0 rpadbuka byHKIMK. [TocTpoeHme rpadmka
OCYILECTEHM <IO KyCouKams. CHauajga DOCTPOHM napaboay y = —x*
H BEIAEAHM ee 4YacTh Ha Jayue (—o¢; 0] (pmc. 72). BareM ImocTpoHM
npAMyK ¥ = ¥ + 1 H BHAEAHM ee YacTk Ha noayuaTepBane ((; 2|
(puc. 73). [lanee moCTPOMM NPAMYIC [ = & M BEIZEIHM €€ YacTh Ha HOJy-
uureppane (2; 4] (puc. 74). HaxoHen, Bce TpU «KyCOUKas H300DAZHM
B OZHOI CHCTeME KOOPAMHAT — 9To H GyzaeT rpaduk QyHKDuM y = f(x)
(puc. 75).

] Va
43
F
y
b ahgde ol O o i
}.
;O 2 4 x
F
F
o 2 4 ; / y
L
Puc. 74 Puc. 75
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3 . HACNOBLIE DYHKUMA

Tenepk XOponl0 BUAHO, UTO 06AACThL sHAUEENHA QYHKIMYM COCTOHT
U3 IBYX IPOMEYTKOB: Ayua (—°o¢; 0] — OH ciLlomb 3aT0JHACTCA Op-
IUHATAMH TOYEK BETBH napabonwu y = —x%, x € ) — K monyuHaTEpBANa
{1; 3] — oH cnAOImEb 3ANOJHAETCA OPDAUHATAMH TOYEK YYaCTKa IOpA-
Mol y=x+ 1, 0 < x < 2, Hrak, E(f) = (~o0; 0] U (1; 3]. !

§ 9. cnocosbl 3AAAHMA DYHKLMM

3apaTh QYHKOHIO — 3TO 3HAYAT YVKA3ATE N P A B H JI O,
KOTOpOE NO3BEQAAET II¢ NMDOH3BOJLEC BLIOPAHHOMY M3 00JaCTH OIpe-
JeJeHud GYHKIIME 3HAYEHWIO He3aBHCHMOMN mepeMeHHOH BBITHCIUTDL
COOTBETCTRYIOIIee 3HaUeHNe 3aBHcHMOl mepemenHuoi. Uame Bcero 3To
NpPaBHNC cBAsaHO ¢ G o p My 4 0 # Han ¢ HeCKONBKHEMHA GOpMYaa-
MHE — TakoH coocol 3agamua QYHEKDHA OOLIMHO HASHIBAIOT GHAAUMU-
veckum, Bece QyHKIEM, paccMOTDeHHER B § 8, OBIIM 3aflaHBl AHAJTH-
Tuueckd, Mexay TeM ecTh Apyrue cnocolH 3a/1aniA GYEKINH, 0 HUX
¥ mofifeT peub B HACTOAINEM Naparpade.

IIyeTs F — HexoTOpaa THHHA HA KOODIWHATHOH NaockocTH xOy.
CrpoeqMpoEBaE 3Ty JHEHIO HA OCh afCOHCC, MB IOJYTHM, BANIDHEMED,
otpesok [a; b] (puc. 76). BosgeMeM NMPOMBEOIBHYIO TOUKY X H3 OTDE3-
Ka [a; b] u nmpoeeaem gepes Hee IPAMYIO, TAPANAEALEYI0 OCH ODIH-
Hat. IloTpebyeM DODOMHHNTENLHO, uTOOHEL Kamaad TaKada OpAMas me-
pecexasa AuMHAXK F TOABKO B oAHOH TOuKe — H& pHC. 76 cooTBeT-
CTEVIOIIAA TOYKa o0o3HadeBa Gyxeoit M. Opamnara Toaxkm M — a0
yucno f(x), cooTBEeTCTBYIOMIEE BEIODAHHOMY 3HAYEHHIO X. TeM caMbIM
Ha oTpeske [a; b] sapana dyskoua y = f(x). Taxoli coocob sagamma
thyHKOAY HASLIBAIOT 2paduiecKun.

Ecin dyurima Obla 3ajaHa aHATTATHYECKHM H H8M VAaJIOCE IO-
CTPOHTh I'padHK GYHKIMH, TO Mbl QAKTHUECKH NEPENIIH OT AHAIH-
THYEeCKOTMO cnocofa safgaHua GyHKInn K rpaduvyeckoMy. O6paTHEIH
JKe Iepexoj yHaeTcsA OCYILUeCTBHTL Aanexko He Bcerda. Kax mpasuno,
3TO MOBOJRHO TPYAHAH, HO HHTEDECHAR 3ajava.

He BcAKaA JHHHUA HA KOOPAHHATHON IVTOCKOCTH MOYKET paccMar-
pHBaTECA Kak rpadmk mexoropol Gyuxiny. HanpuMep, OKpyKHOCTD,
sagaEHan ypasrerMeM x2 + y® = 9 (puc. 77), He sABIAETCA TpadHKOM
dyaxona. B camoMm gese, CIpoeRTHPOBAE OKPYKHOCTE Ha OCh X, IOy~
ymm oTpesok [—3; 3], JIwbas opamas x = a, rae |a| < 3, mepecexaer
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ya yl u
I Y, 3 i
f(x) )% ,:*\
{ N\
A~ -3#\ 3] 5'
/
b i x b
O} a x : -3
L]
Puc. 76 Puc. 77

3Ty JHHHK B ABYX TOYKAaX, 4 AAA SafaHUHA PYHKIMH npaMasd
X = G AOJOKEA MEPeceKaTh JHMHHI0 F TOJIbKO B ogHo# Touke. B TO e
BpeMA €CcJM 3Ty OKDYKHOCTE DA3pPe3aTh HA ABE YACTH — EBEPXHIOIG
MOJIYOKPYRKHOCTE {pHC. 78) 1 HIDKHIOH TOXYOKDYKHOCTE (pHE. 79), — T0
KOKAYI0 U3 DOIYOKPYRKHOCTEH MOMHO CHMTATEL rpadMKxoM HEROTOpOi
(GyHKEIHE, TpUUYEM B O0OHX CAYIAAX HECJOMHO OT rpadHueCcKoOro Cno-
cofa safgHAA PYHKIHM nepeidTH Kk apaauTHdeckomy. 3 ypasHenHsa

¥ !:*'i
3
ZT 1S
{ —3 3
3 [s) :.— 0 5'
\\EE N,
-3
Puc. 78 Pyc. 79
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3 . HACIOBLIE DYHKUKWK

x? + y? = 9 HaxopuM: y? = 9 — x% y=+O-x2. Bepxuad MOTyoK-
PY:KEOCTL OKPYIRHOCTE x° + 32 = O apaaerca rpadbuxom GyHKIEKM
y=+v9—a? (cM. puc. 78), a HHIKHAA HOMYOKDYRKHOCTh OKDYXHHOCTH
X2 + y? =9 sBasiercs rpadukoM GYEROUE Y = -9 - x? (cm. puc. 79).

JTOT IpUMED MO3BOAALT OOGPATHTE BEEMAHHE HA OAHO CYIIECT-

BEHHOE 006CTOATeNbCTBO, ITOCMOTPRTE Ha TpadiK GYEKOHN Y = /9— x?

(e, pue. T8). Cpasy scho, uto D(f) = [-3; 3], uTo, HAmpuMep, ¥,...= 3,
ay,. =0, uro dynrnusa sospacraer Ha oTpeake [-3; 0] u yOuibaer
ua orpeske [0; 3]. A ecau On1 peus wla o0 OTHICKAHHM 06JIacTH oilpe-
AelleHHA 2HAMUTHIECKH 3alalHoll GyEKIMM Y= J9- x* ? Torga npu-
mAocs OKl, Kak MBI 3T0 Zesand B § 8, pemaTs HepabedcTeo 9 — x2 2 0.
Morpypurees TpHmAocs O U INA OTHLICKAAHAA HaHMeHBIIero H Hau-
fonsmero sEaveEdil GYERUHM, U JI8 HCCHeOBAHMA ee Ha MOHOTOH-
HOCTh. AHANHTHYECKHII N rpadHIecKuil crnocobn 3ajgaHnsa GyHKOHHU
XOPOIIKM KasKIbIi IO-CBOEMY, OTOMY-TO OOBIYHO M cTapalTca pado-
TATh OAHOEPEMEHHQ M TeM M ADYruM citocofoM. Bopotuem, sa gpa roaa
H3YYeHHA Kypca aare0pel B IKOJE BRI K 9TOMY YK€ IIPHBLIKIIN.

Kpome aEaaHTHYecKOro H rpadhH4ecKore Ha OPaKTHKe IPHMEHS-
10T mabauynvitl enocob sagauua GyHKoun. IIpu sTom cmocobe mpw-
somUATCA TabaHuma, B KOTOPOH yKasaHL! 3HadeHHs GyHKUUKM (MHOTAS
TOYHLIE, HEOTAA DpHGIHKeHHBIE) LIA KOHEUHOI'Q MHOJKECTBA 3HaUe-
HHi aprymenTa. IIpEMepami TaGIHMYHOrO 3aJaHHA (GYHEIHMH MOTYT
CHAYXHTDL TaOAUIIL KBAAPATOE uHeed, Ky00oB YHced, KBAAPATHEIX KOP-
meli 1 T. A.

Bo MHOrHX cayuagx TabMMyMHOe 3afaHle QYHKIIHH ARAAECTCA Ya00-
HEIM, OHO HO3BONAET HAWTH SHAYEHUe GYHKOUH AJNSA HMEOIIMXCH
p Tabaune sHaveHHR apryMeHTsa (03 BCAKHX BRITHCIISHIIM.

AnaaurHaeckuii, rpadHueckuii, Tabiuunsiii — Haubojee noiy-
JApHEIE CIOCO0n 3amanis GHYHKIUM, IaA HAIMNX HYMXA 9THX CIOCO-
Gop EOOJHE JocTaTodHo. Ha camoM gese B MaTeMATHKe HMeeTcs A0-
BOJABHO MHOIO DASNHYHEIX CIOCO0OB 3ajaHmda GYHKLUUH, HO MH IIO-
SHAKOMHM Bac eIle TOJIbKO ¢ OQHHAM CHOcOGOM, KOTOPLIE MCIIOIR3yeT-
CA B BECEMA CBOBROODAZHBIX CHTyanHsx. Peur maer o ¢A08eCHOM CHO-
cobe, KOTAa TPaBIIO 3aAaniuA QYHKOUK ONHCKBaeTea ciaosamMu. Ilpi-
BEIEM IIPHMEPEL.

DOpamep 1. Pyaroua y = f(x) 3agana HA MHOXKECTEE BCEX
HEOTPHIIATEJLEBIX UM ¢ MOMOHIBK CISIVIOIIEro NDABHIE: KAKAOMY
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3 - HACTOBLIE dyYHKLAM

ucay x # () craBETCA B COOTBETCTBHE NEDBLIN 3HAK IIOCHE 3aMATOH B
AECATHYHON 3allHCH YHCIA X.
Ecnu, cramem, x = 2,534, 1o f(x) = 5 (uepBbiit 3Har Docie 3ana-

rolt — mmppa 5); ecau x = 13,002, To f(x) =0; ecoru x = %, TQ, 3411H-
caB g B BUJE OeCKOHRUHOH NecarTuuHol apobu 0,6666..., HaxogEM:
f(x) = 6. A 9emy papHO aHavyeHue f(15)? Oxo papHO 0, Tak Kak 15 =
15,000..., 1 MH BEAHM, YTO TepBmil AecATHUHEIN 3HAK Nociae 3amd-
7ol ects 0 (BooGIne-To BepHO ¥ paseHcTBO 15 = 14,999..., HO 00RITHO
He PacCMATPHEBAKT GeCKOHEUHEIE MePUOAHYECKUEe NecATHYHLIE npobn
¢ mepuogoM 9).

Jw6oe HEOTPHUATEILHOS HHCAO X MOXKHO 3AIUCATE B BHIE IecH-
Trunof gpobu (koneunoil HManu GeCKOHEYHOM), a TOTOMY A KAMIOTO
SHAMEHHA X MOXCHO HAWTH oLpefereHHOE BHAYEHMEe IIEPEOro 3HAKa
nmocae sansTof, TAK YTO MBI MOMKEM TOBOPHTL O (PYHKIHHM, XOTH Uk
HECKOJEBKO HeoOBYHOK. ¥ 9TOH HYHEKIUK

D(f)y ={0; +0), E(N=1{0,1,2,3,4,5,6,7,8, 9}.

NDpumep 2 Pyuxona y = f(x) sagana Ha MHOMKECTBE BCeX AeHCTBH-
TENbHEIX WHCEA C HOMOIMLI) CJACAYIOUETe HPABMIIA: KAKAOMY YHCIY X CTAa-
BHTCH B COOTBETCTBME HAHOOJNBIIee HE BCEX NEeNbiX THCeN, KOTOPhle HE Ipe-
BocxoaaT ¥. MHRIMEH cxoBaMy, GyHERHEA ¥ = f(x) onpegeasercs ciaegyoinu-
MH YCIOBHAMM:

a) flx) — menoe uHcyIO;

6) fix) € x (DOCKOABKY IO YCIOBHK f(x) HE LPEBOCXOZHT X);

B) f(x)+ 1> x(moycaopmio f(x) —Ham6oabllee OeICe INCAC, HE
IpeBocxogAInee X, 3HATUT, f(x) + 1 yxe Gousllie, weM x).

Ecnu, cxames, x = 2,534, 10 f(x) = 2, nockonbry, BO-IEPBHX, 2 — ue-
J0€ SHMCIO, BO-BTOPBIX, 2 < 2,534 n, B-TPeTBHX, CJAeZy0INee Nedoe TUCIC 3
yixe Ooapme, uem 2,534.

Ecru x = 47, 1o f(x) = 47, MOCKONBKY, BO-IEPEHX, 47 — OEm0e UMCIo,
BO-BTOPBIX, 47 & 47 (Tounee, 47 = 47) U, B-TPETRHX, CIEAYOIIEe 38 THCIOM
47 menoe uncno 48 yxe Goapie, wen 47,

A uemy pasHo zHavenHe f(—0,01)? Ouo pasno —1. IIpoeepairre: -1 — pan-
GoNnbluee K3 BCeX UENEIX YACE), KOTOPLIE He IMperocxogar yucaa —0,01,

¥ aroir dyeEROmu INf) = (~o0; +00), a E(f) = Z (MHOXECTBO LEARX YH-
cen).

DyREIEIN, 0 KoTopoli HLa peus B ipuMepe 2, HASHEAIOT Yeroll Lacmbio
YucAa; ANd Oerod YacT’ YHcAa X Henoab3yrT ofosHavende [x]. Haopumep,
[2,634] = 2, [47] = 47, [-0,01] = -1. OueH: cBoeolpasH0 BHCIAZAT TPAdQIK
Gyaxmn y = [x] (prc. 80).
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Pyc. 80 Prc. 81

DYHKOINK B0 MHOMHX CIY4YaAX CAYKAT MATEeMaTHYeCKAMH Moze-
JAMH pPeaANEHEIX NponeccoB., Haupmmep, mobGofl paBEOMepHLIE mpo-
uecc, B KOTOPOM YUACTBYIOT JBe IIepEeMeHHEBI¢ BeJUUMHEL X H Y,
oTHCEIRaeTCH GopMyaoE y = kx + m, vAe k, m — nelfcTBUTENLHEIE
yHucaa; 9To AHRedHaR cpyzzmuua. daxon cBOGOAHONO MaAeHHA OMHUCH-
paeTcd yHRIUEH § = -%—; gaeck BpeMA { — HejaBUCHMAas IepeMeH-

HAd, a 3ABHCHMaA NepeMeHRHas § —- OpoiigeRHH#H TyTs. MEOMME TOAOG-
Hble TPHMEPE] M3BECTHEL BAM M3 Kypca QH3HKH.

IIpuBeaeM elie TPH DPHMeDA.

1. TIpepmososKnM, UTO KOJOHHSA JKABKIX OPraHHZMOE HAXOAATCA B H1aro-
NPHATHBX YCHAOBHAX! IMPOCTPAHCTBO, 3AHHMAEMOE KOJOHACH, H NMHAMEBLIE
|*eCYPCH HeOTpaHAUEHHE, 8 XWITHNKOB, ITHTAIINAXCH OPraHAZMAMA AaHHOH
KOJIOHRH, HeT, Grarogaps deMy poXXAAeMOCTh BLIIIE, YeM CMEPTHOCTE, B Ta-
KHX YCOOBHAX OORIYHO CYHTAKT, UTO CKOPOCTE M3MEHEHHS UMCIEHHOCTH KO-
JIOHUH UPOIOPIMOHANBHA UHCAEHHOCTH (YeM GoJblle OPTAHKH3MOB, TéM BLIIIE
BKOPOCTE:; £ — Koo(MpHMOHEHT NMpoIopnuoHAALHOCTH). MaTeMaTHKE YCTAHO-
BHIIM, YUTO YHCJIO OPTaNH3MOB KOMOHHY BHpRaeTcs GopMynoit y = ye, rme
{f,— THCIEHHOCTb KOJOHUM B MOMEHT BpeMeHH ¢ =0, a e = 2,7 (umncxo e ur-
paeT BAXKHYIO POJIb B MAaTeMardke, of arom BH ysHaeTe B 11-m xnacce). Ha
puc. 81 cxeMaTHIeCKH OpelcTaB/elE rpadnk GVEKIAH ¥ = Y ¥ (IyHKTAPOM
AoGaBIeHs THIIOTeTAYECKAA YacTh rpabuxa npa ¢ < 0).

IIpsMepHO OO TAKOMY e 3aKOHY H3McHACTCA BeIMIHHA BKJIAJA B OaHKe,
HTOT SAKOH HASHBAKT 3CKOHOM ROKAIGMEAbROIO POCMG.

2. Tlpu pagmoaKTHEHOM paciaje MrHOEBeHHAS CKODOCTH DAcHafa B MO-
MEHT BpeMeHH { NPONOPHHCHAJBEA HATHUHOMY KOJHUYECTBY BeIeCTEAa.
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H

34K0H PAIEOAKTHBHOTO DACHAJA BEIPaxaeTca GopMymolt m = i, % ; 37ech

m, — mMacca BemlecTsa B Moment ppemenu t = 0, T — Bpems, 3a Koropoe
MACCA BeIJecTBA YMEHBIONTCH BABOE (TAK HASLIBAEMEIH nepuod noxypacha-

da). Ha pme. 82 cxeMaruveckn npegerasieH TrpadBr QyHKOHHE m =
1
= mo[%]T (myExTEpOM A06aBIeHa rHOOTeTHYECKAA yacTh rpaduka opu £ <0).

O6a rpajmKa, TpeAcTaBaeHHEe Ha pHC. 81 u 82 (co conomBEolk B MyHK-
THPHOHN TacTAMH), HA3BIBAIOT sxcrionenmani. Ilogpobuee ob skcOoHeHTe peus
moliler B CTAPIIHX KIaccax.

3. B xomnary ¢ remneparypoil 20 °C suecan kunmunil yaivwk., IIpu ompe-
ACHIeHHEX YCJAOBHAX MOKHO CHHTATH, Y0 CKOPOCTE H3MEHeHHH TeMIIEDAaTy-
PEl HArpeToro Teaa IPOIMOPUHOHAIBHA PASHOCTH MeXIy TeMmmepaTypoil Tena
I TeMImeparypoll okpy:xaromeit cpeast, Temmepatypa T Tena B MOMeHT Bpe-
menm ¢ BeipaiRaerca gopuynoit T'=T, + (T, — T )e™; apece T, — TemmepaTy-
Pa oxpysmamomeit cpegsl, a T, — TeMneparypa Tela B MOMeHT BpeMern { = 0.
B cntyanuu ¢ uafirnxom T, = 20°, a T, = 100°, 3uaumr, T = 20 + 80e*,
Tpadmr oTolt PYHKIUH CXeMATHYECKH OpPEACTABJeH Ha puc., 83, Ilpaman
T = 20 — acamnToTa rpadmKa.

T'padmk HArAAgHO HANWCTPHPYET BIONHE MOHATHOE OGCTOATENBCTEO: C
TEUEHHEM BPEMEHH TeMIEPATyDa UallHHKa DOCTENeHHO NPHGIHKASTCA K TeM-
nepatype okpysaiomeii cpegel. IIponecesl mogofHOre pofa HASHIBAWT APO-
Yeccami GblpaeHUBAHUA.

- s
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+100
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™ 20 T
%) ?_ 0 ';

Puc. 82 Puc. 83
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§ 10. cBOMNCTBA dYHKUMA

B 7-m m 8-M gJaccax Bel H3YYHAH HEKOTOPEIE CBOHCTEBa
dyrrouit, Celtuac Mu MX colepeM BMecTe, B OANH maparpacd, HamoM-
AHM HX CYyTh H TeOMeTpHYecKH CMEICA H AOTOBOPHMECH O TOM, B Ka-
KOM mopagxe OyZeM nepeumciIdars 3TH cBoiicTBa npy yreRuH rpadmia
(pyHKIE, Ob0paTuTe BHHMaHHE: BO BCeX OONPEAesCHMAX (HTyPHpPYeT
YHCIOBOe MHOEeCTBO X, ABAAOLIEECA NOZMHOMECTBOM 061acTH
oupenenehnd dyurmun: X C D{f). Ha npakTuKe ualie BCEro BeTpe-
YalTCH caydad, Horaa X — wuuciobBoll nmpoMemyrok (oTpe3or, HH-
TepBai, AV4Y H T. A.}.

Qnpegenenue !. Gyaxnmio y = f(X) HA3LIBAIOT BO3PACTAIOWEN
na MaokecrBe X C INf), ecau nia mobrIx NBYX SME€MEHTOB X, H X,
mMHOXecTBAa X, TAKUX, UYTO X, < X,, BHINOJHAETCA HEPABEHCTBO

A%} < f(x,).

Onpegenerne 2. ®yuxuumio y = f(x) HasbHBalT ybbIBatome
Ha muoxecrse X C D(f), ecnn zasa nobeix AByX SJIEMEHTOB X, M X,
mHoMkecTBa X, TAKMX, UTO X, < X,, BHIOJHAETCA HEPABEHCTBO

fx,) > f(x,).

HuumME crnosaMM, QuukyuA 603pacmaem, ecau Ooavueny snave-
HUI0 apzyMeRma coomgememayem 60 A bW € € SHAYEHUE PYHKLLL,
PyRKYUR YoLIGaem, ecrl GoRbLEAY SHAYEHUNW AP2YMERMA Coomeaem-
emeyem M e H b Ul e e 3MaveHue (PYyHKULL.

B 7-M u 8-M KJaccax MEl HCIOAB30BANH CIEOYIOLLee TeoMeTpH-
vwecKOe MCTOJKOBAHWE ITOHATHH BOZPACTAHHA WU YORIBAHUA QYHK-
MK gEuradck o rpaduKy BospacTalomlei dYEKIUY cAeBa HANpAaBo,
MEL Kak OBl MOZHMMASEMCHA B ropry (pme. 84); amuradce no rpadHry
yOhlBalwmedl QYHKIHH cleBa HAIPaBo, Kak OB CIyCKAeMCA ¢ FOPRY
(puc. 85).

O6GLIYHO TepPMUHB <BO3pacTalmag GyHKIHA», ¢«yOmBaomasa
()YHEOHA» 00BeIHHAIOT OOIMM RAZBAHMEM MOHOTOHHAA (PYHKIMI, a
HCCAEeMOBAHNE (DYHKIMH Ha BodpacTamye MIH yOrIBaHHEe HABLIBAIOT
ucenedosanuem QYHKYUU HA MOHOMOHHOCTb,

OTMeTHM eIle oAHO OGCTOATENLCTEBO: BCAM QYHKIHMA BO3PACTALT
{1 y6uiBaer) E cBoell ecTecTBeHHO 00MACTH onpeleneHNd, TO OORIUHO

4 Mopakopim, 5 x1., 4. 1 97



3 . YHUCNOBLIE dYHKLIMKM
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Puc. 84 Puc. 85

TOBOPAT, 4YTo GYAKLNA BozpacTaasd (Min yosBaoman) — 0es yra-
38HMA YHCNOBOTO MHOMecTBA X.
IIpumep 1. HccnenoBars Hi MOHOTOHHOCTE (PYHKITHIO
y=5-2x
Pem e v 1 e. Beenem obosuauenue: f(x) = 5 — 2x. BoseMenm mpo-
M3BOJBHEIE JHAYEHHA apryMeHTa X, M X,, H OyeTh X, < x,. Torza mo
CBOLICTBAM YMCIOBRIX HEpABEHCTB (MEL ¢ BAMH MSYYeJIH MX B Kypce
anrefpur 8-ro knacca) GyvaeM MMeTH:
—2x, > -2x,;
5—2x, > 5~ 2x,
ITocnenuee wepasencTBo o3HAadaeT, uTo f(x,) > f(x,).
HUrag, us x, < x, cneayer f(x,) > f(x,), a aT0 oaHAUAET, YTO 3aAAH-
Ha# QyHKEOHA yOrBaeT (Ha Beell yHcnoBol npamoi).

Qopegenenne 3. @yuxuuio y = f(x) HABHEAIOT OrpaHAMEHHON
CHH3Y Ha MHOXecTtBe X C INf), eciucymecrBYye T uHCIO M Ta-

KO8, YTO XN A AKX G0oro 3HaueHMA x € X BLEIIOJIHAETCH HEpaBeH-
cTBO f(x) > m.

QOnpeaenexne 4. Dysrouo y = f(X) HAZHBAIOT OrpaHMYeHHON
cBepxy Ha maozectBe X < INf), ecitu cymecrByeT uncno M
TAKOE, UYTO AN A NWOOTro 3HaueHHdA x € X BEIDOJHAESTCA HEpAa-
BeHeTBO f(x) < M,
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3 . HYACNOBBIE DYHKEIUM

¥ 7 fix) M

Puc. 86 Puc. 87

Ecau mHokecTB0 X He yKa3aHO, TO MOADAIYMEBACTCH, UTO Pevb
niger o6 orpaHnueHHocTH QYHRIMH CHH3y NAM cBepXy Bo Beell obna-
CTH OnpefeNeHN,

Eciu thyHKUIua orpaHuueHa H CHH3Y H CBepXy, TO €€ HA3ZNBAOT
OrpaHaYCeHHOIN.

OrpanmueHHOCTE (PYHRUIAH JIETHO NPOYHTEIBACTCA 10 ee rpadUKy:
JWHKIVA orpaHu4YeHA CHHIY — 3T0 3HAYNT, 4YTO €€ Tpapuk LeJauKoM
PACMIONOKEH 8billie HEKOTOPOH TOPMBCOHTANEHOH NPAMOH ¥ = m
(puc. 86); byHKUUA OrpaHKYeHA CBEPXY — 3TO 3HAYHT, YTO ee Ipa-
QUK LIeIMKOM DACIOJOMKEH HUjce HeKOTOPOH TOpPH3CHTANLHON mpda-
moit y = M (puc. 87).

IMIpumep 2. HccnenoraTh Ha OrPAHHYEHHOCTE (DYHKIIHIO

y=+9-x%,

Pemeu u e CofHoll CTOPOHBI, BNOJHE OYEBUJHO, YTO BEPHO

HEPaBEHCTBO
Nl
(Do oupeaeNeHHK) KBAADATHOIC KOPHS JE 2 0). 310 o3HauaeT, 4TO

(JYHKIIUA orpaHHvYeHa cHHFY (B cBoell ofixacTH oupejeiieHns, T. €. Ha
orpeske [-3; 3]).

C napyroit cropoHnl, ana jwbore x € [-3; 3) sunonndercda mepa-
neHerBo 9 — x2 < 9, a moToMy

Jo= <8

9ro ozHavaeT, YTO PYHKUUA OTPAHUUEHA CBEPXY,
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3 . YHMCIIOBLIE PYHKLMH

—

A Teneprk mocMOTpATE Ha rpahur s3agamHofl (hpyHKIHA (cM. puc. T8
Ha ¢, 92). OrpaHnueHHOCTE PYHKLINM A CBEEPXY U CHH3Y INPOYATEIBA-
erca mo rpadAKy gocrarouHo Aerko. @&

Onpeaenenne 5. Uncnc m Ha3HBAKT HAHMEHBIIHM 3HAWE-
HneM ¢yaxuun ¥ = f(x) Ha MHoxecTBe X C IN{), ecan:

l)cymecTByer uncao x; € X raKoe, 4ro f(x,) = m;

2)zna nwboro sHaueHHA X € X BBIIOAHAETCSI HEPABEHCTBO

f(x) = f(x,).
QOnpenenenye 6, Yncno M raswiBaloT HARGOALIIAM 3HAYCHH-

em hynkmuH ¥ = f(x) Ba mBEOoEecTEe X < D(f), ecmu:
l)cymecTeyer umeno x, € X Taroe, uTo f(x,) = M;
2)ana nwboro sHEaYeEAA X € X BHINIOJIHASTCA HEPABEHCTEO

%) < fx,).

Havmenrniee 3HaYeHAe GYHKIMM MRl 0003HAYAAY B B 7-M, H B
8-M Knaccax cuMBOIOM ¥, a HauboabLIee — CAMBONOM y_ .. Ecin
MEOGXKecTE0 X He YKASaHO, TO NOJpAsyMeRaercdA, 4To pedb maer ob
OTHICKAHHA HANMEHBINETC IR HARGOJLINEro 3HaYeHAd QYHKIHHE BO
Beeit o6macTH onmpeleneHA.

CnpaseaATHBEI CIEAVIOIIHE YTREPKACHHA.

1) Ecau y pynxuyuu cywecmeyem y,, ., MO OHA 02PARUMEHA CHUSY.
2) Ecau y hyHryuu cijusecmayem y . ., Mo OHG 02PEHUYEHE C8EPXY.
3) Ecau pynKkyus ne 0ZPAHUYEHG CHUZY, TO Y He cyujecmeyen.
4) Ecau QyHKuus He 02DAHUNERA C8EPXY, TO Y, . He cyujecmeyem.

IIpneeneM AOKASATENLCTBA DTHX YTBEDAACHMIE,

1) ITycte y oyHeRAM ¥ = f(x) £ € X ecTh HauMeHpice sHAYEHHE,
OTo SHAYHT, YTO CYINECTBYeT YHCa0 X, € X Takoe, 4T0 ZAA aioboro
x e X prmosHAercA HepaseHCTBO flx) 2 f(x,). OT0 KaK pas U O3HAYAET,
uro GyHRUHA orpanuueHa cEn3y. CeoiicTBo 2) ZOKASEIBAETCH AHANO-
THYHO.

3) HorazarensCcTBo NpOBeAeM METOAOM OT nporueHOre. Ilpeamo-
NOKHM, uTO y_  cymecTsyer. Torga cornacno yreep:xaeHuo 1) pyHx-
I8 OrPAHHYEHA CHH3Y, HO 5T0 NPOTHBOPDEYHT YCJAOBHIO, JHAYHUT,
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3. HACNOBLIE PYHKLMA

HAIIIS OPEANOJI0AESHAS HEBEPHO, T. €. HAMMEeHBIIero JHaAYeHHs ¥ (OyH-
KiuH HeT. CeoficTBo 4) AOKASHIBEETCA AHAJOTHUHO,

IIpumep 3. Halitnu HanmMenbiiee U nanbonblillee 3HAYEHHS

DYHKITHH
y=+v9-x%.

Pemenue. BupaMepe 2 M yoxe JoKa3aIH, uTo 0 < 0 — x2 €
< 3, rae x € [-3; 3]. Kpome Toro, ecnu x = = 3, To y = 0. Ilo onpeae-
JIeHHIO S 310 O3HavaeT, uroy_ = 0. Amanoruuno, ecnn x =0, ro y = 3.
[Tostomy g, .= 3. OTMernM, uTo HOAy4YeHHBE PE3yALTATH XOPOIIO

WANIOCTPUPYET Tpabuk GYHRIUU y = V9 — x2 (cM. puc. T8).

HODpumep 4. HafiTh HanMeRsIDee B HanGonemree SHaYCHHA QYyHKINN:

a) y = V16 — 4<% + 12z; 6)y=xs+;‘:2‘§f*4.

Peme B 4 e. a) Hmeen:

y=416-(422 - 122+ 9+ 9 = 25 - (2x ~ 3¢ <25 = 5.

B Touke x = 1,5 dyHRIUMA TPUHAMAET 3HAYCHAE &, BO BCEX OCTANBHEIX
TOUKAYX 3HAYEHMSA PYHKIAH MEHBRIE, I6M 5. 3HAYKT, yu{,ﬂ = 5. C apyroi cro-
POEH, MOMYKHO BBIDOJHATECA HepaBeHeTsBo 16 — 4x% + 12x 2 0, 1. e,
~4{x + 1}x — 4) # 0. B rourax x = -1, x = 4 $pyuxuua oépainaerca b 0, Bo
HcexX OCTAJNBHBEIX TOYKAX OHA MOJAOKWTeAbHA, SHauwMT, y__ =0,
a8+t +dx? +4 _ 2P+ (B4 2P

x5 4 2t xt(x? + 2)
a + b

6) HmeemMm: ¥ = . IIyere x* = a,

x2+2=b. Torga y =

. 970 BEIpAXKEHNE He MeHbllle, ueM 2. B camomM

2 2
neﬂe,a_ii..2-_-(
ab

— 2
% # {), IpHYeM SHAK DABEHCTBA HMEeT MecTO TOrga
&
# TOJNBbKO TOTJa, Korga ¢ = b, 1. ¢, TpH yerosud, uTo x* = x* + 2, Ha sroro
ypaBHeHHA Haxoamm: x% = 23 x = +./2, Hrax, Y. = y(«.@) = y(-JE) = 2,

HJoxameM, YTO 3afaHHEAA QYHKUHAA He OTPAHMYEHA CBepXy. BrOorsum
HEKOTOpEIE MpeobpasoBaHMA:
g = B +2PF +x2+2_ (x2+2)(x2-2)+4+x2+2_
xi(xf + 2) X+ 2 x 2+ 2 x
4 2+ 2
=x2 -2+ + .
x4+ 2 xt
ITpeanono:xeM mporRBHe; PyHEONA OrPaHAIEHA CBEPXY, T. €. CYINECTBY-
er yueno M Takoe, wTO A AWGOT0 X BRIIOAHAETCH HEPABGHCTBO ¥ < M,
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3 . HACNOBLIE dYHKEIMM

BoseMeM Touky X = M + 3. Torma x*=M + 3, x*-2=M+1, x* - 2> M.

4 x4+ 2 2
2 Ta X , -2+
Tax xax paxee R >0 un > 0, noayuaem, uto x 2
4 X2+ 2
+ + > M.
x2 + 2 xt

MEl TpesIo0oIIN, YTo AN8 J060T0 X BEIDOIHASTCH HepaseHCTHO i & M,

a OKaszaNoch, ¥TO B TouKe ¥ = /M + 3 BEINONHAETCH HEPABEHCTHO y > M.
Tonyanny OpOTHBOpEUsE, 3HAYUT, Halle IPeANOIOKEHHe HEBePHO, T. €. DYHK-
oHA He orpaEkdyeHa ceepxy. Ho Torfa marbonemero sEayeHUs y Hee HeT.

Orsera)y, =0,y =56y, =2 vy, AecymecTeyert,

B 7-M n 8-M KNaccax MEI YOOMHEANH €IMe ABa cBolicTsa (DyHK-
unii. Ileppoe Ha2BATH CBOMCTEOM BHIIVEJIOCTH yHEINN. CumTaeTcH,
uTO @YHKYUA GblnYKAG 6HU3 HAa IPOMEXKYTKe X, eclH, COCLHHMUB
nrcleie gBe TouRM ee rpadmira (c abcouccamu w3 X) orpesxom mps-
Moif, MBI 00HAPYXKHUM, WTO COOTBETCTBYIOINAH YACTE T'DADHEA JEKNUT
HH ¥ e IpoBeAcHHOTo orpeska (puc. 88). PyHKULA E8nNYKAd 66EDX
Ha npomexyrre X, ecam, coefMHEB NI00LE ABe TOYKH ee rpadmra
(c abcuuccamu H3 X) OTPE3KOM MPAMOH, ME OOHADYKHAM, UTQ COOT-
BEeTCTBYHIIAH 4acThk MpadHKEa JEKUT BE WI€ IPOBEIEHHOIC OTPes-
Ka (pmc. 89).

Bropoe cBOHCTBO — Henpepuignocmb QUHKYLL HG npomexcymie
X — osuavaer, 4o rpapmr GyERINA Ha OpoMeXyTEe X — CILIONI-
HOII, He HMEeT PaspPHIBOB.

O\ J\

Puc. 88 Puc. 89
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3 . HUCTIOBLIE DYHKLIMA

3ameauamne. Ha camom pgene B maTematike sce oBeToMT, KaK roeo-
pUTCH, ¢ TOYHOCTBIO 00 HaoBOoPOT: rpadmk yHKUmum n3obpaxaeTca B Buge
CANOLLKOM NHHMK (Ge2 paspbiBoB) TONBKO TOrMa, KOrAA [OKa 2aHa Henpe-
peiBHOCTE thyHKuMM. Ho thopmantHoe onpeaneneHie HENPEPoIBHOCTH YHK-
Luk, QOCTATOYHO CROMHOE M TOHKOE, Ham MOKa He 1o cunam. To e camoe
MOMHO CKa3aTb M O BeINYKNOCTH hyHkupmn, Obcymgan yrasaHHble gpa cBoii-
cTBa hyHKUMH, Byaem no-npexHemy ONHPATLER HA HArNAGHO-UHTYHTHEHbIE
NPeacTaEneHus.

A Temeph BCIOMEHM 0 TeX (YHKIMAX, KOTODEIE MBI ¢ BEMH H3y-
yaym B 7-M A 8-M KJjaccax, IOCTPOAM HX rpaduKy A NepetuucInM HX
CBOMCTBS, IPHACPHHUBAACE ONPEAEJEHHCTO NOPAAKA, HAIIPAMED TAKOIC:
06J1aCTh ONPEeAeNeHAs; MOHOTOHHOCTE; OPPAHMYEHHOCTDS Y, . s Youed
HeOpepEBHOCTE; o0JaCcTh 3HaAYMEHPNH; AHOTAA OyJeM TFOBOPHTB M 0
EBIITYKJIOCTH.

BrnocneacTsnn NoaBATCA HOBHe cBOHcTBA GYHKINIE, COOTERTCTEEH-

HO OyIeT MeHATHECA W IepeYeHb CBOMCTB.

1. IiuHeiHasa pynxuma y = kx + m

I'padpurom dyHKIMH ¥ = kx + m ABasgercda npamasn (puc. 90—92),

Cpolictea pyEKIEM ¥y = kx + m

1} D(f) = (~90; +o0);

2) pospacTaer, ecnn k > 0 (puc. 91), yOrBaer, ecim k2 < 0 (puc. 92);
3) He oTpaHNYEHA HM CHU3Y, HM CBEpXY;

4) HeT EM HAMOOJNBINETD, HH HAMMEHLIIEro 3HAUECHHH;

5) dyHEKOMA HenpepeIBHA}

6) E(f) = (—o0; +o0).

2} [
m y=kx+m
(k=0)
I3 T
Puc. 90
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3 . YACNOBLIE DYHKLMA

7 SRS NWEZ)
wh
3 7S ™,
Py d
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m @\x&*x
i 2 - Q‘\@ >
2 8] x o \‘\ x
Puc. 91 Puc. 92

2. Dynxums y = kx? {k # 0)

I'padpuron dyeroun y = kx® senserca napabonaa ¢ BepmInHoi B
HAYAJE KOCPAMEAT H ¢ BETBAMHN, HANDABICHHLIMM BBEDX, eCIH k > 0
{puc. 93), u sERs, eciu k < 0 (puc. 94). Ipamaa x = 0 (ock y) ABAA-
e€TCA OCBK mapaloaml.

Croiicrsa dynxmuu y = kx®

Hna caygaa k > 0 (puc. 93):

1) D(f) = (~00; +00);

2) yomBaeT Ha ayue (—o0; 0], BoapacTaer Ha ayde [0; +09);

3) orpaHnucHa CHU3Y, HE OTPAHMYEHA CBEPXY;

4)y...=0, y_. He CYIIECTBYeT;

5) HempepHIBHA;

6) E(f) = [0; +0o0);

7) BRIDYKJa BHH3,

vl vk
O | .
) x
y = kx? / \
\ (& > 0) [ WEL %
7 (& < 0)
Vi i
0 ?
Puc. 93 Puc. 94
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3 . YACTIOBLIE DYHKLIAM

Q0parATe EHMMaHWe: Ha npoMexyTke (—o0; 0] dyHKkuna yOriBa-
€T, & Ha npomMexyTie [0; +°°) GpyERIMA BO3pacTaeT. ITH IIPOMEKYT-
KU HASHEIBAIOT NPOMENCYMKAMU MOHOmMORROcmY pyHRrRINYE ¥ = kx?. Tlo-
HATHE [IPOMEXYTKA MOHOTOHHOCTH OVAEM HCIOABIOBATh M JIH ApPY-
rax GyHKIA.

Ona cayuad k < 0 (pmc. 94):

1) D(f) = (003 +0);

2) Boapactaer Ha ayde (—o¢; 0], yOoursaer ua ayue [0; +00);

8) He oMpaHNveHa CHU3Y, OrpaHAYeHa CBEPXY;

4) y__ He cymecTeyer, ¥ . =0;

5) HempepHBHA;

6) E(f) = (-o0; 0];

T) BHIIYKJIA BEEPX.

Tpadur pyerunn y = f(x) cTpouTes II0 TOIKAM; €M OOJLLIS TO-
ek BHAa (x; f(x)) Mu BozsMeM, TeM GoJiee TOUHOE MPEACTABACHHE O
rpathuke noayguM, Ecan 3THX TOYEK B3ATE NOCTATOUHO MHOTO, TO M
npeAcTasieEHe 0 rpaduke caoxATea Gomee moaHoe. HMeHHC B 3TOM
claydae METYMUHA H II0ACKABLIBAET HaM, uUTo padHr Hago naolpa-
SHTE B BHAE CILIOmmHol AnHuy (B JaHHOM caydae B BHAe mapaloisr).
A yiK sareM, 9YETAA rpadHK, ME JEeIaeM BEIBOAE! O HEMPEPBIBHOCTH
($YEROEW, 0 ee BRIOYKJQCTH BHES MJIH BBEpX, 00 00AACTH 3HAYEHM
¢dyuknre, BH LoMKHEI IOHHMATH, IT) U3 NEePEUHC/EHHRIX CEeMH
CBOHCTE «3AKOHHEIMU» ABJIAWTCH JAHIUE cBoiictea 1), 2), 3), 4), —
«3AKOHHEIMI» B TOM CMHCHAE, YTO ME B COCTOSHMM ODOCHOBATE MX,
CCLLIAACH HA TOUHEIC OnpeleleHns (HHMRe ME! [IOKAKEM HTO HA LpH-

Mepe PYHKUHN ¥ = Ja_c » cM. ¢. 106). 06 ocTranpHuX ceOlicTEAX ¥ Hac
HMETCA TOJRKO HATIAZHO-MHTYUTHBHEE NpeAcTaslennd. Kerath, B
aTOM HeT HU4ero mioxoro., s meropuy passATHA MATEMATHUKH H3Be-
CTHO, TTO 9YE€J0BEYECTBO UACTO K JOATO IIOJB30BANOCE PAIIMUHEIMH
CEOIICTEAMHY TeX HMAH AHKX 00'EEKTOB, HE S8HAA TOYHHX OIpeneaeHHIL.
IToToM, KorAa TAKHE ONPEAEIeHHA YIABAIOCh COPMYIHPOBATE, BCE CTAr
HOBIJIOCE HA CBOM MECTa.

3. DyHKUMEa ¥y = %

I'padurom QyHRUNH ABIAeTca runleposa, OCH KOOPAHHAT CIy-
JKar acuMuToTAMH rEmepbonw (pmc. 95, 96).

CpoiicTBa QYHKINM ¥ = %

1) D(f} = (=03 0) U (0; +0);
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YUCHOBLIE ®YHKLIMM

vk )
k
\ ¥=% y=%
(k> 0) (k<0)
\"-—. e
™ o z.._ o s ;_-
\
1 ]

Puc. 95 Puc. 96

2) ecan k > 0, To dyHKINA yORIBAET HA OTKPRITOM JAyde (—; 0) H

Ha OTKpHTOM Jyue (0; +°°) (pue. 95); econ k& < 0, 7o dyHRONA BO3-
pacraeT Ha {—o°; 0) 1 Ha (0; +°°) (puc. 96);

3) He orpaHAuYEHA HH CHHA3Y, HH CBEPXY;
4) HeT HH HaHMEHBINErD, HH HaubONLIIero sHAUCHMIH;

5) dyHEROASA HeOpPepLIBHA Ha OTKPHITOM Jyue (—o0; 0) m HA OTRpSI-
roM ayue (0; +oo);

8) E(f) = (-o0; 0) U (0; +0).

4. DyHxuna y = \/;

I'paduxom byeKIMH aBagerca BeTBb napaboabl (puc. 97).

y_i Croiicrea dyaxumnm ¥ = J;
1) D(f) = [0; +0);
| 2) BospacTaer;
_ J:c 3) orpaHUYeHa CHAZY, HE OTpa-
—1 2 yy HUYeHA CBEPXY;
11 4y . =0,y . He cyliecTBy-
r er;
O]l 1 4 x 5
) HenpephIBHA;

6) E(f) = [0; +°0);

Puc. 97 7) BHIIYKJIA BEEpPX.
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3 . HYACHIOBLIE YHKUHM

Ha ¢. 105 MEI YIOMAHEYJH, YTO B OPHHIINNE MBI B COCTOAHHH OJII
H3BecTHHX (PyEruudA o0ocHoBaTh cBoMcrea 1) — 4). Caenaem sTo
B KauecTBe NpuMepa Aad GyERIHK y = \E . BeeaeM npnebiatoe obo-
saauenme: f(x) = \/; .

1) IXf) = [0; +90). Peur maeT ¢ ecTecTBeHHOH 00JacTH onpenene-

HHA QYHEKIAH, T. €. 06 00JacTH onpedeNeHHs BBIPAYKEHHUA J; . OHa
agfaeTca HepaBeHCTBOM X # (0, oTclona U crenyer, uto D(f) = [0; +92).

2) Ilyets 0 < x, < x,. llpeanonoxum, 4ToO Jx_l 2 sz. Toraa
(\/; )2 = (sz ¥, 7. e X, 2 X,, 4TO IIPOTHBOPEUNT YCIOBHIO. SHAUHKT,

Hamme npeanoyioeHHe HEBCPHO, T, €. BEPHO HEPABEHCTRO ,gxl < ,;xz .

HMrak, us 0 < x, < x, crenyer f(x)) < f(x,), a a0 m osHadaer, uTO
dyERIHA BOZpacTaeT Ha Jsyue [0; +00),
3) flcHo, 4TO QYHKINA OTPAHKYEHA CHH3Y, MOCKOJIBKY AJA JI000T0

x 2 (0 BEMOIEAETCA HEPABEHCTBO Jx = 0. JorameMm, 9t0 HyEKINA
He OTpaHHuYeHa cBepXy. IIpenanoso M NpoTHRHOS, YTO OHA OrPaHH-
YeHa CBepPXY, T. €. CYUIECTBYET IIOA0MKHTENBHOe Yyueao M rakoe, uTo

AL T060r0 X > 0 BEINOJEACTCS HEPABEHCTEO x < M. BosbMeM TouKy

x,=(M+ 1. Torma f(%) = X, = J(M +17 = M +1 > M. Urax,
MH IIPeANIOJN0KHAJIH, UTO A0H Jwboro x 2 0 BHilonRAETCA HepaBeH-

CTBO X < M, ¥ B TO JKe BpeMs HAILIH KOHKPETHYI TOUKY X, B KO-

Topofl 5T0 HEPABEHCTBO He BHITONHAeTCA. IloMyyeEHOe NPOTHROpEUHE
03HaUAeT, UTQ Hallle MPEAIOJOKeHUe HEBEeDHO, A IOTOMY GYHKUHA
He OrpaHMUYeHA CBEPXY,

4) Ameem: f(0) = 0, u ana modoro x 2 0 BRIDOJHAETCA HEpaBeH-

erBo x » 0. Dro sHawmT, UTO Yo = 0. A mockoanKy hyBKIUI
He OTPaHHYeHa CBepXy, ¥, .. He CYLIecTBYeT.

5. DyHKUKMS y = | x|

I'padurom GyEkuHn asngerca obbheAHHeHHe NBYX JIydel: y = x,
x20uy=-x, x<0 (puc., 98).

Cooiicrea yHRunm y = |x|

1) D(f) = (—o0; +oo);

2) yoniepaer Ha anyde (—oo; (], Bospacraer Ha gyue [(; +0o0);
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vk v4
N \
é\"‘ \ ly=ax2+bx+c
3 \ (@> 0)
1\ o
O..yu \ b X
"" X =-——
) X 2a
Puc, 98 Puc. 99

3) orpaHHvEHa CHM3Y, He OUPAHAYEHA CBEPXY;
)y.,..=0: Y, He CYIEeCTByeT;

3) HenpepHEHA;}

6) £(f) = [0; +o0).

6. Dyniuna y = ax* + bx + ¢

T'paduroM pyErLun asrdercd napafona ¢ BepIIAHol B TOUKe

(x, y,)» ToE

HC

b
xﬂ=-_2;’ y0=f(x0)= ax§+bxn+co,

BeTBAMI, HANPABJICGHHEIMH BRepX, ecau g > 0 (pme. 99), n BrUS,

b
ecan ¢ < 0 (pue. 100). IIpsmas x = ~-- ABAATCHA OCHI Napadowl.

2a
CpoiictBa $yaroyn y = ax? + bx + ¢
dna cnyqaa a > 0 (puc. 99):

1) D(f) = (~o0; +o0);
. _0 b
2) yOriaer ma yue (—‘x’, —%], BO3pAacTaeT Ha Ayve [-E; +°°];

3) orpaHMueHa CHHE3Y, He OTDAHHUIEHA CBEPXY;
4) Yy = Vo> Yoy H€ CYIIECTBYET;



5) menpeprieHa;

6) E(f) = [y, +°°)

7) BRIDIYKJA BHHS.

HOng cayaasg a < O (puc. 100):
1) D(f) = (—o0; +o0);

b b
2) Bo3paCTaeT HA Jyde [_Oo; - Zi’ , YOEIBAET Ha Jyte [_Z; +00 };

3) me orpaEmueHa CHH3Y, OTPAHHYEHA CBEDXY}

4) y_.., He CYIIECTBYeT, ¥_ . = Y}

5) HenmpephIBHA;
6} E(f) = (=0 y,l;
7) BEIDVKJA BBEPX.

Cumotp Hammx 3HaHmnl 0 QyEX-
IHAX MOXHO CYHTAThH ZAKOHUEH-
HEIM, Pasymeercs, NMpHBEeAEHHBIM
MEepeTHeM B PeAJIBHOH 'KH3HH HE
ofoliritcs. Hexoroptle HOBbIe hyHK-
IMA H BX CBOHMCTBA BCTPETATCH
HAaM Y)Ke B 9TOH riase.

Mpumep 5. Ipounrats
rpabur byexoam y = f(x), sagas-
HOM rpadmueckn (puc. 101), raoe
OCh X — FODH3CHTANLHAH aCHMI-
ToTa TpaduKa.

P e mi e u m e. [Ipounrars rpa-
¢bux QYHKUKHE — DTO 3HAYHT,
onmpasick Ha rpadHk, nmepedme-
JINTE cBolcTBa GQyHKIAH.

1) D(f) = {-4; +°);

2) sospacraer Ha orpeske [-4; 0],
yOrBaer Ha jgyue [0; +c0);

3) orpaHHYeHA H CHH3Yy H
CBEDXY;

4 y,,,, He CyIIecTsyer, y . .= 3;

5) HempepHIBHA;

6) E(f) = (0; 3]

X 1
¥ S
2a
Yo
z
0 I \y=ax3+bx+c
I \ (a <0)
Puc. 100
Uk
. 3

g
[

-4 ] —%

Puc. 1014
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3 . YUCNOBLIE YHKLIMA

& 11. YETHBIE M HEYETHBIE ®DYHKLMM

B npeasigyuiem maparpatge ME o0CYIRIAIH TOABKO T€ CBOM-
CTBa QYHKITHI, KOTOPEIe B TOH MIM WHOH CTeOeHH yile OBIJIM BAM
3HAKOMELI U3 Kypca aarebpsr 7—8-ro xnaccos, Tam ke OBLIO oTMe-
YeHO, YTO 3amac CBOMCTE GVEKINE OyIET NOCTENEeHH) TOMOJIHATHCA.
O ABYX HOBBIX CBOMCTBAX H TOfJeT pedb B HACTOAIEM maparpade.

Onpeaenexne 1. ®ymxomo y = f(x), x € X HASLBAOT 4eT-
Ho#l, ecr gaaA moboro sHaveHnd X H3 MHOXKecTBa X BHIIOJIHIETCA
PaBeHCTEO

fl=x) = f(x).
Onpegeneune 2. Oyaxnuio y = f(x), ¥ € X HasHBAOT HeveT-

Holl, ecan AxA A0O60r0 3HAYEHHA X H3 MHOKECTEA X BHIIONHAETCA
PABEHCTBO

f=x) = —f(x).

Hpumep 1. doxasars, uro Yy = x* — uerHad GyHKIEA,

Pemenue. Uneem: f(x) = x4, f(—x) = (—x)*. Ho (-x)* = x*. 3na-
YuT, AAA A000T0 X BRIONONHAETCA DaBeHCTBO f(—x) = f(x), T.e. QyHK-
OHE SBAAETCH YeTHOI,

AHalOTHYHO MOMKHO JOKA3aTh, uTO GVHKIUH ¥ = X2, y = x5,
Yy = x® ABAAIOTCA UETHRIMM,

Mpumep 2 Jloxasars, uro y = 2® — mpeuerHan pyHRUuUA.

Peme mue Hmeem: f(x) =13 f(-x)=(-x)%. Ho (—x)? = —«%. 3ma-
YHT, ANH AQOOr0 X BHINOJHAETCH DaBeHcTBO f{—X) = —f(x), T. €. dyHK-
OUA ABAACTCH HEYETHOMH.

AHANOPAYHO MOMKHO AOKASATL, YTO GVHROUR ¥ = X, ¥y = x5, y= X'
ABIAIOTCH HEYETHBIMH.

MgpI ¢ BaMu1 He pa3s vKe vOeXJaauchk B TOM, YTO HOBBIE TepPMHHE
B MaTEeMaTHKe Yallle BCeTo HMEWT «3eMHOe» NMDONCXOKIeHUe, T. &, MX
MOMXHO KaKUM-T0 00pazoM o0BacHETE, Tax 00CTOUT Jea0 M ¢ YeTHRIMH
U HeueTHnMH GyrkmuaMu. Cuorpare: y = 22, y = x°, y = x7 — Heuer-
moe byHRIIHY, TOrga Kak y = X%, y = ¥, y = x® — deTHHe QyHKIUN,
H BooGime ana moboil ¢pyaKury Brga ¥ = x* (HMXKe MBI COEOIHAABHO
3afiMeMcd H3VYEHHEM STUX GVHKIHI), Toe n — HeJoe YHCI0, MOEHO
COeMAaTh BbIBOA: €CJM N — HeUeTHOe WUCIO0, TO QYyHKNHA y = x" —
HeueTHAHd; eCJH Ke i — UeTHOe UMCJ0, TO QyHRDuA y = x" — veTHaA.
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CyurecTBYIOT GYHKIHH, He ABIAOLMHECS HE 9eTHHIMHA, HH HEUeT-
BeIMu. Takopa, ranpuMep, dyEKuug y = 2x + 3. B camom gexne, mo-
nokuM f(x) = 2x + 3 ® CpABHEM, HANpHMED, 3HAUYCHHS GQYHKIHA B
rourkax ¥ = 1 u x =-1. Hmeem: f(1) =5, f(-1) = 1. Kar suzgure, 33ech
(1) # f(1) 1 f(-1) # —f(1). BraunT, He MOMET BEIIOIHATHCS HE TOM-
zecteo f(—x) = f(x), Er TOXKOEcTBO f(—X) = —f(x).

Hrak, dyHronsa Moxer OBITh YeTHOH, HEYETHOH, 4 TAKMKE HH TOL
H# Apyroit. Mayuenne soopoca 0 TOM, ABJISETCA JHA 3agaHHAA QyHK-
A derHoft M HedeTHOM, OOBIMHO HASKIBAIOT UCCAeOOBRHUEM (PUHK-
UL HO YeMHOCHLb.

B ompegenernsx 1 m 2 peub njger 0 3HaueHHAX GQYHKIHMH B TOY-
KaX X ¥ —x. Tem caMeIM mpeanosiaraeTcs, uTo hyHRITHA OTpefeseHa
H B TOYKE X, H B TOUKE —X, JTO ZHAYHT, UTO TOUKA —X OPUHAAIEHKHT
oGyacTH onpeesieHHA QYHKOMHM OIHOBREMEeHHO ¢ Toukoil x, Ecam unc-
JIOBOE MHOKeCTBO X BMECTE ¢ Ka)KJABIM CBOUM 3JIEMEHTOM X COREPKHT
H NPOTHUBOHOJOKHEIN 2IeMeRT —x, 70 X Ha3HBAalT CHMMETPHUHBIM
maoxecTBOM, Cramem, (—-2; 2), [-5; 5], (~o0; +00) ~~ cHMMeTpHYHEIE
MHOMHECTBA, B TQ BpeMa Kak [0; +09), (-2; 3), [-5; 4] — HecumMMeT-
PHUHRIe MHOMKecTBa. Ecau gynryua y = f(x) — vemuas uau se-
wemnan, mo ee o6aacmy onpedenenus D(f) — cummempuinoe Mno-
mecmeo. Ecan xe D(f) — HecHMMeTpHUHOE MHOMKECTEO, TO GYHE-
4 § = f(x) He MomeT OBITE HM ueTHOH, HU HeueTHOI,

YuHTEIBAA CKAJAHHOE, PEKOMEHAYeM NPH HCCACA0OBAHHH GYHKIHHI
H& YETHOCTH MCIOJB30BATH CAEIYIOIIME anropHTM.

AnropuTM Heclremopanssa PYHEOEH ¥ = f(X) Ha YETHOCTH

1. YcTaHOBHTE, CHMMETPHYHO JH MHOMecTBO D(f) — obaacre om-
pepeneran dyExkuun. Ecan Het, T0 00BABHTE, 4TO (DYHKIHA He
ABAAETCA HH YeTHOH, HH HedeTHOH. Ecam 1a, TO mepexoguTe Ko
ETOPOMY UIATY AATOPHTMA.

2. CocraeuTh BHpaXenne 1ag f(—x).

3. CpasrmTh f(-X) B f(x)!

a) ecaim f(—x) = f(x) pna moGoro x € IXf), 10 GyEKNuA UeTHAA;

6) ecmz f(—x) = —f(x) ana moboro x € D(f), To GYHKIIMA HeUeTHAS;

B) ec/IM X0TA OH B 0AHOH Touke x € IN{) BrImoAEAEeTCA COOTHOIIIE-
mme f(~x) # f(x) u xora 66 B 0gHO# TOuKke X € D(f) BrRMOAHA-
ercA cooTHEouIeRue f(~x) # —f(x), To GYHKUHNA He ABAAETCA HH

\ ueTHON, HH He4eTHOH, )
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Ilpumep 3. HecaepoBars HA 94eTHOCTL PYHELOHIO

2 x—-4
" . — .
a) y=x +Fa B)y-ma

0) y=x5—%; r) y=vx-3.

Pemenne. a) y = f(x), roe flx) = x* + -3;

1) Oyuxnopa onpeneacHa IpH BCEX SHAYEHHAX X, KpoMe x = 0,
CaepoBarensto, D(f) — cEMMeTpHUHOE MHOMKECTBO,
2 2
—2) = (=2 + —— = =
2) fl-x)= () + 5 =+ 5
3) 3amMeuaemM, uTe ANa Joforo x ua 00aacTH onpeneseHnd GHYHK-
IHMK BHIIOJHAETCS PaBeHCTBO f(—x) = f(x).

2
Taxum o6paszoM, y = x* + 5 — ueTHad QyHKLUA.

6) ¥y = f(x), tme f(x) = x° - 3.

xS
1) DyHKOUA ompenesena OpH BCeX BHAYEHHAX X, Kpome x = 0.
Caepoeatensio, I(f) — cEMMeTpHYMHOE MHOMECTBO.

3 3 3
—_ =(—xF - —— =— _— = - 5——.
2) fox) = (3 ~ g =~ 5 == - )
3) 3ameuaeM, 4TO AnA JOOOre X s 0baacTn OnpefeseHud GVHK-
EWH BHIIIOJHAETCA paBeHcTBO f(—x) = —f(x).
TaxumM ofpasoM, y = x° — % — HeyeTHad QYHKIHS.
X
x—4
B) y = f(x), rre f(x) = 2 _go'

1) @yERIIEA onpejpeaeHa BO BCEX TOUKAX X, KPOMe TéX, KOTODEIE
ofpauiaior sHAMeHaTens Apobn B uyas. Hs yemosug x° — 9 # 0 maxo-
ruM: x # t 3. 3HaunT, 00MACTE ONpeAeNeRuA QPYHKINHM — YHCIOBAA
npAMAaf, H3 KOTOPOH yAaJeHH ABe TOUKH: 3 M —3. IT0 CHMMeTPUYHOE
MHOMKECTEO,
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-x)-4 x+4
-x) == — == -,
2) f(-x) P P

3) CpaBHHE f(—x) um f(x), sameuaeM, YTO CHKODEe BCEro He
BHIIOJHAIOTCA HHE TOXAecTBO f(—x) = f(x), HE ToxELecTBO f(—x) = —f(x).
YroOel B 3TOM YOETHTHECH, BOZBMEM KOHKDETHOE SHAUYEHME X, Ha-

npmvep x = 4. Hueen: f(4) = —3, a f(-4) = 0. Brawur, f(-4) # /(4)
u f(-4) # —f(4).

TaxuM oGpasoM, QyHEKUMA He ABNIAETCA HM YeTHON, HM HeueTHOL,

r) Pysruma y=+/x- 3 ompeaesena npa ycaosuu x — 3 2 0, T. e,

Ha ayqe [3; +¢0). DTOT JyY — HEeCHMMeTPHYHOE MHOMKECTBO, 3HAUHT,
(PYHKOHA He ABJAETCA HU YeTHOH, HH HeueTHOMH.

NMlpumep 4. HcenegoraTk Ha YETHOCTE DYHKITHIO!
ayy=lxl, xe 252, B y=2, xe (-5; )
6) y =| x|, x € [-8; 3); 1)y =% x e (-5; 5]

Pemen ue. a) D(f) =[-2; 2] — cHMMeTpHUHOE MHOMECTBO, H
ana mwbore x € D(f) BHDONHAETCA paBEHCTBO |-x|={x|. Buaunr,
solaHHAS GYHKUHSA — YeTHAHA,

6) I(f) = [-3; 3) — HecHMMeTPHUHOE MHOKECTBO. B caMoM Aene,
TOuKa —3 OPHHALJICIHKHT TOAYUHTepBaly [-3; 3), a OpoTHBOIOIOMK-
HAS TOYRA 3 He IPHUEAIJEIKHAT dTOMY HOJYHHTEDBANY. 3HAUMT, HyHK-
IHA He ABJAeTCcS HH 4eTHON, HH He4eTHOMH.

B) D(f) = (-5; 5) — cHMMETPHYHOe MHOMKeCTBO, U (—x)° = —x% ana
nmoboro x #ms HuTeppana (—5; 5). Buaumr, sajamnas bymKnHa —
HEYETHAH.

T) DYEKUHA 3a5aHA HA TOAVHHTEDPBAJde, KOTOPEIE He ABIHETCH
CEMMETDHYHLIM MHOKECTBOM. JHAYKT, QYHKUHA — HE YeTHAA, HH
HeweTHAH. &

Temeprs ofcyonM reoMeTpHuecKHi cMEICA cBOHCTBA YeTHOCTH H
cBoificTBa HeueTHOCTH DYHKIIHH.

IIyets y = f(x) — ueTnHan GyHEOH, T. €. f{—x) = f(x) 1na modoro
x ¢ D(f). PaccMoTpuM OBe Touku rpadbmra dyrxouu: A(x; f(x))
u B(-x; f(-x)). Tax rar f(-x) = f{x), 70 ¥y Touexk A u B abcuuccH
ABAMIOTCH IPOTHBOIOIOMKHEIME UMCIAME, & OPARHATEI OJAHMHAKOBH.
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o 1) VE | oo o vE (s f@) 4
B A ¢

.
ol

*
w

-
*

u B
= 5 i Ct; 7o)

Puc, 102 Puc. 103

JTH TOUKHN CHMMETPHYHBI OTHOCHETEAbLHO ocH ¥ (puc. 102), Takmm 06-
pasoM, ANA Kaxxaol ToukH A rpaduka uerHoil ¢pyHkumm y = f(x) cy-
IMEeCTBYET CHMMETPDHYHAA €M OTHOCHTENLHO OcH ¥ Touka B Toro xe
rpajpura. JT0 03HAYAET, YTO 2PAPUK LemHROW QUHKUUL CUMMempPU-
YeH OMHOCUMERDHO OCU Y,

Ilyerh y = f(x) — HeuerHAA GyHKOMA, T. €. f(—x)=—f{x) ana mwo-
foro x € D(f). PacemoTpum Ape TouKH rpadura dymrmun: A(x; f(x))
# B(~x; f(~x)). Tak rKax f(-x) = ~f(x), 10 y Touex A u B abcouccel
ABJAIOTCS NPOTHRONMOJOMHEIMHE YHCAAMA W OPAMHATE] ABIAIOTCA 1pO-
THROIONOKHEIMH YHACAAMHA, JOTH TOYKH CHMMETPHUHEE OTHOCHTENBHO
Hauajaa KoopauHat (puc. 103). Takum oOpasoM, And KaykA0# TOIKRA A
rpaduKra HeueTHOH QYHRUEE ¥ = f(X) cymecTByeT CHMMETPHYHAN el
OTHOCHTEJILHO HadajJa KOOPAHMHAT TOUKa B Toro e rpadpmra, Idro
O03HAYAET, YTO 2PAPUR Revemuol PYREYUL cuMMemputen OMHOCH-
MeAbHO HAYAAA Koopdunam,

Beprm u 00paTHBIe YTBePXICHHAA:

1. Ecau zpadur pynryun y = f(x) cummempurien omuocumenv-
Ho ocu opduram, mo y = f(x) — Yemnas QyRKUUA.

B camom pene, cmMmerpusa rpabuka dynrnum y = f(x) orHOCH-
TENEHO OCH Y O3HAYAET, UTO AJa Jo6ore X u3 o0iacTH oIpeRencHEA
(PYEKLIHH CHOPABEANHABO PABEHCTBO f(-x) = f(x), T. e. y = f(x) — uer-
Hafg PYHKIHA.

2. Ecau zpaguw gyrnxyuu y = f(x) cummempuien omrocimens-
HO Rauaaa xoopdunam, mo y = f(x) — nevemnas pynxyua.

Cumvmetprs rpadpura GyHEoEn ¥ = f{x) OTHOCHTENBHO HAYAJIA KO-
OPAMHAT 03HAYAET, UTO AJIA JI0G0T0 X B3 001acTH onpeaeJeHRs PyHK-
LMK COPABELHBO PABeHCTBO f(—x) = —f(x), T. e. y = f(x) — HeueTHan
yEEIEA.
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IDpamep 5. HecneaosaTs HA YETHOCTHh DYHKITHIO
y=~9-x%.

P e m e H 1 e. Ilepehiii cmocol.
f(x)=Vo-x*; f(-x)=J§-(—x2 = /0 - x?, BraumT, 414 TH0GOTO

x € D(f) copaseanneo pageHCTEO f(—Xx) = f(x), T. e. dyHKIIUA ABIA-
eTcA YeTHOM.

Bropo#t cmocob. M'pabrkoM GYEKINH CIVEHT TOAYOKPY:KHOCTH
€ UEHTPOM B Hadaje KOODAHHAT K paguycoM 3 (cM. pHc. 78), oHa cHM-

METpHMYHA OTHOCHTENEHO OCH If. JT0 03EAYAeT, YTO i = /O — x2 — ger-
Hag QyHKOHA.

§12. ®YHKUMM y = x" (nEN),
MX CBOMCTBA M TPADMKM

Oyurkpuo Braa y = x", rae n =1, 2, 3, 4, 5, ..., HaskIBaIOT
€TeneHHoH (PYHEIHeH ¢ HATYPAJALHEIM DOKA3ATeNeM.

IBe crenenHbie GYHKIMKE M ¢ BAMH yXKe M3YVUHIH: ¥ = X (T. e,
y=x)my = x DTHM mepedeHb HATIHX JOCTHIKEHHI HCUEDPIEIBA-
erca, w00, HaUMBAA ¢ 7 = 3, MK 0 QYHKLHN y = X° DOKA HUYETO He
sHaeM. Kak Briraagar rpabuen dyHroud y = x3, y = x!, y = x5,
y=x%ur a.? Kakossl ceoficTsa »THX byHKoui? OO0 sToM M noliger
peul B HacTogueM oaparpade. IIpasaa, B § 11 ofgHO cBOMCTBO MEI ¢
BaMU IPEAYCMOTPHTEILHO 00CYANIN: AOKASAMM, UTO Y = X* — ueTHasd
GYEKOHA, 8 ¥ = ¥° — HeuerHaA dyEKong. Y sro, keratH, HaAM ceii-
Yac oYeHbr OIPHToANTCH. M BeAb 3HaeM, 4To rpaduk 4eTHOH GyHK-
OHY CHMMeTPHYeH OTHOCHTENBLHO OCH OpAMHAT, a IrpadMK HeueTHOH
GYHEONM CEMMETPHYEH OTHOCUTENBLHO HadYasla KOOpAMHAT. SHAYMT,
MEI MOJKEM H LA QYRKOHR ¥ = %%, ¥ 118 OYHKIME ¥ = X° MOCTYIHTh
TaK: PACCMOTPETE 9TH QYHKUMK Ha Jyde [0; +00), nocTponTs HX rpa-
¢ukr (Ha yrasagHoMm Jyue). 3areM, HCIOIbLSYA CHMMETPUIO, NOCTPO-
HTE rpadniK PyHKRONM Ha Beell UHCIOBON NpAMOR M ¢ DOMOIIBIO Fpa-
dura nepeuncanTs cBocTEA QYHKIHH II0 ToH cXeme, KOTODPYIO MEI
BrIpaborann B mpepslAvmnX Daparpadax (aobapup csoficTBo Her-
HOCTI1).
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1. ®ypkua y = x4, x » 0

CoctapuM Tabauily sHavenuit Ana stoit dyBRITHH,.

1 | 3
yloj1 | L |8
16 | 16

216) 12 16
nacckoctH (puc. 104a); 0EH HAMEUAIOT HEKOTOPYIO JHHHIO, IPOBEAeM
ee (puc. 1046).

1 1 3 81
Ilocrpoum Touku (03 0), (1; 1), [ ], ( ; ) Ha KOOPAHHATHOH

2. DyHkyus y = x*

Jobapus k rpabeky, msofpaxenHomy Ha pac. 1046, teuuio, cuM-
METPHUHYI0 IIOCTPOSHHOM OTHOCHTEIBHO OCH OPAHHAT, MOIYYHM Ipa-
¢HuK byHROHR ¥ = X%, ¥ € (—o0; +00) (prc. 105). Ou mox0XK HA mapa-
Gony (2o napabosoli ero He HABEIBAIOT),

IIpexge veM mepeuucauTh cBolicTBa QyHKIHH, 3aMETHM, YTO MBI
OydeM OPHAECP:KHMBATBCHA TOTO e NOPHAKA XOZOB, KOTOPHIHA HCIOJIb-
gosand B § 10, ¢ oguolt monpaskofi: colicTBY YETHOCTE DYHKIHM OT-
BefleM BTOPYIO HOSHIHIO.

ye y Ve
81 81 .
16 * 16 y=x

1 1 1
A o & _’_ ’_-
o] 13 5_ O] 13} x -10] 1 x
| 2 2
Puc. $0da Puc. 1046 Puc. 405
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Croiictea dyuxipm y = x*

1) D(f) = (~o0; +0);

2) verHas byEKIMA;

3) yOripaer Ha gyue (--co; 0], Bospacraer Ha ayue [0; +o0);

4) orpaEUYEHA CHMBY, He OrPAHWYEHA CBEPXY;

9 y,..=0, ¥y, He cynecrsyer;

6) HempephLIBHA;

7) E(f) = 10; +0);

8) BRITTYKJIA BHMS.

9TH CBOICTBA MBI MPOYHTAMM IO rpaduKy, 1T0, KOHEYHO, HE HB-
nAeTcA AOKA34TeNhCTBOM. OGRIUHO MOCTYIAKT HAOGODOT: MCCIERYIOT
CBOMCTBa (PYHKIIMH, a IIOTOM, OIMPAACH HA Pe3yJIbTaATE NPOBEAeHHO-
r0 HMCCIeJOBAHMS, CTPOAT ee rpadmuir. B cocTosHWM JH ME ¢ BAMH
yiKe Teneps AedcTBOBATE TAK, KAK PHHEATO B MaTemaTare? IToka eme
He coBceM. M3 ImepeurcaeHHLIX BHIIIE BOCEMH CBOMCTB OUEBHZAHO Iep-
Boe (IOCKOJBKY JI000e 4HCIO X MOM(HO BOIBECTH B YETBEPTYIO CTe-
mens). B mpeamayimem maparpade AOKAZAHO BTOpoe cBolictBo, Mox-
HO AOKA434aTh M TPETHE: B CAMOM fene, ecad X, > X, # 0, To no cBoii-
CTBY WMCJOBBIX HEDABCHCTB X¥f >Xj, 4 9TO M O3HAYAET BOSPACTAHHME
dbyHKIHA Ha ayue [0; +o°).

JoraxkeM deTBeproe M naToe cpoficrea. Iloaowmm f{x) = xt. AcnHo, 4TO
Ana anGore x BhImoMHAETCA HepapeHcTeEo X! 2 0, D10 o3HAvaAET, YTO (PyHK-
nuA y = x! orpaEAgeHa cHu3y. IIpeAmoncicaM, MTC GHA OrpaHudeHa CEEPXY,
T. e. OPEANOAMKNAM, YTO CYLIECTBYeT NOJOXMUTeAbHOE uuCca0 M Taxoe, 410
Aasa AnGoro x BHNOAHAETCS HepapeHCTBO x*! < M, BozeMeM HATYpaJbHOE
yueao n > M @ pacemoTpum sHavenme QyHKUEE ¥ = X' B TOYKe X, = 2.
Hmeenm:

flx)=n*>n>M,

Hrak, Mbl HANLTH TAKYIO TOUKY ¥, B KOTOpoH BHIMONEAETCA HepaBeH-
cT80 f(x,) > M, 4TC IPOTHEOPEYUT HANIEMY IIPeALIGIOMEHHI0 00 orpaHmYeH-
HOCTH QYHKIHH CBEpXY. 3HAMHT, QYHKUUA He OrpaHMYeHa cBepxy. IlocKos-
Ky OVHKLHA He OrPAHAYEHA CBEPXY, HARGOJEINEr) 3HAYECHUS ¥ Hee HeT, B 1o
e BpeMsa AcHo, uro i = 0.

Hr0 e He JOKASAHO, I MEl BEHYACHE MOKA ONHPATHCH HA I'¢OMETDH-
yeckyn MATYyHOMOo? He gorasann ceoiicrea 6, 7 1 8.

Bopodem, npa #eAaHNH MOMHO ZATH NMOACHERHe M CBGHCTBY BEMYKJOC-
i GyEKIuM BHMA, [loxaxkeM, Hanpumep, 4uTo Ha oTpedke [0; al, rae a > 0,
rpadur pyEROER y = x* pacoonoxen Emxe orpeska OA (pme. 106).

Ha unrepsane (0; @) Bostmem NPOM3BOALHYI0 TOMEY X, M BOCCTABHM M3
oTofl TOUKM NEPIEeHABKYAAP K OCH X X0 NepPecedeHHA ¢ rpadueoM OyHEKIHN
y = x*(8 Touke P) u ¢ upamoii OA (B roare M) (puc. 106). Opaunara ToIKE P
pasHa X; . A demy pasHa oprunara Todkd M? Briaceuwm sro.
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3 . YACTIOBLIE dYHKLIMA

7K § T

e ———

01

s k% -F=

-
X

| I

1

O] x
l

Puc. 106 Puc. 107

Iipamaa OA npoxoauT yepes Hadano KOODAMHAT, 3HAYHT, e¢ YPaBHeHHe
MMEeeT BHYI y = kx. OTa OpAMas OPOXOZUT Yyepes ToIRY A(4; a'). Iloacrasms
KOODAUHATEL TOUKHM A B ypaBHeHHe §=kx, noayduM: 4! = ke, 3HaquT,
k = ad, 1. e. ypasReRue npamoit OA raxoso: i = ¢®x, Temeps sAcHO, YTO OpAN-
HaTa Touku M paBma a'x,.

Hrtar, opaunaTta TouKy P paBHEa x;‘, a opmuBara Todkm M pasHa a"xl.
Kaxoe 3 sTux uncen Goapore? Umeem: 0 < x, < @, 3Hawu@T, mo cBOLCTBAM
YHCIOREIX HEPABEHCTE X < @° m Aasee X *x, < @° -x, T. e. x; < a’x,. Uro
o3Ea4aeT mocnepnee HepapeHeTso? To, wTo Touka P pacmosaraerTca HHKe
TourH M. A OTcIOgAa MOMKHQ CHEJATH BHEIBOA: €CAH MPOBECTH IIPOMIBOJILHYIO
opamyio 04, 10 orawxerca, uTo rpadax dyEknuu y = x* Ha orpeske [0; a]
JIEXKHT HEMKE COOTBETCTBYIOIIETO yuIacTia mpamolt OA.

3. DyHKuMa y = x°

3amMeTHM Ipe:kae BCETo, YTO ¥ = x° — HeueTHAA QYHKIUA, CICHAO-
BATENBHO, €e rpaduk CHMMeTPHYEH OTHOCHTEALHO HAYaJla KOOPAUHAT,

I'padwpk Qpyaroru y = x° npu x 2 (0 B OPHHIMOE BEICAAAMT TAK
#e, Kax rpadur pyuruuy y = x* npu x = 0 (prc. 1046), By HO IHE
VYeCTh, UTO HOBAH KPHBad UYTH MeHee KPYTO HIET BBEPX M UYThH AaJh-
Ile OTCTOHT OT OCH X OKOJIO Havuaja KoopAauHar, HoGaBHE JHHHAIO, CHM-
METPHUYAYI) IOCTPOSHHOMH OTHOCHTEILHO HAYAJA KOODAHHAT, HIOJAYIHM
rpadpukr dyaxmpn y = x? (pre. 107). 9Ty KpHBYIO HABKIBAIOT KyOHUe-
CKoOii mapadonoii.

3ameuanne. Mexay npoumm, 3TO OfMH M3 pefKMx ciydaes, KOrpa
MATEMATHKH MCNOABAYIOT HE OueHb ypauHbit TepmuH. Mapabona — reo-
MmeTprueckan (purypa ¢ onpegeneHHsimM caoMcteamm. Jlunma, nzobpamen-
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3 . HACIOBLIE dDYHKLIM

Has Ha puc. 107, stmmu ceoiicTeamu He obnapaeT, nostomy nyuwe Beino
6b1 npuaymath e apyroe HassaHkwe, H€3 MCNONL30OBAHWA TEPMMHA snapa-
6ona» («kyBuueckas napabonas — 310 YTO-TO BPOAE <KBAAPATHOW OK-
pPyxHocTMa), Ho TepmuH akyBuseckan napabonas NPMMMACA B MaTEMATH-
Ke, NPMGETCA M Ham ero WCNonL30BaTh.

OTMeTEM HEKOTOPRIC I'EeOMETPHYECKUE OCOOSHHOCTH KyOHuecHol
napabonst y = x3, ¥V mee ecTs nenTp cuMMeTpHU ~— Touka (0; ), KO-
TOpAA OTAENAET APYT OT ADYra ABe CAMMETPHUHEIE YACTH KPHBO; aTH
CHMMETDHYHEIe YaCTH HASKIBAIOT 6EMEBAMU KL0Uieckol napaboavi. O6-
paTHTe BEHUMAHHE; KOTAA OJHa BeTBh KyOHuecKo# mapaGoJikl nepexo-
AUT Yepes Hadaao KOOPAMHAT B APYTYI0 BETBb, 9TO NPOHCXOLNT HIAB-
HO, 0Oe3 naaoMa.

CpoiicTea dysxoun y = 13

1) D(f) = (-o0; +0o0);

2) HeuerHas QyHKLIRA;

3) Bospacraert;

4) He OrpaHNYeHa HM CHH3Y, HM CBEPXY;

5) HeT HH HaMMEHbLIEr0, HH HAHOOJBIIEr0 SHAUYEHMIL;

6) HenpepHIBHA;

7) E(f) = (—00; +o0);

8) Bunykaa BBepx Ha (—o¢; 0], BHIDIYKAA BHH3 Ra [0; —o0).

4. DyHiuma y = x2*

Peur maer 0 pyHKIHAX ¥ = x°%, y = x° ¥ BooGIme 0 cTeneHHOH! DYHK-
IMH ¢ WeTHR M HATYPAJERHHIM IOKazaTeJeM CcTemeHH. I'padui
ai0o# rakoit PYHKIMH DOoX0x Ha rpabHrR QyHKUMH ¥ = x!
(puc. 105), Toarko ero BerBH Gojiee KDPYTO HallpaBJeHH BBEDX.

OTMeTHM ellle, YTO KPHBAA ¥ = X% K@caemca ocu x 8 mouke
(0; 0). 'ecmeTpuyecky »TO O3HAYACT, UTO OJHA BeTBL KPHUBOHA ILNABHO
TepexX0mHuT B IDPYTIyio, KAK Obl NprkuMadacs K ock x. Toanoe onpeae-
JIeHHe NOHATHA Kacanua Gyaer gaxo B 10-M Knacce.

5. DyHruma y = x> 1

Peus uger o byERUUAX ¥ = x5, y = x5, iy = x7 1 BooGme o cTeneR-
HOH QYHKUMM ¢ HedeTHH M HATYDPAABHEIM IIOKABATENEM CTeleHHU
(3,5 7,9 ur a) 'papur moGol Taroil GQyEKOHU DOXOXK Ha T'pa-
ur pyaxoun y = x* {(puc. 107), Toasko uem Gosbie IIOKasaTelb,
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3 - HACTTOBLIE DYHKLIMN

I’ Y

\ ’ly=x’
N

14 A

O

Puc. 108

TeM GoNlee KPYTO RANIpABNEHEH BBepX (K COOTBETCTEEHHO BHH3) BETBH
rpaduxa. OrMeTHM eme, 4TO KpEBax y = x *1 pacaemes ocu x &
mouxe (0; 0).

Hpumep 1. Pemnrt ypasHerue x° =3 — 2x.

Penenue. 1) PaccmorpuM ase dyErkmumn: y = X*uy =3 - 2x.

2) TlocrpouM rpaduk GyHKIMH ¥ = x° (puc. 108).

3) IlocrponmM rpaduk auHelHON GyvERIUE ¥ = 3 — 2x. JT0 Hmpa-
MAsA JMHHA, NpoXojaman uepes rouaxu (0; 3) u (1; 1) (puc. 108).

4) Cyna 1o ueprexy, NOCTPOEHHEE TPAdHKH NepeceKalnTed B TOU-
ke A(1; 1). IIpoBepKka HOKAGLIBAET, ITO HA CAMOM AeJ€ KOODAHHATE
Touku A(l; 1) yIOBAETEOPAIT M YPABHEHUIO ¥ = X%, B YPABHEHMIO
¥y = 8 - 2x. 3HaunuT, ypaBHeHHe UMEET OLUH KOpeHh: ¥ = 1 — aro
afcupeca ToaKm A.

Orpemr:x=1.

Mexay Opo4yHM, reoMeTpHUECKAS MOLENb, IPELCTABICHHAA HA
puc. 108, HarMAMHO HANIOCTPHPYET CAEAYIOINEE YTBEPIKACHEE, KO-
TOPOE HHOTHA HO3BOJAHET M3ANIHC DEIIATh LOBOJABHC CIOKHEE YPAB-
HEHHA:

Ecau pynxyus y = f(x) aoapacmaem, a pynxygus y = g(x) yooi-
saem u ecru ypasnwernue f(x} = g{x} umeem KopeHv, mo MmMoavKo
oduK.

HoxaxeM 5T0 yrBep:zenue. IIpeanonoKuaM, 4T0 YpPABHEHHE
f(x) = g(x) xpoMe KOpRA X, HMeET ellle OXUH KODEHL X,. IIyeTk x, < X,.
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3 - HMCNOBLIE DYHKLIMK

HockomsKy X, H X, — KOPHH 3AZAHHOIO YPABHEHHA, TO BLINOJHAOTCH
paBeHcrBa f(x,) = g(x)) u f(x,) = g(x,). ®Pyuxnua y = f(x) Boapacraer,
4 NOTOMY BHIOOIHAeTCA HepasBeHcTBO f(x,) < f(x,); dyHKOua
¥ = g(x) ybriBaer, a IOTOMY BHINONHAETCA HepaBeHCTBO £(x,) > g(x,).
Hraxk, f(x,) > f(x) = g(x,) > g(x,). Nonyumaocs, aro f(x,) > #(x,).

ApanoruaHo MOKHO JOKA3ATDL, IO €CHM X, > X,, TO f(x,) < g(x,).
Urax, B mobom crydae moaydaercd, 4ro flx,) # g(xz), T. €. X, He AB-
nAeTcad KOPHEM YDABHeHUA. 3HAYHT, ypaBHeHHe UMeeT TOJBHO OJuH
KOpeHB, YTBEpXKJAEHHE NOKA3aHO.

Bor kak, ouupadch Ha 8TO YTBep:RIeHEE, MBI MOXKeM Oe3 HepTerxa
pelIuTh ypaBHeHue w3 IpuMepa 1:

1) zaMeTHM, 9TO OpHU X = 1 BEIIONHAETCS PABEHCTBO

1°=3-2 -1,
aHauwT, ¥ = 1 — KOpeHL ypaBHeHUA (HTOT KOpeHb MBI Yraaau);

2) dyernua ¥ = 3 — 2x yOmBaer, a QyHKIHA ¥ = x° BOZPACTACT,
3HAYHT, KOPeHb Yy 38JaHHOTO YPaBHEHHA TOJNBKO OAWH, H 3THM KOD-
HeM SBJgeTcH RailgjeRHOe BhiIoe 3HeYeHme X = 1.

B xypce anrefpu 8-To Kjaacca MH M'OBODUJIH O TOM, KaK, sHad
rpadhuk DyHRNUE ¥ = f(x), MOKHO HOCTDOHTL rpadhuy byEKIUK
¥ = f(x + m) + l. BcuoMHuM, KaK 2T0 zenaercd.

ODpumep 2. Iocrpours rpadpuk dyrernuu y = (x — 1)% — 2.

Peuw e H ue. 1) ITepelizeM K BCROMOTATeALHON CHCTEMe KOODZAU-
HAT ¢ HavaJoM B TouKe (1; —2) (DyERTHMpHEIE OpaMele ¥ =1 m y = ~2
Ha puc. 109a).

v ¥ T xo1 K

]

1

|

X y=(x~1¥-2

13

i B N
0] 1 > | 011 4
| ! A NN
= y=-2 2

I

l

Puc. 109a Puc. 1096

121



3. u HHCITOBLIE DYHKLIMM

2) «llpusaxem» byHEOUIO ¥ = x® K HOBOE cHCTeMe KOOPIUHAT.
g sroro BEibepeM KOHTPOJILEHE TOUKH AaA GYHKuUH y = x5 (0; 0),
(1; 1), (-1; 1), HO cTpouTh HX OyAeM He B cTapoil, a B HOBOH CuU-
cTeMe KOOpIMHAT (3TH TOUKE OTMedYeHEl Ha puc. 109a). 3arem wepes
KOHTPOALHLIE TOYKH NPCOBEAeM AMHMIO, NOXOKYI0 Ha TY, KOTODpas
usobpaxeHna Ha puc, 105, — 810 u Oyger TpelGyemunit rpadux
(puc. 1096). Pasymeercs, ec/id HA3HBATL BEINM CBOMMH HMEHAMH, 9TO
acKu3 rpebyemore rpaduka.

§13. OYHKUMM y = x"(n *N),
HMX CBOHCTBA U MPADMKM

Ipogomxaem pacmmpATE Kiace QyHROHE, ¢ ROTOPHIMH
HAM HYXXHO, 00pasHo ToBops, TO3HAKOMHTHECA HAKOpOoTKe, B npeph-
AvineM naparpade TaKoBHIMH OBIJIH CTENEHERE QVEKIAK ¢ HATYPAID
HEIM HOK&3aTelNeM ¥ = X", a B HT0M naparpade MK paccMOTPHEM QyHK-
OUE BHAA Y = X", PAE 7 — HaTYpANbHOe THCIo,. X HasHEBalOT creneH-
HBEIMH (DYHKIHAMH ¢ OTPHLATEILHLIM ICJILIM NOKA3ATEICM.
IIo onpexgenennio creleRR ¢ OTPULATENLELM NOKazaTeseM

. L
Xt = F.
1
HOBTOMY BMECTO 3AMHCH § = X" MOXMHO HCHOJAL30BATE 3AIHCE i =

x"
Oy GYHKIMI TAKOTO BUI2 Ml ¢ BAMH H3YYHIIH B Kypce aared-

1
PHL 8-r0 KJjacca — »To DhLNA QYHEOHA I = e Bam H3BECTHRI H CBOi-
cTBa 5TOH QYHKIMH, U ee rpaduk -~ ranepbona (puc. 110). Coenaem

1
CJIeAVIOIIMI 1Iar: pacCMOTPUM (GYHRIUHID ¥ = el HaureMm ¢ Hccmeaosa-

1
HU# QYHKUMM Y= — Ha 9€THOCT, 170, BHAUMO, Bac He YIHBHT.
BeoomeuTe, Begh H B NPeALAYINEM Iaparpade MBI HaATHHAIH C
HCIOAB30BAHUA YETHOCTH (YHKIMH Y = X* B HEUeTHOCTH (DYHKIIVH
y = s
1
Hrak, ZOKaxeM, TT0 ¥ = ST YemRas PyHKYUIL.
BaMeTuM npexae BCETo, 4TO O6AACTL OUpefeneHEA QYHKIMK —

MEROYKECTBO BCeX AeHCTBUTENLHEIX YHCEN, 38 HCKIIOUeHHEeM 3HAMEeHHA

1
x = 0; 70 cuMMeTpH4YHOe MHOXKecTBO. [anee umeem: f(x) = pre
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3 . HMCJICBbIE ®YHKUMH

y‘
i
1
T — —10 1 y-
-1
Puc. 110

1
fi—x) = (_x)? = F; TaKHM o0pasoM, AaAa gwdore x ®3 00JacTH OI-
peaenesna (YHKIMH BROIOJIHAETCA PaBeHCTBO f(—x) = f(x). IT0 3Ha-
1
9HAT, 9TO Y = 2 vyeTHAA QPyHKIURA.

CROHCTEO YeTHOCTH (PYHKUHH ¥ = x—la HaM celivac QuUeHk TPHTO-
auarca. MuI Begk 3HaeM, UTO rpaduk deTHOH QYHKOIUN CUMMEeTPHYeH
OTHOCHTEALHO OCH OPAHHAT, SHAYHT, MOMKHO MOCTYIIMTE TAK: PACCMOT-
PeTE 2Ty GYHKIOUIO HA OTKPETOM ayude (0; +°°) U mOCTPOUTL ee Ipa-
UK Ha YKa3aHHOM Jyde. SatTeM, HCOOAB3YA CHMMETDHIO, IOCTPOUTE
rpadux PyHKOUE Ha Beell yHMenoBoit npAMOI M ¢ ero MOMOLILIO Iepe-
YHCAATE CBOLiCTBa PyHKIUN MO TOH cxeme, KoTopasd 6BLIA HCOIONL30-
BAHA B IOpeARIAynieM naparpade.

1. ByHKUMA y = f;,x>0

Jo cHxX mop MeI cTpominr rpadHiR QYHKIIEH, A DOTOM FOBOPHJIE O
ee cpoficTeax., Ha caMoM Zese, KaK MEI ye He pa3 OTMeUadH, MATe-
MATHKH OOKYHO CHAaYada MCCJIeAyIOT cBoficTBa QYHKOMH B COOTBET-
CTEHH CO CTPOTHMH OIPEAEICHHAMH ITHX CBOﬁCTB, a IMoTOM HCIIOJL-
3YIOT mOJNydYeHHLIe pe3VALTATH A IDOocTpoeHHA rpaduxa. B yxe
nprodpens HeKOTODHIN ONBLIT B HCCASAOBAHKUN (DYHKIHM, BOCIOAL3Y-

eMCH UM AJid HCCAEAOBaHHA QYHEOUM j = Lz,x > (. Beemem npH-
e

serunaoe obosuadenne: fx)= -1?
X

113



3. u HYHCITOBLIE ©YHKLIMK

1. D(f) = (03 +90). Tyr oficyxzaTh Heuero.
2. Oyaxuura y0mBaolai. B camom zexe, nyers 0 < x, < x,;
TOTHA TIO CBOMCTBAM WUHMCJIOBEIX HEPABEHCTB LIOCICAOBATENLHO IOJIY-

qaeM: xf < x%; xlﬁ > % Hrak, us x, < x, cneayer f(x,) > f(x,),
1 2

a 910 H 03HATACT YORBaAWe QYHKINH,
3. dyEROUA orpaEWYeHA CHMSY M He OrpaHudeHa cpepxy. Orpa-

1
HHYeHHOCTs CHM3Y CIeZyeT M3 OUeBMAHOrO HepaseHcTBa —- > 0.
X

Ilpeanonoxem, 970 HYEROHA OTPAHAIEHA CBEpXy, T. €. CYIOeCTBY-
eT LIOJNOMHATeN Hoe THueao M Takoe, uro giaa modoro x > () BRIOOJHSA-

1 1
erca HepaseECcTBO — < M. Ilyets Xy = ———. Toraa
x? Mo+ 1
fr)=Lt=1:—L_=m+1>Mm.
¢ xl M+1

Hrak, MEl HaIljim TOURY, B KOTOPOH 3HaueRme YyHKOHHN (oJbIOe
yneaa M, BonpekH HallleMy NPeATON0KEHH0. SHAYHT, LIPeAIoioxKe-
HUE ReBepHO, T. e. (VHERIHAA He OrpaHHYEHA CBEDXY.

4. Y dyHKUHH HeT HH HauMeHBbIIEero, HE HauOojiphero sHayeHri.
To, uro Her HAaX(ONABIIEro 3HAYEHUSA, BRITEKAET H3 HeOUDAHHISHHO-
cTH PYHKOINH cBepxy. A KaK AOKA3aTh, 9T0 HET HAMMEHBIIEr0 SHAYe-
HHA, Belb CHUBY-TO GyHKLHA orpanmuena? ByaeMm paccyxiaaTe Tak.

IIpegnmonoxumM, YTO HRaRMeHbIIee 3HATEHNE CYINecTByer, JTO 3HA-
THT, YTO CYLIECTBYeT TOMKA X, TaKaid, 4T0 ;ia jcboro x > 0 snmon-
HaercHa HepaBeHCTBO f(x) 2 f(x ). Ho ecau B3aTH TOURY X, > X, TO, B
culy yOmBaHHs QyRKIOMM, BHINOJHAETCH HepaBeHCTRO f(x) < flx,),
YTO NPOTHBODEUHT HallleMy Hpermono;kenrno. Hrak, dyRKOHA He
HMeeT HaumMeHBINET0 SHAYSHUA.

Tenept nocrpouM rpa@MK (QPYHKILHH.

CocraBum rafauuy sHaueHHH A 2TON PYHKITHH,

1
x 1 2 2 3

b=
ot
W
=
o=
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3 - YACNOBBIE dYHKUMK

y4 Z)
11«
1 1
Ol 1 2 3 a'c' ol 1 '?E
Prc. 111a Puc, 1116
1 1 1)
Iocrpouy ouku (15 1), | 33 41,13 b 3; 5 | Ha xoopzumar-
/

ol mrocrocTu (puc. 111a), oHE HaMeualoT HEROTOPYIO JHHHAK, IPO-
BefieM ee, YURTLIBAA TOJYUYeHEBIe BHINE cBolcTeEa 2, 3, 4 (pre. 1116).

2. DyHKUMs y = x2

Hobasue k rpadrxy, mzobpakennoMy Ba pac. 1116, sereb, cuM-
MeTPHYHYI) IOCTROSHHOR OTHOCHTeABHO OCH OPAHHAT, HOJYYHM Ipa-

dur pyHKIEE y=$, T. e. y = x2 (pue. 112),

CpoiicTsa dynxuan y = x72

1) D(f) = (-00; 0) U (05 +o0);

2) wetTHan PyHKOMA;

3) y6uipaeT Ha OTKPLITOM Ayde (0; +0¢), BospacTaeT HA OTKPLITOM
ayse (—o0; 0);

4) orpaEMueHA CHHAY, HE OrpaRHYeRa CBEpPXY;

5) HeT HM HauMeHLINETO, HE HAWOONALINErQ 3RAYEHHI;

6) HenpepuBEa Opu x < 0 (1. e. Ha OTRphHITOM Jyue (—20; 0)) n
opu x > 0 (1. e. He oTKpEITOM xyue (0; +°0));

7) E(f) = (0; +0);

8) Beinyrna BEm3 u npr x < 0, u opu x > 0.
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3 . YUCTTOBLIE hYHKUMM

f7F Y

Puc. 112

3. DYHKUHA ¥y = X727

1 1 1
Peur mper o dyHKIEAX ¥ = V= @Y= ETA I'pa-

1
dbux nwoboil Takoit PYEHRUEM IOX0:K Ha Tpadur dyHRUER ¥y = =

(puc. 112). OrMerEM, 4TO KpHBAA Y = T2a OGCUMRIMOMUYECKU npu

ausxcaemca ¥ ocam xoopdunam. ['OBODAT TaRMKe, UTO OCE X T, &, IpHA-
Mad y = 0) aBaseTcH 20pus3oHmMarvioit acumnmomoil rpadpura GyHK-

ouu ¥ = 5, 8 0Ch ¥ (T. e. Ipamada x = 0) ABNAETCA GEPMUKBILHOIU
acuMnmMomoit sTore rpadpuKa.
4. DyHkuua y = x 0+ 1

1 1
Peurs uger 0 QyHRlinax y = B Y= F BETA I'padur aroboi

" 1
TaKOH (PYHKUEE [OX0X HA rpadue QyHKOuM y = — (pze. 110).
OTMeTHM, YTO OCH X ABJIAECTCH 20PUIORMARLHOL acumnmomol: rpa-

1 .
dEra QYHEKIUY i = pors & OCh Y ABNAETCHA SePMUKAILHON AcCuMA-
momoil 3Toro rpaguka.
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3 . YMCJIOBLIE DYHKLMM

CaoiictBa dyEruun y = x @+ 1

1) D(f) = (05 0) U (0; +0);

2) neyernada byEKINA;

3) yOuiBaeT Ha OTKPBiTOM ayue (0; +90) M HA OTKPHITOM iIyde
(=003 0);

4) He orpaEvWYeHA HH CHH3Y, HH CBEDPXY;

) HeT HR HAMMEHLINErQ, HA HanOOALIIero SHAYCHMH;

6) menpeprisua npr x < 0 1 opu x > 0;

7) E(f) = (—o0; 0) U (05 +o0);

8) Briykaa BEepx nOpe x < 0, BLIOyKia BEu3 n0pe x > 0.

IIpremep 1. Haiitn HauMeHnimmee ¥ Hamfosblliee SHATEHHT

1
HYEROUH § = 7 HA 34fIaHHOM NPOMEMYTHE:

1 1
2) [gi 3]; 6) [—2= "EJ‘ B) [1; +0).
Pemenne a) daa yvaoOGcTea paccyxpenuil Bpeaem o0oznaye-
nme: f(x) = ? Oyuxoua yosmaer opy x > (), 3HAYHT, HAUMEHb-

urero ® HaROOJNBIIEro sHadYeHHI OHA MOMKET HOCTHPATh TONBKO HA

KOHIAX NPOMEKYTKA (COOTBETCTEEHHO Ha OPABOM M JEBOM), eclH,
pasyMeercd, HTH KOHIEI HPHHALIEKAT IpOMEXyTHy. B paccmarpu-
BAEMOM CIVHAE

1 1
Ve =BV = g Vs = Fl3 | = 4
6} dyukuua pospacraer opu x < 0, sSHAYUT, HAUMEHLIIErO U HaK-
GonpuIerc 3HaveHHMH OHA MOMKeT NOCTHTATE TOJBKO HA KOHOAX IpO-
MEXYTHKA (COOTBETCTBEHHO Ha JIEBOM M IPAaBOM), eC/IM, DASYMEETCH,
UTH KOHUH NPHHAAJEKAT IPOMEXKYTKY. B paccMaTpHBaeMOM caydae

¥ome = (-2} =77 2 Youas HE CYLIECTEYET (nDpaBLIA KOHEL HE OPHHALIe-
AT BANAHHOMY IDOMEXYTRY).

B) C momompeio rpaduka dhysxnuu (puc. 113) yeranasausaeM, 9To
He cymecTsyer, a y,_ =1. @

ylmu
IHprmep 2. Ilocrpouts rpapux Gyrknuu ¥ = (x ~ 1) + 2,
Pewme H u e 1) Ilepeiizem ¥ BcnomMorarenbEol ccTeMe KOODAH-
HAT ¢ HauaaoM B Touke (1; 2) (yHKTHpHEe NpaMuie x = 1 m ¥y = 2 Ha
prc. 113a).
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3 . HUCTOBLIE DYHKUMU

7z ye
x=1
y=(x-1y%+2
2 [ ——
y=2
2 1
I REE >
1 ul
O x
Puc, 113a Puc. 1136

2) «Ilpupa:KenM» PyHKOMIO i = £° K HOBOH cHCTEMe KOOPIMHAT -
ar0o B Oyger Tpebyemetit rpadur (pme. 1136). &

§14. oyHKUMs y = ¥x,
EE CBOMCTBA M TPADMK

Onpeaenenne 1. Uncno b HasLIBAIOT KyOHUYECKHM KOp-
HeM (HIF KOPHEM TPeTheil cTeNeHW) M3 YHCIA ¢, €CNH BLIIOJHACTCH
pasencTBO B = g,

IInmyr: 3/5 = b; a — nodropeHHoe HUCA0, 3 — NOKAAMEAD KODHA.
Taxnm ofpason, pasencrsa Ja = b, ¥® = a 7 (Ja) = a oxsusa-
JIeHTHEI, T, €. BEIPAIKAIOT OJHY H TY iK€ 38BHCHUMOCTL MeXAy nmeii-
CTBHTENBHEIMH ancaaMK ¢ 1 b. Kopoue 3T0 MOMRO 38IHCATL TAK:

Ya = b o B = a; & — suax sxeusarenmuocmu.
Hanpumep, 327 = 8, Tak kak 3% = 27; 1 =1, rax xax 13=1;

30 = 0, rax Rak 0°=0; ¥~64 = —4, Tak xax (—4)* = ~-64; ,#3% = %

3
TaK KaK [%J = 27 _ 3§.

Ky6uueckuiz kopers ¥g cymecTsyer ana Jioforo wmcaa a. DTo
YTBEpXKACHUE AOKAZLIBAETCA B Kypce Bhicimell matemaTHKn., Mu Gy-
JeM TIOJNL30BATECA MM §e3 HOKasaTeNbCcTBa. PedyAbLTar N3BIeUeHH
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3 . HACHOBLIE DYHKLIMM

KyOB49ecKOore KOPHA CDABHHUTEABHO PEIK0 OKASHIBAETCA PATlHOHAIR-
HBEIM THCIOM. Yalie mosyuaercA MPPARNOHANBHOE MHCNO, AJIA KOTO-
POro MoOKHO HA#TH aumb OpubInieHHOe 3HAYEHHE.

Joxfikem, mid IpHMepa, 4To 3 — HppaAnAOHAIBHOS dmedo. IIpeano-
JOMAM IPOTPHBHOE, YTO B — panuoHansHoe uueno, T.e. 5 = 2 rpe
n

3

it
I _ mecoxparmmas obnkHOBeHHAH Apobs. Torma | Z | = 5, r.e. md = 5ns.
n n

HociregHee paBeHCTRO O8HAYaeT, uro m? i 5, T, e. HaTypannHoe dueao m?

JenmTea gA 5 6e3 ocTaTra (HAOOMAMM, YTO CHMEOA | O3HAUAST ¢JeNHTCA Has ).

Ho 510 BOZMORHO TOrAA B TOALKO TOTAA, KOTga m : 3, 7. e, m = bk, rae

k — Hexoropoe HarypamsHoe sucno. IloAcrasum BhipaskeBle 5k BMecTO M B

3 — 3. . 3 — 3 3 — 3 .

paBeHCTEO m® = 5af; moayunum: (5k)° = 5r, otryaa n® = 25&% Tlocnemnee pa
BEHCTBO O3Haqaer, 9To #%: 25 u vk Tem Gonee n®* ! 5. Hororman i i 5.

Hrak, nonyunnn, uro m 5 1 » i 5. Orcoaa caeayer, 910 Jpodn m _

COKPATHMAA (ee WHCIAMTENEL M JHAMEHATENE MOMKHO COKPATHTE Ha 5), a 2710
m

MPOTHBOPEYNT YCAOBHIO, COTNACHO KOTOPOMY — — HeCOKPaTHMAad Apolb.
n

HOJIY‘IBHHOG NOPOTHBOPEYHEe O3HAYACT, [UTO HAILE IPeIOONOKEHHEe O pa-
IUOHAABHOCTA 9HCI8 0 HEEREDHD, T. €, 3TO YHCJIO — ADPPALHOHAJIBHOS.

KopeHnr TpeThelf CTemeHH M3 MOJOKHUTEILHOTO THCIA — IIOJIOMKH-
TeJIBHOE YHCI0, A KOPeHE TPeThell cTeneHH H3 OTPHLATENABHOrO 4HC-
Jla — OTPHHATEeABbHOE YHCAO, JTO CJAeIYeT M3 TOro, YTO IPH BOSBEIe-
EVME B Xy0 3HAK uymciaa He McHaered. CIpDABeZIHBO TOMIACCTEO

3. _%;j’_-

B camoM mexe, mycTh i-x = b, a ¥x = ¢. Toraa b® = -x, a
¢® = x. Orcroga eaeayer, dro b = —c?, wam b° = (—¢)®. Ua nocaennero
pPaBEHCTBA CAeNyeT, uro b = ~¢, T. e, Yox = -¥x.

IIpnmep 1. Hokasars, yro:

3
a)%:%.%; 6) & =£ {b = 0).
b
3 2 3

Peme s ne. a)Avmeem: (%/E . %/3) = (3/3) . (-‘3/5) = agb. 3na-

HuT, % - ?./5 ~—— 3T0 IHCA0, KYD KoToporo paseH ab. A Taxum auciom

ABJIAETCA m. Snavur, ?fa_ = Q/E - 5;/5

6) HoxasuBaeTcsa aHANOTHYHO (caesaaiiTe aTol), |

5 Mopakosuv, 5 1, u. 1 129



3 . YUACIOBLIE dYHHLIMM

PacemoTprEM QYERUMIG Y = $x , ormerum HeroTODEIE €€ CBOBCTEA

¥ TocTpouM rpadux. BeeaeMm mpussraHOe ofosHaueHne: f(x) = ¥x.
1) D{f) = (—oo; +o0) (peudb HEET 0 ecTECTBeHHO ofacTH onpeaee-

HAA PYHEUHH — cM. ¢. 87), DOCKONBKY, XaK MBI OTMETHJH BBIIOE,

KyGudecKnli KOpeHb MOYKEC U3BJETh U3 IGO0 AeHCTBHTEILHEONO YHCJA.

2) y = ¥x — neuernas pyExumA. DTO BHTEXAET U3 LOKABAHHOTO
BRIIIE TOMAecTBa -x = —¥x.

Hy= i‘f; — Bospacramomaa pyHEKnua Ha ayae [0; +00),
B camom gene, mycth 0 € x, < x,; HAM HaZO JOKA34Th, UTO TOTAA

H dz < {/x_z . IIpepnoacyxuM opoTHBHOE, YTO {fx_l - {(x_z . Torga mo

- 3 3
CBOMCTBY IHCJIOBHIX HepaBeHCTR (Q}xl ) > (Q}xz ) ,» T. 8. X, 2 X,, UTO
TOPOTHEBOPEYIUT YCIOBHI). 3HAUHT, HAIle MPEATMOJOKCHHEE HEREDHO, A

LOTOMY {]Z < éfx_ .

Hrax, us x, < x, cregyer, uro f(x,) < f(x,), a 370 03HaUACT BO3pa-
cTaHne QYHKIHH.

4) DyEroua Y = ¥x me OrDaHUYEHA CBepXy Ha jayue [0; +00).
IIpeanmonoskuMm nmporusHOe! cymlecTByer dncaoc M > 0 raxkoe, 4yro gas
moGoro x € [0; +90) BHDOEAeTcH HepaseEeTBo 3x < M. Bossmem

Ha Jay4e [0; +00) Touxy x, = (M + 1)% Toraa f(x,) = (M + 1P =
=M +1 > M. Atax, MK HAILIH TOYKY X,, B KOTOpO# BHIOJHAETCA
HepasercTBO f(x,) > M. JTO NPOTHBOPEUHT IPEANONOKEHHIO O TOM,
ure gAaa a0boro x 2 0 sBEnonadercs Hepapeacrso f(x) < M. Suauur,
Hallé NpPeANOoACMeHHe HEBEPHO, T. €. QYHEKUHA He OrpaHHYeHa
cBepXy. B To e Bpems 0HA OrpaHNUeHA CHH3Y: Ha Jyde [0; +°0) BH-
noNHAeTCA HepaseHcTo ¥ 2 0,

5) HellocpeACTBEHHEBIM CACACTBHEM IPEILIZYIUETO CBOHCTBA ABMAL-
ercs cleAywIee csoicrso: y,,. =0, ¥, . He cymecTByer.

IlocTrponm rpadur QYHRLIUH Y = ¥x ma ayue [0; +0o<). CocTa-
BHM TabauLy 3HaveHmi.
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YUCNOBLIE MYHKLIMK

> "w

A
2 . T2 e
1 11
ol 1 8 x| o] 1 8 x
Puc. 11da Puc. 1146

TTocTpoum Toaxu (0; 0), (1; 1), (8; 2), [3%; 1,5) HA KOOPIHHAT-

Hoit maocxocTy (puc. 114a); 0EM HaMedal)T HEXOTODYIO JAMHHIO,
npoBegeM ee {puc. 1146}, Me1 yunTeiBaeM OpH 9TOM H TO, UTO GHYHK-
NMA BOSPacTaeT, U TO, YTO OH& He OrPaHUYEHA CBEDPXY.
BocnonssoBaBIIHCE TEM, YTO } = 5/; ~— HeuerHada yEKUNA, KO-
0aBMM K rpatdHKy, TOCTPOSHHOMY Ha puc. 11406, BeTBh, CUMMETPHY-
HYI) €My OTHOCUTEABHO Hayasa KoopauHaT, Torna moayInmM Bech rpa-

bux dyuxmun Y = x (pue. 115).
Crolicrea Ppynxuuu y = Yx
1) D(fy = (=003 +00);
Yy = %’/} — HeueTHadA (PYHERINA;

i

VA
9 y=14x
--'"—.-_.—
: g >
-8 1 8 x
I _...-.--""""—'
|
1 1 1
Puc, 115
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3 . HACNOBLIE MYHKLIMM

3) pyEKuUHa Y = é/?c BOZPACTAECT HA BCeH wTHCI0BOH OpsMOii;

4) dyEROHA Y = i‘/; He OrpaHuvYeHa HH CHU3Y, HU CBEPXY:

5) v dyEKOHH HeT HY HAHMMEHBLIIEre, HH HauGoabmero sHaYeHMHIA;

6) dyHKOUA HempepHIBHA HA BCeH 4HCAOBOR MpAMOIL;

7) E(f) = (—o0; +);

8) dyuknmA BunyeJga BHUZ Ha (—00; (] ¥ BRIOYKJAa BBEPX Ha
[0Q; +20),

Hpumep 2. Pemurst ypapHeHHE $x =10 - .

Pemenne. IlocTpome B 0ZHOM cHCcTeMe KOODAMHAT IpadMKh
dyaroul y = 3/} u y =10 — x (puc. 116), ybemxaaemcsa, 9TO OHH
OepeceranTcA B TodKe (8; 2), Tak rak y = 5/3_0 — BO3ZpACTAIONIAA
dyaroEa, a y = 10 — x — yOuBaroman GyeKIUA, 70 ¥ = 8 — egun-

CTBEeHHBIH KOpeHR 3afZaHHOrO ypaBEeHHRA (cMm. c. 120).
OreeT-x=28.

Z)
10
y=10—x
2 A ‘3/; =
_..--"""'--—
0
>
8 10 x
.-—""'"
Puc, 116
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3 . || YACNOBLIE dYHKLMM

y4
x=-1
o
I aanl 7 X
y=-2
——
y=Nx+1-2
Puc. 117

Ipramep 3. Iocrpours rpadu byesnun y = Jx+1 - 2,

Peme nne Ilepeiizem ¥ BeonoMoraTenbHON cucTeMe KOOpAH-
HaT ¢ HAuazmoM B TouKe {(—1; —2) (nyHEKTHpHEIe npaMbe X = —1, y = -2
Ha puc. 117) u «opuBaAxeMs GYEROHIO Y = s/E K HOBOH cHCTeMe Ko-
opaunar, Hoayanm Tpebyemurii rpagpuk (cm. pre. 117).

IIprMep 4, IlocTports E DpoYHTaATh rpabuK byEKIEH

-2 - x,ecam x < -1,
y:
{’/;,ecnnxé—l.

Peme u n e. locrpounm npaMyio ¥y = —2 — x ¥ BO3LMEM €€ YHCTE
npa x < -1 {puc. 118). IlocrpoumM rpabux QyHKOUM ¥ = x u
BO3BMEM ero dacTh OpH X = ~1 (puc, 119). A Teneps 06e mocTpoeH-
HEle JIWHHY PacmojIoiKHUM B OFHOH cucTeMe KoopauHaT (pue. 120) —
270 H GyAer TpefyeMslil rpapux.

IIpouuTaem NocTpOeHHEN Trpadux.

1. B(f) = (=00} +00),

2. DYHRIIUA He ABIAETCA HHU YETHOH, HH HEUETHOI.

3. YouBaer Ha (~°0; —1], BOo3pacTaer Ha [—1; +o0),

4, $yAKIHA orpaEWYeHa CHH3Y M He OrpaHUYeHd CBEpPXY.

5. ¥ dynrnun HeT HaubOJABIIETO 3HATMEHMA, a4 ¥, = ~1.
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3 . YHUCNOBLIE DYHKLIMMK

.’i‘l‘ y‘
y=¥x |
e uu
—1
- o
EANEY x % X
0% —=
N I -t
~
|
\\
~ x=_1
x=-1 N
[ :
Puc. 118 Puc. 119
yA
N,
1 p== [
-
_2 _1 ?_1 x
Puc. 120

6. PYHKUHA HeNpephIBHA Ha Beedl YucAGBOl npAMoil.
T. E(f) =[-1; +oo).

3aBepmaA 5Ty IJaBy, YOOMAHEM ele OJHCO CBOHCTBO, KOTOpOE
rHOTrAA ORIBAET MOJESHBIM IPH MCCAeOBAHWH (DYHKUHM, UDH 0O-
CTPOEHHH ee rpaduKa, IPH PellleHEHH HEPABEHCTE rPahHUIeCKHM METO-
AoM. Peub wAeT 0 npoMexymEax sHAKONOCMOAHCME QYHKYUU, T, €,
O TeX NPOMEXYTKAX OCH X, HA KOTOPHIX (DVHKIMA COXPAHAET MOCTO-
aERBIH sHAK, Tak, AIaA GYHEKUHH, FPad@HK KOTopo#l maobpaken
Ha pme. 120, npomeXyYTKAMH 3HAKONOCTOAHCTBA OYAYT: OTKPEITHIH
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3 - YHCIIOBLIE YHKUWKH

ay4 {(—oe; —2) — speck PYHKUHA TPUHAMAET IOJOMKHTENLHEE 3HAYE-
Hud; (—2; 0) — Ha 9TOM HHTepBaJie GYHKIHA OPHHEHMAET OTPHIIATENAb"
Hele sHaueHus; (0; +00) — Ha sTOM OTKpPHITOM JAy4ue QYHKUMA Hpu-
HEMAaeT IOJQKHTEeNbHRIE 3HAYeHUA.

OCHOBHBIE PE3YIbTATDHI

e B 270l rmase MB HaBeaH OTHOCHTEABHHIN MOPAZCK B HAUIMX Mpex-
CTABJeHEHAX O DYHEKIHNAX, X CBOHCTBAX H rpabHKax, KOTOPLIE
CKISAHBAANCE HMOCTENIEHHO B XOje Ha3ydeHuA aareOpsl B T-M u
8-m Kaaccax.

¢ Mz chpopMyanpoBany oNpejeNeHNs CACTYININY HOHEATHH:
dyERIHA, o0NacTh OMpeaeNeHnA, o0acTh 3HaYeHHH GYyHKOUN;
MOHCTOHEOCTE (BO3paCTAHHAe ¥ yORBaHWe) HyHKIUMY;
OrPAHHYCHHOCTH (PYHKUMHA CHH3Y, CBEPXY,
HaHMeHbInee H HanloJblllee BHATEHHS (QYHKIHH;
YeTHOCTE M HEYEeTHOCTh (PYHKUHH.

e Bil DOSHAKOMUJUCE C Pa3AMYHBIMY CIIoco0amMy sagaHus GYEKUNH,

TaKMMH, Kag:
AHANUTHIeCKHH, rpaduvecknil, TaONMHIHEIH, CIOBeCHEIHR,

s Bol ysHaau HOBHIe MATEMATHYECKHE TEDMHHEL
uyeTHaA (PYHKIHMA, HeYeTHad (HpYHEIIMNH;
crelleHHad PyHKIug.

e Mzl BBeyIH HOBEIE 0003HAYEHNS (HOBBEIE CHMBOJLE MATEMATHYECKOTO
A3BIKA):

D(fy pna obnactu onpepenesua GyEKUUH ¥ = flx);
E(f) pns obnacty sHEazeHuil GyErnmmE y = f{(x).

e By ysHaAM HOBHE MATeMATHYECKNHEe MoAeaH — PYHKOHH
¥y=x", y=x", rge n — HATYPAJILHOE YHMCIO, H QYHKIUHIO }} = -’3/; H
paccMOTpeaH HX CBOHCTBA M TpadHKH.

e Mu oficyzuim reoMerpiueckue ocoGeHHOCTH rpabuka:
BO3pacTapiuel ¢yERIuy, yobiBaronledl QVHEINN,
yerHOH QVHKIHK, HeueTHON GYHKUMH;

OrpAaHWYEHHOH CHU3Y, OrPpAHMYEHHCH CBEpXY (HyHKIHH:
HEIIPpePHBHOR HYHERINK;
BRIIYKJIOH BBepX, BRIOYKJJOE BHU3 QDYHKINH.



FTNABA
4 NPOrPECCHM

§ 15. Yucnosbie nocnezoOBaTrensHOCTH

§ 16. Apungmerudeckas nporpeccus

§ 17. Feomerpuuyeckas nporpeccus
OcHosHbie pesynsTarsi

§ 15. YMCNOBBIE NOCNEAOCBATENBHOCTH

1. OnpefleneHne YMCAOBOM NOCNEAOBATENLHOCTH

PaccMoTpHM UYeThIpe (PYHKITMI:
Lyy=a% xe [0; 1] Hy=x%
2 y=x% xe [0; +oo) Hy=2% xe N.

OHu 3afank ofHOR M ToH e dopMyaoi ¥ = x2, HO ofaacTH onpege-
neEnsa GyEKnuit pasauuHb. B mepeom cayuae D(f) = [0; 1], Bo Bro-
pom — D(f) = [0; +c°). B rpetheM — 00J2CTE onpefereHUA QYHKIIUM
He yKaszaHa. CornacHo gefiCTBYIONIe# B MaTeMaTUKe JOrOBOPeHHOCTH
HOoIpasyMeBaeTcs, 4To B aTOM cayvdae D(f) cosmagaer ¢ o6aacThio
OOpefesIeHNA BHIPAsKEeHUA, 3a7ai0iero PyHKIU, T. €. ¢ 00JacTRIO On-
pefeneHnsa peipasenna 12 D(f) = (—oo; +00). HakoHell, B YeTBePTOM
cayuae o6MacThI0 oupeaeacHEA HYHRUUY ABNAeTeA MHOMecTB0 N Ha-
TypaabHbix qucem: D(f) = N. P'padpuru stux ¢pyHKIUl n200pateHb
Ha puc. 121—124 (8 pasanuHeIX Macmrabax).

Cormnacureck, uTo NepBhie Tpu GYHKUNH Gosee NPUBHYHEL A1 Bac,
Heskesu derBeprad. Ha NporsDreHNE Tpex JeT UayYeHHs anrebpnl B
IIKOJe Mbl PACCMATPHBANH CAMBIE PasHble GYHKIMHM, HO 00618CTHIO HX
olpeeneHd IPAKTHYECKH Beerga ObLa Karo-Inbo IpoMesKyToR Uin
OfBenUHCHIe HeCKORBKHAX NPOMEKYTHOB, a padur GyHROUKE cocToan
13 OAHOH MM HeCKONLKHX CILIOINHBIX JHEME., A KAk 06CTOUT HENo ¢
yeTBeproli dyEruueii? Ee o6racrh oupegeneHUa — MHOXKECTBO Ha-
TYPANbHEIX YHCEA — COCTOHT U3 OTAENLHBIX TOUEK (MATEMATHKH I'O-
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4. MNPOrPECCHMA

BODAT: M3 M30MHMPOBAHHEIX TOWEK): COOTBETCTBEHHO H rpadny (pyHKUWH
COCTOMT M3 OTASIBHEIX ToueK. BOBHMKAET BOIPOC: & HYKHO JH U3Y-
4aTh OYHKIHH, 3aJaHEHEE HA MHOMECTBEe HATYPAJILHEIX YHACE], BCTpe:
9aloTCH M OHH B PEaJIbHOR JKH3HH) TOYHEee, BCTPEYANTCH JIH CHTYA-
UHH, MaTEMATAYECKHE MOAEAHN KOTOPLIX IPeICTABIAIOT coboi QVHEK-
uguH ¢ obnacTeio oupenenerada N7

7Y 9Ay
: /
: /
N 4 ]
1
/
4 1
O 1 ;_ >
| 0] 1 2 3 x
Puc. 124 Puc. 122
Ve | | y‘
\ y=a 16 .
\ y
\ / :
\ / ;
4 o4 |4
\ / Jd !
1 1] '. -
o] 1 2 3 <1 of1234 "
Puc. 123 Puc. 524

137



4. I MPOTPECCHM

Benomanm sagavy uz yuebmrnka «Anre6pa—7». Ha cxnane mmeerca
500 T yrua, Kaxaelll geH: nmoaBosaT no 30 1. CRonbKo yrua 6vaer
Ha CKJaje 4Yepeld JdeHb, 2 THA, 3 AHA, 15 guweidt u 7. 1.7 Ecam 2a x
NPAHATE YHCJIO0 JHeH, g 3a ¥ — KOJHJYECTBO YIJsd (B TOHHAX), TO
MaTeMaTHIECKOR MOJenpio cuTyanun Oylner muuelinas ¢dyEKmMsd, 3a-
AAHHAA Ha MHoMKecTBe N HaATYypaibHBIX THCEN:

¥y = 500 + 30x, xe N.

Ere npumep. Ha 6aHKOBCKHIEA cueT MOMOKHIA ¢ P., DaHK exemMe-
¢AYHO HayuchadAeT p % . CKOJBKO fleHer HA CUeTY CTAHET Yepesd Mecdll,
2 Mecana, 12 mecsiier K T, 4.7 OKa3bIBaeTCA, MATEMATHICCKOH Moge-
ABIO 2TOH cATyauun cayxuar QYHKDuA y=a - 2%, x € N, sgech y —
cyMMa BEJaga (B py0aax), ¥ — 4YHCAO IMOJHBIX MeCALeB, IpoHIen-
IDHX ¢ MOMEHTA OTKPHTHA CUeTa, 4 & - HEKOTOPHI MOJI0AHTENh-
HEIN KosthdHIMERAT, CBABEHHEIH ¢ GAHKOBCKUM ILPOICHTOM P (OOBITHO
HCIONb3YIOT npulaneERyio thopmyny k& = 0,014p).

(rBeT HA IOCTABRJEHHBIA BOIIPOC MBI MOXYYHIN: QYHKIMNN, SAXAH-
Hbi¢ HA MHOMECTBe HATYPANBHEIX wHcen (y = f(x), x € N), HYy™HO
H3YYaTh.

BMecro sammen y = f(x), x € N, o0BUHO HCHOIB3VIOT 3alINCh
¥ = f(n), poroBopuBIIHECEH Pa3 H HABCETHA TOXPA3yMeBaTh B ATOH 3amu-
CH, 9TO apryMeHT n — HaTyparbHoe 4Hcxo (n € N). B paccMorpen-
HBIX BBIIIE HPHMEPAX:

BMecTO ¥ = x%, x € N, MO:KHO 3anHcars y = n?;

BMecto i = 500 + 30x, x € N, moxnHO0 sanucarh y = 500 + 30n;

BMecTO y = a - 2%, x € N, MOxHO 3amucaTh y = g - 2%,

M eme BOT 0 weM ZOTCBOPHINCH MATeMaTHKH: ecau ¥ = f(n), 1o
Buecto f(1) Oyaem mucath y,, BMecto f(2) — y,, BMecto f(3) — y,,
BMecTO f(n) - y_ ¥ 7.1, 3HaYEeHHA QYHKIUU ¥ = f(n) MOXHO 3amu-

caTth nocrefosamenvro oguo sa ppyram; f(1), f(2), f(3), ..., f(n), ...
HAH, B COOTBETCTBHA ¢ YKA3QHHON BRIE JOTOBOPEHHOCTBIO, Y, Y,
Ygs rees Yoo +o - Hanpumep, pana dyRKnny y = n? nmeem:

y,=1=1;

y,=2'=4;

y, =8 =9;

y,=4*=16mur. a.
Ilony4yerHble BHAYEHMA MOMKHO BaHCATh 7i0CAed08ameavHo OZHO 3a

APYTHM:
1,4, 9,186, ..., 1% ... .
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4. MPOTPECCHA

Uucno 1 B 270l Zanmcy HAXOZWTCA HA NEpBoM MecTe, 4 — Ha BTO-
poM, 9 — Ha Tpernem, 16 — Ha yerBepTOM, a n® — Ha n-M MecTe.

Onpegenenne 1. ®ynrupmo y = f(x), x € N, HasuBaioT (GyHK-
nHell HATYpANBRHOTO APTYMEHTA WY YHCIOBOH MOCAeA0BATeBHOCTEIO
u 0003HANAIOT ¥ = f(7) UK )5 Yoy Ygs ovns Yy oee o

SHayeHud ¥, ¥,, Y, (U T. A.) HASHLIBAIOT COOTBETCTBEHHO Nepevii,
émopeia, mpemblis (X 1. 4.) wreHary nocredosemerviocmi., B cum-
BOJIE Y, MHCJIO 7I HAShIBAIOT uHIeKCOM, KOTODHIT 3aJ8eT IOPAJKOBEIHA
HOMED TOTO UWJIKM UHOTO WiIeHa mociaegoBarenbHocty. Huorma ana obo-
3HAYCHHA IOCIEAOBATEILHOCTE ECOONL3YETCH 3amuch (¥,).

MHorotounsa B 0Go3HAYEHUY MOCJIEOBATENEHOCTH (UMEETCH B BUAY
BANACE Y,y Yys Yyr ++0s Y, ---) OZHATUAIOT, YTO OpPABEE Y, PACOONATAIOTCS
IanbHefilIde YIeHE IOCACOBATEeNLHOCTH (¥, Yy Yo B T, 4.), PAAOM ¢
¥, HaXo#ATed (a B cayvae HeoOXOZMMOCTH U 3ANMCHIBAIOTCA) I, , (cye-
Ba) u y, ., (copasa). Yneny y, _, NpefIIeCcTRYET ¥, _,, 4 34 ¥, , CHely-
ery,, ,uT. I

Jna o6o3HAYEHNA WIEHOB MOCHEHOBATEALHOCTH MOTYT MCIOIL30-
BATHCA PASIHYHEIE GYKBHII X, Xy Xy eery Xy cees HIH &)y By Bgs ooy
8, b, b, by, ..,b,. . nrm

Kax usBecTHO, GYHKIHA MOMeT OHTL 33jaHa PasITUHBIMH CITO-
cobamMK, HaIpUMep aHanmTH4YecKy, padmyecky, CIOBECHO U T. A.
(cv. §9). IlocnemoBATENEHOCTH TOME MOMHO 3S7ABATH PABIHUHBIMI
coocobaMm, cpefu KOTOPHIX 0COGEHHO BAMKHEL TPU: QHAAUMUYECKLIL,
CROGECHLLE U pPekyppermubiil.

2+l

2. AHanMTMuecKoe 3afjaHue
NOCNeA0BaTEeNbHOCTH

ToBeparT, 9ro DOCKENOBATENLEHOCTE BAJAHA GHAAUMULECKU, €CIH
yxazaEa opmyna ee n-ro wiesa y, = f(n).

ODpamep 1l y, =ni OT0o aHATHTEYECKOE 3a0aHUe IIOCACAOBA-
renmsHOCTE 1, 4, 9, 16, ..., R%, ..., 0 ROTOPOH WA pedl BHIIE,

ViasaB ROHKPETHOS 3HAYEHHE R, HeTPYAHO HATH YJIeH OoCAeno-
BATEJIBHOCTH C COOTBeTCTBYHOmEM HoMepoM. Ecak, Hanpumep, n =9,
To Yy, = 9%, T.e. y, = 81; ecnut n = 27, 10 y,. = 273, T. €. Y, = 729,
Hanmporue, ecau B3AT ONPEREJICHHLIN YJIEH OOCHEZOBATENLHOCTH,
MOMHO YKasaThk ero Homep. Hampumep, ecan y, = 625, To us ypasue-
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4. MPOTPECCHN

Hud n? = 625 naxoaum, yro n = 25, 310 3EauyT, vwro amneao 625 maxo-
AurTca Ha 25-M MecTe 9TOH MOCAeAOBATENBHOCTI.

1
Ilpamep 2. y, = (—1)"; . Ameem DociiefoBaTENbHO:

B=CD =L
V= C1F - 5 =55
¥y = (-1 - %=—%;
Y=L = 5

--------------------------

Taxum 06[)3301\{, noaydaeM nDoc/jaed0BaATEIIEHOCTD

1 1 1 1
_la E; _§$ Z; seey (_l)n.;’ e s

SaMeTuM, 4TO 3TY IKE LOCHCACBATENLHOCTE MOMHO OLIIO 397ATH
AHANUTHYECKH B BEAC Kycounolt dyuxnmy y = f(n), rae

1
—=, €CAE I — HEUETHOE HATYDAIBHOE YHCJIO;
n
f(n)= 1

—, €CJIV A ~ YeTHOE HAaTypPaJLBHOe TTHCIO.
n

Kax u B npeangynieM IpuMepe, HeTPYAHO HaliTi uieH mocaeaora-

1 1
TEJBHOCTH ¢ 3afaHHLIM HoMepoM. Hanpuwmep, y,, = TR TR
IHIpumep 3. y, = C. I10 sHAYUT, YTO Pedb HACT O HOCHEAOBA-
TensHocrr C, C, C, ..., C, ..., KOTODYX HAZKIBAKOT CTRAYLOHADHOIL.

IIpumep 4. y, = 2" Dro aHATRTEIECKOS 38JaHHE HOCTCHOBA-
rexpHocTE 2, 22, 2%, 24, ..., 2%, ...

Kax pmpure, sHaA GopMyay 7-T0 WieHA LOCIEZOBATEILHOCTH,
HeTpyAHO HAilTH ¢e¢ UepBBIM, BTOpo, TpeTHil ywieH B BOOOIOE Jr0GOH
YJeH ¢ YKa3aHHEM HoMepoM. 'opasio TpyhHee, HO 3aTO H HHTEDEC-
Hee PeImaTs OOPATHYIO 3aJA9Y: Y& 1 Bl B & T b BOSMOMKHYIO (hopMy-
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4. NPOrPECCHM

Iy n-TO 4IcHa MOCHEAOBATENLHOCTH, AJA KOTOPOH YKa3aHo HECKOJILKO
HAuaabHKX uneHoB, IIpuBefem mpumepn! Taroro yragsieanug. [Ipm
9TOM IPUXOZUTCH IPEANMOIATaTh, YT0 00HADYKeHHAA 3aK0HOMEePHOCTh
OpuCyIla BCell moCIef0BATENLHOCTH,

Hpumep 5. 1,3,5, 7,9, ...
31eck y_ = 2n — 1 (MOCKe0BATEIbHOCTL HEYETHHIX WHCEI).

Hpumep 8. 2,4, 6, 8, 10, ....
3aeck y, = 2n (DOCTeROBATELHOCTE YSTHEIX HECEN).

IDIpumep 7. 4, 8, 12, 16, 20, ... .
Sueck y, = 4n.

Hpumep 8. 7,11, 15, 19, 23, ....

Kaxaui#t uneH sroil mocnefoBarenpHOCTY Ha 3 GoApllle coOTBET-
CTBYIOIEr0 WieHaA NOCACAOBATENBHOCTH K3 OPEALIAYINETC NpHMEepAa.
duauwT, y, = 4n + 3.

Ha puc. 125 uzolpaken rpadux nocrefoBaTensHocTH Yy = 4n + 3,
T. €. rpadur byeEKIUM y = 4x + 3, x € N. OH cocToNT K3 TOUEK IpH-
Mot y=4x + 3 cabcupccamm x =1, x=2, x=3 a . 1.

7N !

19+

-

114

-3
. a

[TF Sy S =
b

[ZE .

'

Puc. 125
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4. NPOrPECCHM

2 3 4 b 6
Dpumep 9. 1°2'9°16° 25°
+1
3aect Y, mﬁn-; (mposepetel).

IIpamep 10. 1, 2, 4, 8§, 16, 32, 64, ... .
3aecs y, = 2"

3. CnoeecHoe 3afjaHMe NOCNEROBATENBHOCTH

CYTI: BTOTO Cnocoeda 3A0AHHA NMOCRSAOBATENBHOCTH IMTOACHHM Ha

npumepe. M3pecTHO, uTo /2 = 1,41421.,. . C 2TUM UDPPAUUHCOHANL-
HBIM YMCJIOM MOMKHC CBASATL PasSHEIE IOCIEAOBATENLHOCTH!

1) moce JOBATEIEHOCTE AeCATHYHEX TDUGIMMKEHHE UMCya ﬁ o
"Hepoctratky: 1, 1,4, 1,41, 1,414, 1,4142, 1,41421, ...;

2) necnemoBATENBHOCTL AECATHYHLIX NPUOIHKeHNH YHcaa JE mo
uabeITRy: 2, 1,5, 1,42, 1,415, 1,4143, 1,41422, ...;

3) mocuenoBaTEeNLHOCTh ASCATHYHEIX 3HAKOE umena 1,41421...:

1,4,1,4, 2,1, ....

Bo Bcex Tpex caIyYasx MPABHJIO COCTABNECHHA IMOCICHOBATENLHOCTH
OIIMCAHO CJIOBAMH (He (hopMynoii).

Eme oguH OIpuMep — IOCJAEA0BATENBHOCTh NPOCTEIX YHCEJE:

2, 3,65, 7,11, 13, 17, 19, 23, 29, ....

TlocnegoBaTenBHOCTE 38KAHA CJIOBECHO.

HaxomxpeHne aHAJTHTHYECKOTO 28JaHHA HOCHIELOBATEJBHOCTH IO
€€ CIIOBeCHOMY ONHCAHEIO yacTo OuiBaer ciroxHoill (a mHOrAA B Hepags-
pemEMO) 2agaveii.

4, PeRyppeHTHO® 3aflaHne NOCNeAOBATENBHOCTH

Baxxerifi 14 oprutomennit coocol 3afaHnA [OCAEKOBATENBLHOCTH
COCTOMT B TOM, YTO YKASBIBAETCHA NPAGUI0, NOIGOARAIOULEE GHINUCIUMD
n-{t yaen nocaedosamenvHOCMU, eclit UasecmHbi ee npedvidyuiiie waeHbt.
Ilpn BHYKCIEHNE YJIEHOB NOCASHOBATEIBHOCTH 110 STOMY IPABIIEY MEL
Kak Gbl Bce BpeM#A BO3BpAlIaeMca Hasald, BHIACHAEM, YeMY DABHEBI IIpe-
OpIEyiIHe yaeHH. Taxol coocol 2amaHnusa moC/e0BATEIbHOCTH HASH-
BAOT pexyppermuuid (OT AT, recurrere — BOSBPAIIATBCA). daue Brero
B TAaKKX CAYYAAX YHKASHIBAIOT QOPMYIY, NO3BOJAIOIIYI0 BEIPAZHUTL
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4. MPOTPECCHM

n-# WIeH NMOCAeJ0BATENBHOCTH UEDes NMpPeALINYINHE, K 3aJa0T OXHH-
JBa HAYAALHEIX YI€HA MOCHeNOBATEALHOCTH. IIpHBeAeM TpHMepEl,
Dpumep 11 y =3y, =Yy _,+4, eccimn=2, 3,4, ... .
WHEiMu croBaMHu, 7i-f WieH NOCIELOBATENEHOCTH IIONYIACTCH U3 IIpe-
aegyinero (n — 1)-ro wiena opEOABICeHHEM K HeMY 9Hcaa 4.
Pmeen: y, =8
¥,=y, +4=3+4=T,;
y,=y,+4=7+4=11,
Y, =y, +4=11+4=15m 1. 5
TeM caMEIM IOAYI86M DOCIELOBATEILHOCTE
3,7, 11, 15, ... .

3aMeTHM, Yr0 5TV OOCIELOBATEABHOCTL HETPYAHO 33JATh 8HAJIHTH-
qecku: Y, = 4n — 1 (oposepbrel).

Hpumep 12. 3, =3y, =2y, ,eciun=2, 3, 4, ... . Aunmu
CJIOBAMH, R-#1 YJeH NMOC/IeROBATENIFHOCTH IOAYYAETCA U8 NPEILIIYINETO
(n—1)-rc ywreHa yMHOMXKEHHEM ero Ha 2.

Hmeem: ¥, =3
y,= 2y, =2-3=6;
¥,=2y,=2.6=12;
y,=2y,=2-12=24ur. A
TeM caMBIM MOJYYaeM IOCAEAOBATSIBHOCTD
3, 6,12, 24, ....

BaMeTHM, UTO H 3AeCh HETPYAHO mepefiTh K aHAAHTHYECKOMY 3aJ8-
HKIO DOCHeAOBaTeNbHOCTH: ¥, = 3-2°~! (npoBepbrel).

Opumep 13. y,=Liy,=Liy =y, ,+y,_pecmun=3,4,

5, ... . IHEIMHM CJIOBaAMH, R-H YIeH NOCIeEOBATENEHOCTH DABEH CyMMe
ABYX DPEAIIECTEYIOMIMY eMy YJIEHOB,
Hmeewm: y=1
y,=1

Yy, =y, +y,=1+1=2;
Y=y, +ty,=1+2=3;
Y=y, +ty,=2+3=5;
Y=Y, +y;=3+35=8 ur &
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4. MPOrPECCHM

TeM caMbIM HOAVHAEM IOCIASLOBATEABHOCTE
1, 1, 2, 8, 5, 8, 13, 21, 34, 55, ....

DTy DOCHeROBATENEHOCTE CHIENEANLHO H3YYAIOT B MATEMATHKE, 110~
CKONBKY OHA o0majaeT HEJHM PAACM HHTEpPECHBIX ¢BoiicTB. Ee Ha-
BHIBAKT NOCAedogamentHocmblo Pufonayyy — 1o UMEeHM HNTANbBAH-
croro Maremaruka XIII B. 3aAars mocaefoBaTeNbHOCTE PHGOHAGYH
PEKYPPEHTHO JIETKO, 4 aHANHTHYECKN — TPYAHO (OHA 3a1aeTcs ¢ mo-

1 ({1487 (1-VBY
- :

MompbI0 GopMynn Buné: y, = == -

75 2

Cpefu pexyppeHTHO 3ajaHHHZX MOCAe/I0BATIBHOCTEN 0C000 BRI-
JeJAITCA ABa Hanbojee OPOCTHIX H B TO K€ BPeMdA BAXHBIX CIyYad.

lleppHifi cavuafl, ¥YKasaH mepsrlit wWieH IOCIENOBATENLHOCTH Y, = @
K 38/1aHO PeKYPPeHTHOe COOTHoIIeHue §, =y, _, + ¢ (a u d — qucma),
rae n=2, 3, 4, ....

Bropoii cayuail. Yrasan IepBBIi YI€H IOCAEA0BATCIBLEOCTY ¥, = b
4 337aHO PEKYDPEHTHOe COOTHOWerue ¥ =y _ + ¢ (b u g — umcna),
roen=2,3,4, ...

B nmepeoM caydae TOBOPAT, UTO 344aHA GPUPMEMULECKAR npoZpec-
cus (cM. Beie npumep 11, speck ¢ = 3, d = 4). Bo Bropom ciyuae
TOBOPAT, YTO 384AHA 2E0MENMPUUECKAR NPOZpeccus (CM. BBIIIE OpPH-
mep 12, spece b = 8, ¢ = 2). IlogpobHee o mporpeccEAX pevysb moiaeT
HImxe, B § 16 1 17,

5. MOHOTOHHBIE NOCNEAOBATENBHOCTH

YwrcaoBad NOCHELOBATEALHOCTE — YACTHRIH CHAyYall YUCIOBOM
GYHKIMYE, 8 NOTOMY HEKOTOPEE CBOHCTBA YHKIME pacCMATPHBAKT
U gas nocxezoBarensHocrell. MBI orpaHMYMMCH 37eCh JIMIIE CBROMH-
CTBOM MOHOTOHHOCTH (0 ZPYTHX CBOHCTBAX MHMCJIOBEIX IIOCJEIOBATENL-
HOCTell peus moiiger B 10-M Kjaacce B Kypce «Asnrefpa @ HAYAIA MAarte-
MATHYSCKOr0 AHAJIN3A» ).

Onpeaenenue 2. NocnenosaTenbaecTs (y,) HASKIBAIT BOZPAC-
Tapmel, ecan KamAgull ee wiedH (KpoMe mepsoro) Ooabllie npe-
ABAYINETO!

YL <Y<Yy <Y< e <Y, <Y, e
Onpegenenne 3. TlocnenoBarenbHOCTS (y,) HASHIBAIOT yORIBA-
1oLed, ecau Ka kbl ee WieH (KPOME IEPROTO) MEHBIIE MPEALIAYILETO:
VP Y P U Y, > e Y, Y 0 > e
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4 . NPOTPECCHM

Boapacraromue 1 yORBAOIMe TOCISROBATEIBHOCTH 0OBegHHAIOT
OGID;HM TePMHHOM — MOHOTOHHBIC HOCHETOBATEABRHOCTH.
IIpumep 14. 1,3,5, 7, ...,2n -1, ....
OT0 BO3PACTANINAA TOCIASJORATENIRHOCTE,
1 1 1 1
NMpumep 15. 1, 20 B AT e
9ro yOBIBAIOINAA HOCAEAOBATEILHOCTE.

Mpamep 16. 1, —%, %,—%, o DL =

OTa MOCEA0BATEILHOCTE He ABIACTCA HI BO3PACTAIOINEH, HE yORI-
Baiomed (HeMOHOTOHHAA MOCIEZOBATEILHOCTE).

Mlpumep 17, y = 2=

Peur nger o nmocaegoBaTensHocTx 2, 4, 8, 16, 32, ... . 9To Bospa-
CTAIOIAA NOCJEHOBATEALHOCTD,

Boobwe, ecau a > 1, mo nocaedoeamensrocms y_ = a" 603pa-
cmaen.

1!'5
IIpumep 18. y = {E) .

b LS U R W
¢k NIET O MOCAGOBATENRHOCTH 55 o'y 5y gy s -+ » OTO YORL

BAIOIMAA IIOCHECTOBATENRHOCTD.

Boobme, ecau 0 < a < 1, mo nocredosamenvrocmsy y, = a" ybviea-
em.

§ 16. APUDMETMYECKAS NPOTPECCHS

1. OCHOBH:I@ NOHATHA

Onpeagenenne. UncaoByI0 IOCHEOBATENLHOCTD, KAMK-

OB YAeH KOTOPOil, HAYHHAA CO BTOPOrO, PABEH CYMME IpeIblayIne-

TO UJMEeHA M OJHOIO M TONO e 4ueaa d, HasnIBaloT apadmermieckoi
nporpeccaei. IIpa aToM anemo d HABKBAIOT Pa3HOCTBIO OPOIDECCHH.

Taxnm o6pazoM, apudMeTHYeCKAS IPOTPECCHSI — 9TO YUCJHOBAH
MOCTEAOBATENLHOCTD (@ ), 3843HHAA PEKYPPEHTHO COOTHOLICHHUAMM:

a,=a a=a_, +d
(n=2’ 39 4; '”]

(6 u d — 3agaHHEIC YHCIA),
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4. II MNPOrPECCHM

Mowmkao a1, rIAAA Ha YHCHOBYIO IOCKEJOBATEJALHOCTE, ONpene-
JUTh, ABJIAETCHA JH 0HA apimermuecKoii nporpeceneii? Moxkao. Ecan
BBl yOGEZHANCE B TOM, UTO PAZHOCTL MEXAY JIOOEIM UJIeHOM
NOCAEeAOBATEABHOCTH H IPEeAMIECTBYIOIMEM €My WJIEHOM IOCTOXHHE
(r.e.q,-a,=a,—-a,=a,—a,=..), To nepe] BamMu — apupmeTHIe-
CKadA NporpecCHi. PasyMeeTcH, OIPH 3TOM IPEAIONAracTcd, uTo obHa-
PY:KeHHANA 3AKOHOMEPHOCTE CHOPABEAABA He TOJILKO AJAH HBHO BEIIN-
CAHHLLX YWIEHOB IOCHEIOBATEALHOCTH, HO K AJS BCeH IOCHEeIOBATENL"
HOCTH B IEJOM.

Hpamep 1. 1,3,5, 7,9 11, ...

210 apudpmMeTnvecKas nporpeccad, ¥ Kotopod ¢, = 1, d = 2,

MMpumep 2. 20, 17, 14, 11, 8, 5, 2, -1, 4, ... .

9o apudMerutecKas Hporpeccmd, ¥ Koropok a, = 20, d = -3.

IIpumep 3. 8,8,8,8,8,8, ....
9o apudMeTUuecKas Nporpeccus, ¥ Koropoit a, =8, d = 0.

OueBHAHO, uTO GPUPMEMULECKAA RPOZPECCUA RBAIEMCA BO3-
pecmanpuwell nocaedosamervrhocmo, ecauw d > 0 (cM. nmpumep 1), u
youeawweit, ecau d < 0 (cM, npumep 2),

Ana 060sHAYEHUSA TOrO, UTO MOCHENOBATENLHOCTH (4,) ABIAETCH
apudmMermaecKkoit nporpeccuedl, nHorga GrrBaer yAobHA CACKVIOMAS
SANHUCH:

=By Gy Byy vaey Bs vn s
BHAYOK + 3aMEHHET CIOBOCOUETAHHME «apH{MEeTHIeCKad TporpeccHas.
Ecnu 8 apuMeTHuecKo#l nporpeccui oTGPOCHTEL BCE YJIEHEHL, CJie-

AYIOUINE 38 KAKAM-TO KOHKPETHRIM YICHOM IIOCTEAOBATENILHOCTH, HA-
IpUMeEp 38 G, TO NONYUNTCH KOHEUHAR apUDMemuyecas npozpeccus

S S F SO 2N
Huorna B KoHeuHoH apupMeTHYCCKOM IPOrpPeccHH YA0GHO 3AIHECEH-

BATE He TOJABKO HECKOJALBKO YJACHOB B HAYAIE, HO H HECKOJBKO TIICHOB
B KOHIe, HAIPHMEp TAK:

O O T S MY - I

B ganrHelmmnx myHxTax sroro maparpada paccmorpim Haubosee
BA)HbBIe cBOlicTBa aprdMeTHuecKoll IporpeccHH.

146



4. MPOTPECCHM

2. MopMmyna n-ro uneHa apupmeTHYeCKOH NPOrpeccHu

Cnocof 3afaHud apuMMETHIECKOH OROTPECCHH, 0 KOTOPOM KAET
pedk B onpeldelcHUH, ABAAECTCA PeXyPPEeHTHRIM. Bo MHOrMX ciayua-
AX OH HeyHoOen: UTOOL BEIYMCINHTL, HANDUMEP, 4&,,,, Ha0 NPeABADH-
TeJLHO HAlTA NpeliecTBYOIME 39 uleHOR TOCASAOBATEIBEEOCTH, ITY
BHAUCAETEABEYID PAGOTY MOJKHO CYIIECTREHHO yIPOCTHTh, CTH yia-
cTcH HaiTh GopMyny n-ro 4yjgeHa, T, €. TepedTH K AHATHTHIECKOMY
3aJaHHIO apH(pMeTHEYECKOH NMpOrpeccHH.

PaccMoTpuM aprpMeTHIECKYI0 TPOTPECCHIO & 5 Gys Bgs vves Qpy o
¢ pasHOCThIO d. Umeem:

a, =a,

a,=a, +d,

a,=a,td=(a, +d)y+d=a,+2d,
a,=a,+td=(a +2d)+d=a +3d,
a,=a,+d=(a, +38d)+d=a, +4dur A

Herpyano moragarbed, uro Zad Jaoboro HOMEPA 7 CIPABEAJIHBC pa-
BEHCTBO

( a,=a +(n-~1d ) 1)

3o opmyaa N-20 HACHA APUPMEMULECKOl npozpeceu.

BaxrHoe 3zamevanme. «HeTpypHo porapatbca», «MOMHO coobpa-
34Tb2 M T. . — 3TC CTMIMCTHHECKHE OBOpOTE M3 OBNACTH MHTYULMM,
[OragkM, o3sapeHus. PazymeeTca, MaTeMaTHKH MMM NOMbAYIOTCA, HO B OC-
HOBHOM [f1f OTKPLITHA KaKWX-TO HOBbIX (HaKTOB, a He ANA Mx oBOCHOBaHUA.
Qopmyny {1} Mbl «npouyecTBOBanU», HC He obocHosanu. Mpusegem (ons
MHTERECYIOLMXCA) AOKA3ATeNb TR,

Ecnv n= 1, To &, = a, + (1 — 1)d — BepHoe paseHcTsO, T. €. Op-
smyna (1) gna n = 1 sepHa.

Mpepnonoxusm, uto dopmyna (1) BepHa ana HaTypansHOro YMcna
n=k, T. e. NPeANONOXUM, YTO BEpHO paBeHcTeo 8, = a, + (k — 1)d. Hoka-
wem, uto Toraa chopmyna (1) BepHa u ans Chegylolero HaTYPanbHOro YMena
n=k+1,7. e gokaxem, utoa,  =a, +kd.

B camom gene, no onpepenexHvic apUBMEeTHHECKOH NPOorpeccHu
a ., =8 + d Oanee nmeem:

k
a, . ,=a+d=(a + (k- 1)d) +d=a, + kd.
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4. MPOTPECCHM

A tenepe cmoTpute: gna n = 1 copmyna (1) erepra (aTo Mbi npose-
pvnm). Oanee mebl gokasanu, uto ecriv popmyna (1) sepHa gna n=k, 10
oHa BepHa u ans n = k + 1. Bocnonbayemcs 3Tnm: cdopmyna (1) sepra
ana n =1, 3HaUMT, OH3 BEPHa M ANA 1 = 2, TaK KaK OHa BEPHA afia n = 2,
TO OHa BEpPHa W ANA 1 = 3 1 T. 8. 3naumt, chopmyna (1) sepHa ana niwboro
HaTYPanbHOro 4MCRa A,

MpreepeHHbId METOR PACCYXKAGHWIH HOCUT HA3BAHWE <METC[] MaTe-
MBTHYECKOH HHAYHUMMS,

Hepenmmer dopMyay n-ro uieHa apubdMeTHyecKol Iporpeccuu
a,=a, +(n-1)d B suge g, =dn + (a, ~ d) u BBegeM 00ozHAYEHHA:
a,=Yy, a,— d =m. Iloxyunm: y = dn + m, uan, noapobee,

yg=dx+m, x€N.

3HaunT, apubMeTHIECKYI0 MPOrPECCHI0 MOMKHO DACCMATPUEBATE KAK
auneiinyno pynryuio (y = dx + m), 3adannyo na muoxcecnee N na-
MYpParbHulx Yicer. Yraoroil Kosdpduiinent arofl auHelinol byHRIUN
paseH d — pasHoCTH apudMeTHyecKoli nporpeccnu, Ha pue. 126 cxe-
Maruuecku usobpaswen rpadmEk apndMeTmUecKoil mnporpeccuu (a1
caydad, Korga d > 0) — usoNupoBaHHble TOUKY Ha TpAMON ¢ afciuc-
caMmrx=1,x=2,x=3=z . 1.
BepreMmca K npumepaM 1 u 2, pacCMOTPEeHHWM RBEINIE,
1)1, 3,5, 7,9, 11, ... . 3ro aprdMeTHUECKAA IPOrpeccHd, ¥ Ko~
Topoi @, = 1, d = 2. CocTapum GopMyJay n-ro UIeHA:
a =a +(n-1)d;
e=1+(n-1)-2;

a =2n-1.
YA

.dr'”—
ﬂ'l,__.

11 _ .7;"5;"
L 2 | oY T_‘J .
o oY 6 9 | x

Puc. 126
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4 . NPOrPECCHU

(BamernM, 4TO 3TY (OPMYNYy HETDYAHO OBLIO Yrafarhb, FIAZA HA 34-
AAHHYIO [TOCJIeR0BATeIbHOCT: HedeTHEIX uucen 1, 3, 5, 7, ... .)

2) 20, 17, 14, 11, 8, 5, 2, -1, ~4, .., . 910 apudpMeTHIECKAH IPO-
rpeccus, ¥ KoTopo# ¢, = 20, d = ~3, CocraBuM Gopmyny n-ro wiesa:
a =a, +(n-1)d;

a, =20+ (n-1)(3)
a =23 ~ 3n.
NDpamep 4. Jaga apamdMeTAYECKAE IPOrPECCH
Qs By By eeey By e
a) Ussecrro, uro @, = 5, d = 4. Haiiru a,,.
6) Hasecrno, uro @, = -2, d = 3, ¢, = 118. Haditu n.

B) Hasecrro, uro d = -2, a,, = 83. Halltu a,.
r) Hsgeecrro, uro a, = 7, a,= —35. Haiitu d.

P e m e 5 1 e. Bo Bcex cayuadax B OCHOBE PeImeHUA JIEHKUT dop-
MyJa n-T0 dieHa apudmerndecroil nporpecesu:

a =a +(n-1)d.
a)a,,=a, +21d=5+21-4=289.
6)a,=a, +(n-1)d;

118 =-2 +(n - 1)-3;
118 = 3n - 5;
n=41.
B) a,= a, + 38d;
83 = a, + 38-(-2);
a, = 159.

r) ¢~ a, + 14d;
-85 =17 + 144;
14d = —42;
d=-3.
Oreer: a)a,=389;6)n=41;8)a, =159; r) d = -3.

Dpamep $H. lpu fenenmu geBaTOre wieHa apudmeTiuweckoi
IpPOTPECCHA Ha BTOPOI ee YWIEH B YACTHOM ITOJXYIaeTcs T; OPH JeleHIH
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4. APOTPECCHA

ZecATOrQ 4lieHa nporpecCHH Ha eg OATHHM 4ieH B YaCTHOM moJgay4a-
ercd 2 1 B ocrarke 5. Hafitun geasnarTeiil uieH aTo#l mporpeccu.

Pemenue. Ilepiti sran. Cocmasiente Mamemamurecroil
Moderxil.

Yenopas 3a43YHd MOMHO KPATKO 3AIIHCATE TAK!

1)+a,a,;a,..a,..;

2) a, = Ta,

3) a,, = 2a, + 5.

BocroasszopaBmuck (HeCKOABKO pas) dopmysoi ni-ro wieHa apud-
METHUECKO TpOorpeccus, IMOJMYUMM:

a,=a, + 8d,
a,=a, +4d,

a,=a, +9d,
a,=a, +4d.

Torga sropoe ycinoBue sagauu (@, = 7a,) MOXKHO 3anucatb B BHAE
a, +8d="Ta, +d),
T, €.
d=6a,
Tperwe yeaoeue sagaqn (4,,= 24, + 3) MOXKHO 3anucars B BUIE
a, + 9d = 2(a, + 44) + 5,

T, €,
d=a, +5.

B uTore moxydaeM o9€HB IPOCTYIO CHCTEMY JBYX JHHe#HEIX ypaB-
HEHMI ¢ ABYM#A MeDeMeHHRIMU ¢, # d:
d = 6a,
d=a +5,
KOTOpasd E COUeTAHHH C 3AMHCAHHEIM BBHINIE VCJI0EHEM 1) M nmpeacras-
adger cofoll MaTeMaTHYeCKYI0 MOZeNb 3aJad#.
Bropoit srag. Patoma ¢ cocmasrenmoli Modenvio.
Pemus cucreMy, noayqum: a, = 1, d = 6.
Teneph MR MOMEM 34IHCATE APHMPMETHUECKYIO TPOTPECCHID
1, 7, 13, 19, 25, 31, ... .
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4. “ NPOrPECCHN

Tperufi a1an. Omeem Ha sonpoc 3adadii.
Tpebyercsa BLINHCAATE &, HMeeM: g, =a, +19d=1+ 19.6 = 115.

OrserT: a,=115.

3amevanne. B paccmoTperHom npumepe peds LiNa O KOHKPEeTHOM
MATEMATUYECKOH MOAENK — apumeTHieckon nporpeccuu. Mepsei stan
peLlUeHHA Mbl HA3BANK,; Kak OshHHO, ACOCTABMEHME MATEMATHUECKON MO~
penu». MNonydaeTca, YTO mbl COCTABMNIM MaTEMATHMHMECKYIO MOAENL ANA
martematnyeckon moaenn. Kak 3to nodnwmare? deno 8 tom, uto npu pe-
LieH4H 3aga4 OuveHb Y4acTO NPHUXOOMTCH 3aMEeHATb OOHY MaTemMaTHHYeCcKylo
mogens apyron, Gonee npoctok. Tak 0SCTONT ABNO U B PACCMOTPEHHOK
330a4€: MATEMaTHHECKYIO MOfenb, ohopmneHHyo B Buge yonosuin 1),
2) n 3), Ham ypanock 2amennTs Gonee NPMBLIMHOK MOAENbIO — CHCTE-
MON YPaBHEHMI,

3. Dopmyna CYMMbl YNEHOB KOR@YHOM
apwdhmemiecHon NPOrPeccHm
Ilyers gama KoHeyHAs ApUMeTHYECKAd [POTPECCH:
A By Qyy oees G,y G, @,
OGoaga4uum 4yepes S CyMMy ee UjI€HOB:
S =a+a,+ae,+...+a _,+a

4 ta,.

PaccMOTpHM KOHKDPETHHIH upmmep orhickanus S,. Jlana xomew-
HAH apmdmeTAdecKan nporpeccus 1, 2, 3, ..., 98, 99, 100. Cymmy ee
YWIEHOB BHYHACAHM CIeAYIONIUM o6pasom:

S=1+2+3+..+098+99+100=
= (L + 100) + (2 + 99) + (3 + 98) + ... + (50 + 51) =

= 101 + 101 + 101 + ... + 101 = 101.30 = 5050.
50 crareemeix

IIpumMepHO TA Ke HAEA HCOOJBIYETCH ANHA BRIYHCACHHA CYMMEL
YIEHOE NPOHSBOJBHOHE KoHeuHOH apmbmerwueckoll nporpeccud.
AAA HAYANA 3aMETHM, UTO

a2+an_1=a1+au.

151



4. NPOrPECCHA

B camMom pene, mo onpefedeHHX apuMeTHUECKOH NpOrpeccun
a,=a +d, e _ =a —d. 3EavuT,
a,*a, =@ +d+@ -d=a +a.
AHAJOTHYHO MOMXHO YCTAHOBHTH, WTO
a,+a, _,=a,+a _,=a +a

2 1

H BooOINe CYMMA “JAeHE, HAxo0AUez0ca HA k-M Mecme om HAYLARG
KOHeYHOil apupaemuseckoil npozpeccul, U YACHA, HAX00AIEZ0CA KA
k-M mecme om ee KOHUG, POBHA CYMMeE Nepe0so U nocledHezo YAeHOs
npospeccuu: a, + @ =q +a,

n—k+1
Teneps Berancaum S . Mmeen:
S,=a,+a,+a,+..4+a, ,+ta _,+a,
S =a+a ,+ta ,+..+ta,+a,+a,.
CI0MHE 2TH ABA PABEHCTEA, IOJXYYHM!:
28, =(a,+tae)+ @, +a, )t(a,+a )+ ..
e t(a, ,ta)+(e, _,+a)+(a +a)

B nparoif 4acTH paBeHCTBA 7t MAD CIATAeMBIX, KAKAAA Iapa, Kax
MEI YCTAHOBWJIH BEHIIIE, DaBHA @, + &,. SHauwuT,

28 =nla, + a,);

_ ne +ay)
(Lo )

IT0 PopMYyRA CYMMbL NEPELLY N LAEHO6 apudgamemuneckoll npo
epeccuul.

Ilpumep 8. [dama KoHeuHas apuMeTHUECKad IDOTDECCHSI
Qs Gy Gy -any A,

a) UssecrHo, uro a, =5, d =4, n = 22. Haliru S, 1. e. S,

6) Harecrao, uro a, = 7, n = 8, §; = 140. Haiiru d.

Pemenue. a) AMeeMm: a,, =a, + 21d =5 + 21.4 = 89.

ar

3naunT, §,, = mg—il&%)» =11-(5+8%9) =1034.
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4. MPOrPECCHM

6) Cravana mafizem a,. Umeem:
8(a, + a,) .

1

S, = 2
140 = 4(a, + a,);
140 = 4(7 + ag);
86=T7+a,
a, = 28,
A Teneppy OpEMeHNM K G, YOpMyay n-ro WieHa apaQMeTHUCCRON
NpPOrpeccHH;

a,=a, + 7d;
28=17+ Td;
d=23.

Oreemr a)8,=1034; 6) d = 3.

Mpumep 7. HaiiTu cyMMy BceX YeTHBIX TPEX3HAYHBIX 9UCEJ.

P e e B u e. Peub naeT o cyMmMe 91eHOB KOHeuHo# apudmeTnie-
cKoii mporpeccmnr 100, 102, 104, ..., 998, ¥ aroil uporpeccun
a, =100, a, = 998, d = 2. Hy»xXHO BRIVHCAHTE S,, HO AJIA 9TOrC CHAMA-
JIa HaJO Y3HATH, 4EMy PABHO N1, T. €. CKOJIBLKO UJICHOB COAEPIKUTCA B
YHA3AHHOH KoHeuHoli apndmeTHuecKo#l mporpeccum.

HmeeMm nmocrenoBaTeNBHO!

a=a, +(n-1)d;
998 =100 + (n — 1)-2;
998 = 2n + 98;
n = 450,

Hrar, a, = 100, n = 450, a, = 998. Hama sagaua — BEIMHCIATE
S, T e S, . Hveenm:
450
S, = -H-(alz-lfﬁl = 225- (100 + 998) = 247 050.

HWrorga oxaswBaeTcA HONE3HOH HECKOJIBKO BHION3MEeHeHHAA dop-
MyJda CYMMBI B WIEHOB apudMeTEvMeckoil nporpeccun. Ecam B dop-
Myae AnA § yuects, 9T0 4, = a, + d(n — 1), To HoAyUHEM:

[S,. - 2 +dir-) C;(n - n.J
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4. ﬂ MPOMPECCHM

IIpenmymecTeo 310# (GOPMYIBL COCTOMT B TOM, YTO 5, MOXHO
BBEIMMCJINTD, 3HAA 4, 0 d ¥ He BEMHCIAL Q.

IIpumep 8. Typucr, gBuradach 0o CHIABHO NepecedMeHHOH MecT-
HOCTH, 34 nepBHIM uac nyta opowes 800 M, a 3a Kakaull ciaenyio-
it vac opoxogua Ha 25 M MeHbLIDe, UeM 34 Opexsigympii. CKOJIbKO
BpeMeH# OH IOTPATHJA HA Bech NyTh, paBHEIH 5700 m?

PemeH ue. Ilepepii atan. Cocmasrenie MameMamuiecKoil
Modernu.

Sa nepesiii wac Typucer npowen 800 m, s3a Bropoit — 775 M, aa
TpeTHH — 750 M & 1. 1. MaTeMaTH4eCKONH MOEIbIO ABISCTCH KOHEY-
Has apudMeTHIeCKAd IPOrpeccHsH

+ Q) Gy Qgy ooy s

y xoropo#t ¢, = 800, d = -25, S, = 5700. Hajo mafttu n — Bpema
ABH;REHHA TypucTa (B 4acax).

Bropoit sTan. Patoma ¢ cocmagaennoll modeavio.
Bocnoasayemea Bropoit dopMyaoit aaa S
g = 24tdm-1)
» 2
5700 = 2.800- 25(n-1}) -
2
g9g - 84-(@-1
2
{obe wacTa ypaBRHEHUA Dazdeansu Ha 25);
456 = n(65 ~ n);
n® - 65n + 456 = 0;
n, =8, n, = 57,

Tperuit sran. Omeem na sonpoc 3edanu.

Copaimupaercs, CKOJBEO BpemeHn Onla B mmytd typucrt. Ilo cmeuicoy
samady M3 ABYX Hali[eHHEIX 3HaUeHH n BmOmpaeM mepeoe; n = 8.
IIpogepsiire: 800 + 775 + 750 + 725 + 700 + 675 + 650 + 625 =
=5700.

O rBe T TYpHCT OBLI B IIyTH 8 wacos.
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4. NPOTPECCHM

4. XapaxTepucTHdeckoe CBOMCTBO apupMeTHYeCKOH
NPOrpPeccHM

ITycTy maHa apudMeTHUECKAA OPOTPECCHA &,y Gy Ggs oves By oo o
PaccmoTpuM TpH e€ TWIeHA, CAeAVIOIIHE IPYT 3a APYIoM: &, _,, 4,
a, ., HssecTno, 4T0

a-d=a,_,
a,+d=a
CHoXXHB 5TH PABEHCTBA, [IOJYIHM;

a = an-1+an+1
== T g

9TO 3HAYAT, UYTO KA wWieH apupMeTHuecKold IpOrpeccHH, KpoMe
nepBOro (KM HOCHCABETO — B CIyvae KOHEUHOW nporpeccan), pageH cpel-
HeMY apuPMeTHUCCKOMY IDEANICCTEYIOWEr) H MOCIeYIOUIErs YWICHOB.

BepHo B 00paTHOE: €CMd TOCHAENOBATEABROCTE (4 ) TAKOBA, TTO JIIS
J060r0 1 > 1 BRIMOJIHAESTCA PAREHCTBO

a = an-1+a’n+1 ,
" 2
To (a,) — apudMeTHUECKaA IPOTPECCHA.
B caMoM aejie, HOCAEIHEE PABEHCTEO MOJKHO NEPENUCATH B BHJE
a -~a a a..

a+l n

r+lt

n=-1
OTO 3HAYUT, B YaCTHOCTH, UT0 &, - &, = &, ~ &, G, — Q, = 2, — &,
B T. x MHEIMH cloBaMH, pasHOCTb MeMAY JIOOKM WISHOM ITOCaeHo-
BaTeJbHOCTH H HPEJILIECTBYIOIIMM €My ECErfia OJHA B Ta e, 4 9T0 H
O3HAYAeT, YTO 3ajlaHa apupMeTHIeCKasa IPOrpeccHs.,

TemM caMBIM MEI JOKa3ATH CAEIYIOILYI0 TeOpeMY.

HJucroean nocredosamenrshocmy A6RREMER Apug-
Mmemuecroil npozpeccueld mozda u moavko mozda,
xozda xancdwi ee wrnen, xpome nepeozo (u nocred-
TetheMa Hezo — & cayuae KoHeinod nocredosamendbrocmu},
pacen cpednemy apudmemuveckomy npeduecm-
GYIOuLE20 U NOCRedyIowezo YAEHOE ( XADAKMEPUCTU-
necKoe caoiicmeo apudmemiweckoll npozpeccun ).

Opumep 9 Ipw xakom spaueEn# x wucna 3x + 2, fx -4 n
11x + 12 06pasyl0T KOHEYHYK apudMeTHICeCKYI0 Hporpeccuio?
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4. || MPOTPECCHA

Peme 51 e CoriacHO XapaKTepHECTAYECKOMY cBolicTBY 3amaH-
HBle BRIPDAYKEHAN NOJYKHEBI YEOBIETEODATHL COOTHOLICHHIO
B3x+ 2)+(11x + 12)
s .

bx—-4 =

Peinaa sro ypagHeH#e, HaXoAaM:
10x — 8 =14x + 14;
x =-5,5.

IIpu sToM 3HaYeHHH X 3agaHHHE BhIpaKkeHuma 3x + 2, bx — 4,
11x + 12 upmHEUMAXT COOTBEeTCTBEHHO 3HadeHua —14,5, —31,5, —48,5.
J1o apudmermUecKAd NporpeccHEs, ee pasHocTh paBHa —17,

Orpem x=-5,5

§ 17. rEOMETPHMHECKAR NPOTPECCHS

Hna yaobcrBa uMrTaTenss 9TOT naparpad) cTpoUTCHE TOUHO
IO TOMY YK€ IIAHY, KOTODOTO MHE IPHAEDKABAICH B NDeJLIAYIEM
maparpade.

1. OcHOBHBI® NOHATHA

Onpeagenetxne. UacroByo DOCIeAOBATEILHOCTE, BCE WIEHB KO-
TOpOH OTIMYHEL OT HYJAA M KAKIBE wieH KoTODOH, HAUMHAA CO BTO-
pore, NOJAYy4aeTcH H3 OPEZRIAYIIET) YieHa YMHOMKEHHEM ero Hi OJHO
H TO e Y"CAQ ¢, HAZKIBAIOT FeOMETPHYCCKOH nporpeccuei. IIpu sTom
YHCHIO ¢ HASHIBAIOT 3HAMEHATENEM IMPOTPECcCHH,

Taxum o6pazoM, reOMeTPHYECKAA IPOTrPecCHA — JTO YHCIOBAH
HOCIea0BaTeBHOCTh (b)), 3aAaHHas DEKYDPEHTHO COOTHOLICHMAMM:

b=b, b, =b,_,'¢q
(n=2, 3, 4, er)

(b 1 ¢ — sagamHEIe qHcaa, b £ 0, g = 0).

MokHO 1M, TNASAA Ha YHCAOEYIO IOCHe/0BATeIbHOCTD, OLPese-
JHUThb, ABAAETCA Jd 0HA reoMeTpuyecKofi nporpeccuei? MoxHo. Ecan
BEI y0eMIIUChH B TOM, UTO OTHOIleHHe JI0G0T0 WieHa IOCHef0BATe]b-
HOCTH K OPeAbIAYLIeMY 4jeHy nocroduHo (T.e. b, 1 b, =b, 1 b, =
= b, 1 b, = ...), TO Nepex BAMH — reoMeTPUYECKAA HPOTPECCHH.
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4. MPOrPECCIHN

IIpamep 1. 1,3,9, 27, 81, ....
O9T0 reoMeTpHYECKasA OPOTPeccHA, ¥y KoTopodt b, = 1, ¢ = 3.

3 3 3 3
NMpumep 2, 3’5’;’5’%""'

B | =

310 reoMeTpaueCKan Nporpeccud, y Koropoi b, = 3, ¢ =
1 1 1 1
* 5’ 25’ 1257 §25° "

OTO reOMeTPHYECKASA HPOTPeCcCHi, ¥ KoTopoi b, = 5, g = -% .

IDIpumep 3. 5, -1

Ilpumep 4. 8,8,8,8,8,8, .....

JTo reoMeTpHuecKasd nporpeccus, y Koropoi b, = 8, ¢ = 1.

SaMeTHM, 4YTO 9TA MOCIAEHOEBATENLHOCTE ABNAETCH U apudMeTaye-
ckoil nporpeccueti (cm. npumep 3 us § 16).

ODpamep 5 2,-2,2,-2,2, -2, ...

910 reoMerpuiecKad nNPOrpeccud, y Koropoi b = 2, ¢ = -1.

OueBHAHG, UTO 2EOMEMPUYECKAR TPOZDECCUR ABAACTNCR S03DACTATN-
wel nocredosamenvrocmeio, ecau b, > 0, ¢ > 1 (cm. npamep 1), u
youeaowel, ecau b, > 0, 0 < g < 1 (cMm. npamep 2).

g 06oaHavyeHAs TOrO, YTO HOCAEA0BATENBHOCTE (b)) ABNAETCH reo-
MmeTpudeckol nporpeccHeii, HHorA 66iBaeT yOo0HA CIELYIOMIAS SAIMICE:

22 by, by by wey b

3HaY0K & 3aMeHHAeT CJ0BOCOYETAHHeE ¢TeOMeTPHYECKAHA IIPOrpeccuA».

AL

Ormerm oxE0 AHOGONBITHOE CBOHCTEC IeOMeTPHUECKOI mporpec-
CHH.
Ecau nocaedocamerbHOCTMb

bys Bys Bys eees By e

RBARKEMCA 2€oMemplieckoll npozpeccuell, mo U nocaedosamervHoCmb
xeadpamos, m. e.

bf’ b223 l&?, newy b&, aay
ABAAEMCA zeomempuueckoll npozpeccueit.

¥V Bropo#t reoMeTpuYeCKOd DpOTpeccHd HepBHIH usieH pasen b7,
A 3HAMEHATEJb PaBeH ¢°.
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4. NPOTPECCM

Ecan B reoMeTpruecKoM NporpeccHd oTGpPOCHTH Bee WIEHEHl, CJae-
Ayomue 3a b_, T0 DONYINTCA KOHEYHAR 2E0MEMPUNECKAA NPOZPECCUA

Bys bys bys e b b, B

a-1* ¥n
B panpHefAnIAX nyHKTAX 2TOro maparpada ME paccCMOTDHAM HAHM-
Gosee BayKHEIE CBOMCTBA TeoMeTpPHUYEecKoil NMporpeccwmy.

2. Popmyna n-ro YNEHa reoMeTPMYECKON NPOrPeccHl

PaceMorpum reomerpuueckyio uporpeccuio b, by, b,y oy b, .. CO
sEaMenareneM ¢, Mmeem:

b,=b,,
b,=bgq,
b,=b,g = (b,9)g=b g%,
b,=bq = (by¢")g=b g%
b=bg=(bg’)g=bg" nr n
HetpyaEo AorajaThC#, YTO AA& AWGOTO HOMEDA 7 CIPABEAIRBO

PaBEeHCTEO

dro fopryre n-eo yaena zeomempuyeckoll npozpeccuil.

3amevanme. Ecrv Bel NPOUNM BAXHOE 33MEYAHWE M3 NPEALIAYLUETO
naparpada 1 NOHAMM ero, To nonpobyite pokasare dopmyny (1} meto-
ACM MATEMATHYECKOH MHAYKUMM, NOfoBHO Tomy Kak 310 Obine cpenaqo
ANnA GOpPMYNbI N-ro YNEHA apHEIMETHMECKONR NPOrpeccum.

IlepennmeM popMyay n-ro WieHa recMeTPHUYECKoil Iporpecchy
a -1
b, =b,g""! B BUIE
b

R

==y |l—‘a“

. q-"
1 BBegeM obosnavenud: b, =y, -bl = m. HoxayuuM: y = mq", AIH, NOA-
q

poGEee,

y=mg*, x €N,
ADIYMeHT X COZEeD/EHTCSH B NOKABATENE CTEUEeHH, O3ITOMY TAKYIO
GYHKLHIO HASEIBAIOT HOKA3ANMEAbROU . SHAYNT, FeOMETPHYECKYIO IDPO-
TPECCHI0 MOYKHO DACCMATDHBATE KAK NOKAIAMEAbHYID QUHKYULIO, 3G
dannyio na muoxecmee N namypasvrvix wucer. Ha pue. 127a naob-
paxen rpabux dyerouu y = 2%, ¥ € N, a =Ha puc. 1276 — rpapux
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4. NPOTPECCUM

y* yh
1
o .
. L
. L]
. L]
o 1 t
* -
N s
4 ] ‘\
2'1' “
adodod1 | pl b e b >
Ol1p 34 x O] 1) 2| 3] 4] 5| 6] »

Puc. 127a Puc. 1276

x

1
byHEKODEE Y= (E} » X €N. B ofonx caydaax uMeeM HIOIHpOBAHHLIE

Touku (¢ abcupeccaMu x = 1, x = 2, x = 3 u T. 4.), JesKalne Ha HeKO-
Topoit kpusoil (Ha 000X PUCYHKAX IPEJCTABJEHA OJHa M TA e KpH-
BAdA, TOABKO NO-PA3HOMY DACIOJIOKEeHHAA U N300paKeHHad B PA3HBIX
MacmiTabax). OTY KPHBYIO HABEIBAIOT aNCROHENMOU (3AMETHM B CKOG-
Kax, 4T0 3TOT TEPMHH HAM ViK€ BCTpedajca — cM. Komew § 9). Iloa-
pobree o noxazaTenbHoOH QYHKIINH H ee TpadbHKe peus mofigeT B Kyp-
ce anareGpbl M HAYAA MATEMATHYECKOTO aHajAH3a B 11-M Kiacce.

BepreMca x npHMepaM 1—5 M3 IpegRIYIIer0o OIYHKTA.
11, 3,9, 27 81, ... . 970 reoMeTpHYECKAA TROTPECCHA, ¥ KOTO-
po#t b, = 1, ¢ = 3. CocraBuM GopMysTy A-TO WIeHA:

b,=1-83""",r.e. b, =31,
3 3 383 3
2) 3, 3> 10 8% 160 910 reoMeTpUYECKas NPOTpeccHd, ¥ KO-

. CocrasmmM GopMyry n-ro wieHa:

1n—1
-5 (3]

Topolt b, = 3, ¢ =

o=

159



4. NPOTPECCHA

1 1 1 1
8) 5, -1, 5’ 25’ 125° 625° " 9T0 reoMeTpHUUeCcKaa Npo-

1
rpeccud, y KOTopo#i b, = §, ¢ = -5- CocTaBuM GOpPMYAY A-TO UJEHA

1 -1
bn =5. [—g) .

4) 8, 8, 8, ..., 8, ... . 9TO reoMeTpHUECKAS OROrPECCHH, ¥ KOTO-
poit b, = 8, ¢ = 1. CocTasEM QopMyRy n-TO WieHa:

b,=8-1""', r,e. b =8
(aro, BUpouemM, HRUIO ACHO ¢ CAMOIQ HAYAJNA),

5) 2, -2, 2, -2, 2, -2, ... . 2T0 reoMeTpHYeCKad NPOrPECCHA,
¥y Koropoit b, = 2, ¢ = -1. CocrapuM Qopmyny 7-ro 4ieHa:
b, =2-(-1"L.

IIpumep 6. Jasa reoMeTpHYECKAH JIPOTPecCHS
byy By byy o0uy B

2
a) HssecTHo, 1uTO b, = 3:4= -3. HaiiTu b,.
6) UssecrHo, uto b, = 3, ¢ = 2, b, = 1536. Hafitu n.
B) Hasectso, uro ¢ = -2, b, = -512. Haiitu b,.
7
32

Pem e H u e, Bo BCex cay4asaX B OCHOBe PellleHHA JeXKHT Gop-
MyJa A-TO YIeHa TeoMeTPHUYeCcKOH IpoTrpeccHu:

r) HapecTHo, uTO b, = 14, b, = . Haiitu ¢.

b, =b,q "
2

a) b, =b,¢" = re (-3)% = -162.
G) b, =bg

1536 =3-2"-1;

512 = 2=-1,
Tark kar 512 = 2°, 1o monaygaem: n — 1=9; n = 10,
B) b, =b,-¢%

-512 = b, - (-2)%

b, =-8.
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4. MPOTPECCHM

r) b, =b, ¢
Ay
gz ~ T

1
=525

1 1
g=73 mmg=-g.

Hpumep 7. YrazaTs B 3aJaHHON reoMeTpHUYECKO# nporpec-
CHH HOMEpAa TeX "WIEHOB, KOTopele Oonbme 3agaEHOTO uHCHA Al
ayl1,3,9, 27, ..; A=T29;

3 3 3 3
ﬁ_s_;_,- ,A=__;
)2 4 8 64

1Y 1
=1 —_ ,A:——;
B) b, 00(5] :

r)bl=%, g=+2; A= 51J2.

Pemenune. a)3aecs b,=1,¢=3, b, =bg""* =31 Ham
HYKHC YKA3aTh TAKHe HOMEPA 7, AJA KOTODEIX BHIIOJHAGTCH Hepa-
BeHCTBO 3° ~ !> 729, 3aMevaem, uto 3¢ = 729, r. e. npu n = 7
3"~ 1= 729, [TocKOABKY 33aHHAA ITPOrpeccHd — BO3pacTaloniad, TPy
n > T ee uneHnsl GyayT Oonee 729,

3. (1Y

HaM HY:XHO YKa3aTh TaAKMEe HOMEDE R, AIS KOTOPLIX BRINOJHAETCA

HEPABEHCTBO 3.1 " > *§~, T. € 1 - > —1-- 3amMevaem
2 12 64 T2 a2 ’

5 n-1
_ _ 1
YTO (2] =3g e TpHAS= 6 nMeeT MecTC PABEHCTEO 5 = 33
TlockoNEKY 3aJaHEAA OPOTpPeccHA — yORIBAWOMIAA, NPHU R < 6 ee

yJjeHH QyayT Ooaeme 6_3:1
B) Peur ueT 0 HATYPAIEHEEIX PeIleHHAX HepapeHcTea 100 - (
1V . 1
-1 > =,
e (15 5

€ Mopaxoauy, 9 xa., 4. | 161

Ut | -
it
k]
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4. MPOFPECCHM

BrnanieM HeCKOJALKO HAYANBHBIX WICHOB IIOCHSHOBATENLHOCTH

<[t

Heno, uTo HAIML IIEPBEIC TPHU YJEeHAa aT0H mocAeROBATENBHOCTU

1 1 1 1 1

6 1
QJIBIIIE 200 °

n=1
r]8necbbl=%, g=+2, b = %(\/E) .

Ham ByXHO YKA3ATE TAKHE HOMEepA 7i, JiA KOTODHX BEIIOJHAETCA Hepa-
1

BEHCTEO %(\E)ﬂ_ > 5J§.

ITocaepoparensso mMoAyUaEM:

(\/_2-)“_1 > 1542;

(v2) ,
% > 152

(Jé)n > 80.

SaMeyaeM, UTO (\/_2-)10 = [(Jﬁ)z Jﬁ = 2 = 32, suauwnr, npu n = 10 BL-

n
OONBAETCA HePABEHCTEO (Jé) > 80. Tem Gomee OHO BHEIIOJAHAETCA LPH

9
n > 10, Eexu Beare n = 9, 10 (Jﬁ) = J? =22 = 16J§. Takx xax
V2 <1,5, 10 1642 < 16-1,5, T, e. 162 < 24, m ym Tem Gouaee

16J§ < 32. JT0 3HAYHT, UTO OpH 7 = Y HepaBeHCTBO (Jé )n > 80 He BLIIOJ-
Haercd. Tem Gosee 0HO He BRIDONHAETCA ODH 7t < @.

Orsema)n>7;0)n<6;B)n=1,2,3;)n = 10.

Dpamep 8, PasHocTh MeMXIY CEABMEIM KM LIATHEIM YJICHAMH
TeOMETPHYECKOHN TPorpeccud pagHa 48, cyMMa NATOrO A INeCTOTo 9ie-
HOB NporpeccHn Takxe pasHa 48. Hafitu zapemaaunarwmit uien sToii
LPOrPecCHH.

Pemen ue, Ileperi stan. Cocmasieniie MameMamuLecKoil
Modeni,
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4. MPOIPECCHM

Ycnoeua 344444 MOKHQ KPaTKC 2allHcaTh TaK.:
1) 3 b, by, by v b
2) b, - b, = 48;
3) b, + b, = 48.

Bocnonbzopaemucs GopMynoil n-To 4jJEHA FeOMETPHUYECKOH mpo-
IPeCCHH, TMONYYHM:

b,=b4g5 b,=bg', b,=0bd.
Torzxa propoe ychosue 3agaun (b, — b, = 48) MOXKHO 3aIIMCATh TaK:

bq® - b = 48;
b gi(g® - 1) = 48.

Tperse ycrosue 3agaum (b, + b, = 48) MOAHO 3AIHCATL TAK:
b.g* + bg° = 48;

b,g*(g + 1) = 48.

B urore mogyvyaeM CHCTEMY ABYX YPABHEHHH ¢ JBYMA NepeMen-
HEIMH b, ® gt

{hqé‘ (@-1) =48,
bal(g+1) =48,

KOTOpAaA B COYETAHNHE € 3AIHACAHHBIM BHIIE ycaoBmeM 1) B mpeacras-
adaer cofoil MATEMATHYECKYI0 MOAENb 3afavu.

Bropo#l atan. Pafoma ¢ cocmasrenuoii modenvio.
IlpupaeHas Jdesble TacTH 000X YpapBHeHHH CHCTEMEI, IHOJYYHM:

bai(g® - 1) =bgi(g + 1);
¢-1=qg+1

(et pasaenuny ofe 4acTH YPaBHEHMA Ha BEIpaXeHWe b,g', OTAMTHOE
OT BYJA).

U3 ypaprenus ¢* — ¢ — 2 = 0 gaxogum: ¢, = 2, q, = ~1.

TlogcTapus sHadeHue ¢ = 2 BO BTOPOE YPABHEHHE CHUCTEMBI, TIONY-
uim: b - 16:3 = 48, 1. e. b = 1.

IlcacraBua sHaueHwe ¢ = ~1 BO BTOpOEe ypaABHEHHE CHCTEME!, MIO-
ayaum: b - 1.0 = 48; 570 ypaBHeHVEe He HMeeT pemIeHHi,
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4 . MPOFPECCUA

Hrak, b, = 1, ¢ = 2 — ara napa ABIAETCA DEIICHUEM COCTABJEN
HO# cHCTeMEBI ypaBHeHHIH.

Teneps MbI MOMKEM 3AIUCATL MeOMETPUUECKYI) TPOTDECCUI), O KO
Topoit uaeT peus B 3agaue:; 1, 2, 4, 8, 16, 32, ... .

Tperuit sran. Omeem Ha sonpoc sadavu.
Tpelyerca Beruncants b ,. Umeem:

b, =bg" =1.2" = 2048.
OrsemT b, =2048.

3. PopMyna Cymmbl YNEHOB KOHEUHOM
reOMEeTPHYECKONM NPOrpeccHM

IIycTe maHa KOHEYHadA TeOMeTPUYECKAA IPOTPECCHA
#b,b,0,....0 N
Oboaaaurm uepes S CyMMmy €€ WICHOB:

S,=b+b,+b+..+b _,+b _ +b

1 nt

n-2?

Briseaem dopMyay ansg OTBICKAHBA 2T0Y CyMMH.
HauyneM ¢ camoro npocroro caydad, Korfa ¢ = 1, Toraa reomer

puueckas nporpeccua b, b,, b,, ..., b, COCTONT U3 1 UUCEJ, PABHEIX
b, T. e. nporpeccua umeer Bux b, b, b, ..., b. CymMma sTHX THCCH
paesa nb,.

ITycrs Temeps ¢ # 1. IJaa oTeickanua S NPAMEHHM HCKYCCTBEH
HBIH TpHeM: CHadajsa paccMoTpuM S g.
Hmeem:

Sg=®+b,+b,+...+b,_,+b, _ +b)g=
=bg+bg+bg+..+b _g+b _g+bg=
=b,+b,+b,+..+b _, +b +baq.
3HauuT,
S, =b+(b,+b,+...+0b)
Sg=0,+b,+..+b)+bg.
BHuTEM H3 ETOPOTO PABEHCTBHA LepBoe;
Sqg-8,=bg-b,.
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4. NPOTPECCHM

B neBoit vacTH BLIEeceM 3a ckOOKH o0mum# mMEOXHATEN: S, a B
opaBoii — Hcmoabsyem dopmyny b = b,g" " ! m BuiEeceM 3a CKOGKH
ofmmit MHOXUTEND b,:

S(g-1=b-qg" ' g-b;
S(g-1=big"- 1)

_ bhig" -1
(Sn = TJ

D10 opmyna cyMMuL REPELIX Nt LILHOE 2EOMEMPULECKOL npozpec-
cuu (gna cayqas, xorga g * 1).

Dpumep 9. [aHa KOHeUHAHd TreoMeTpHyecKad IMPOTPECCH
b,b, b, s b,

L3

Masectuo, uro b, = 3, g = 2, n = 6. Hafirm:
a) CYMMY 4JeHOB IIPOTpeccrH; §) CYMMY KBAADATOR ee UNEHOB.

PemeHue.
bl(qr6 -1 _ 326 - 1)
qg-1 2-1
6) Brme (cM. ¢. 157) MH yKe OTMeYas M, UTO eclH BCe UNeHH
reoMeTpHYEecKOH ITpOrpeccHy BO3BECTH B KBAADAT, TO HOAYYHTCA Teo-

8) S, = = 3.63 = 189.

METPHYECKadA IPOTPECCHA C NEPBHM uieHoM b} u sHamemaTeneM g2,
Torga cyMMa IIeCTH WIEHOE HOBOH mporpeccun OYAET BEIIUCAATHECH

_ Bg®’-1

no dopmyne S, = e Ioxcrasus B o7y dopmyay b, = 3,
g = 2, DONyIHM: 1
9212 -1)
S = i1 34095 = 12 285,

OrBe T a) 189; 6) 12 285,

Hpunmep 10. Hafitu 8-#t unen reoMerpruecKkoil nporpeccun,
vy kotopoit b, =3, b, =96, S, =189,
Pemenue Tak xax b, = b g"~ !, T0 noaysaem:
96 = 3¢ %;
g1 =32,
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S = b](qn_l) .

Hanee ,‘ i
189 = 2@ -1,
g-—-1
63(¢-1=¢"- L (2)

Bume Me Hamau, uro ¢* ! = 32. ¥YMHEOKHE 00e yacTH aToro pa-
BEHCTBA Ha ¢, noxyuuM: ¢" = 32¢. Ilogcrasus 32¢ BMecTo ¢* B thop-
Myay (2), Haxonum:

63(g-1)=32¢g - 1;
3lq = 62;
g =2.

3uas, uro b, = 3 m ¢ = 2, BEruMcHEM by!

b, =b,-9"=3.2" = 384,

OTsem b =384,

4. XapaKrepHcTMuecKoe CBOMCTBO
reomeTpMUYECcKON APOrpeccmM

Ilycrs fama reomeTpmueckas mporpeccha b, b,, b,, .., b, ... .
Paccmorpum Tpu ee wiena, cneayomuae apyr s3a apyrom: b, b, b .
H3eecTHO, 4TO

b
2+ =p .
q a=1

bnq = bn+1'

Hepemao;mm 8TH DABE€HCTEBA, IMOJYIAM:

IT0 BHAUKT, YTO KBAAPAT KAMCIOI0 WICHA IeOMeTDPHYECKoH poTpecenn,
KpoMe NepBore (M mecaefHero — B CJAy4Yae KOHeYHOH IporpeccHu),
paBeH NMPOM3BEAEHUN) NPEINIeCTBYIOINETO H NOCASAYIOIIETO YICHOB.

Bepro 1 ofpaTHOE! €Cc/H NOCHEAOBATEALHOCTE (b ), COCTOALAR H3
YHCEeNd, OTJHYHEIX OT HYJIH, TAKOBA, 4TO Aad M0Goro n > 1 Bolnoans:-
eTCA PABEHCTBO

2=
bu - bn— lbn +1¢
10 (P ) — reoMeTpHYECKad IPOTPEcCHH.
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4. MPOTPECCHM

B camom fene, nocreaHee PapeHCTEC MOKHO NeperucaTs B BHIe
b :b _=b b,

R n-1 n+1 "' %n
910 3HaymMT, B aCTHOCTH, uTo b, 1 b, =b, 1 b, b, 1 b, =b 1 b, H . I,
WUrniMu cnopamMu, OTHOINEHHE MIO0OTO WIeHA MOCIEACBATENEHOCTH K
IPeAIIeCTBYIOIIEMY WIeHY Becerfa OfHO M TO e, & 3TO W O3Hauaer,
YTO 3aJaHA reoMeTPHUEecKaA NMPOrpeccus.

@aKTHYECKH MEI JOKA3AJK CASAYIOLLYIO TEOpeMY.

Hucnoean nocredosamenbHACINb REAAEMCR 2€0-
Mempuveckoil npozpeccuetl mozda u moasKe mozia,
xozda xeadpam xamdozo ee wiena, KpoMe NEPEOZO

Teopema (u nocrednezo — 6 cayuae xoHeurold nocaedoea-
MeABHOCMU) , PAGEH. nPOUIGETERUIO npeduLecCEYyI0-
wWezo U NOCAePYULEZ0 RACHOE (XAPAIMEPUCTIUTE-
CKOE CBOTCMBO ZEOMEmPUYECKoll npogpeccuy ),

B npeapiayimeM naparpade ME DOJYYHIA XaDAKTEPHCTHYECKOE
ceoiicTBO apudmernueckoll mporpeccmu: 060l ee wieH paseH cpen-
HeMy apnbMeTH4eCKOMY IPEALAVIIErO K FOCAeAYIOLIero wieHoB, 06-
PATMMCH TEMEPE K XADAKTEPUCTAYECKOMY CBOHCTBY TEOMETPHUECKOMH
IPOTPECCUE U BHIOJHHMM HeKOTOpHE Npeofpas’soBAHUA DABEHCTBA

b2=b b :
\/-bE= vbn—lbnd-l;

1 n+1
bl=/b_b

n| 1%+l "

Yucno Jab HashBaror cpednum seomempurneckurm wucen & u b. Ta-
KuM 06pasomM, mocsjegHee paseHCTBO OsHauaeT, uTO MOOyib aw0d0z0
LACHA 20MEMPUNECKOT NPOZPEcCUl PABEeR CPeOHeMY 2e0Mempiiecto-
My npedvidyuiezo u nocredyouiezo iienos. B raxoli popMyimponie
oTueTinsee OBHAPYKHBAECTCA AHANOIHA MEMIY XAPAKTEPHCTAYECKH-
MH CBOHCTBAME APH(PMETHYECKOH M reOMEeTPHYECKOH IPOrpecCHii.

IIprmep 11. IIpu xaxom suadeHmy x uymeaa 10x + 7,4x + 6
u 2x + 3 o6pasyloT reoMETPHUCCKYI0 HIPOTPECCHIO?

Pewme s ue. CorJacHO XapaKTEepHCTHUECKOMY CBOMCTBY 3afaH-
Hbleé BEIPAYKEHHA AOKHE YIOBJIETBOPATH COOTHOIICHHIO

(4% + 6)° = (10x + T)(2x + 3).
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4 . NPOrPECCHM

Pemas 310 ypaBHEeHHe, HaXOAHM:
16x% + 48x + 36 = 20x2 + 44x + 21;
4x2 - 4x - 15 =0;
x, =25, x,=-1,5.

lloacrasnan x, = 2,3 5 sagansbe sepakenus 10x + 7, 4x + 6, 2x + 3,
HAXOAUM cooTBeTcTBReHHO: 32, 16, 8. DTo KoHeuHas reoMeTpHYe-
ckas nporpeccua. Iloxcrapnaa x, = —1,5 B saiaHHBIC BHIPaKEHHUA
10x+ 7, 4x + 6, 2x + 3, vaxoguM COOTBEeTCTBEeHHO: —8, (0, 0. 910 He
TeOMETPHUECKAA MPOTpeccHs.

Oreer x=2,5.

Bapepmas PAsTOBCD ¢ TPOFPECCHAX, PACCMOTPHM AOCTATOUYHO CICMKHEIL
npuMep (A3 cepHM TAK HASLIBAEMBIX CMeIIAHHEBIX 3afay Ha IPOrpeccHH).

IIpnmep 12. Bzanm Tpu uncaa, KOTODHE 00PagyIOT KOHETHYK BO3pPa-
CTAILIYI0 TeOMeTPHYIECKYIO IIPOTPecCHI0. SaMeTHN, YTo £CAHN BTOpOoe IHCIO
VEEJWYATE: Ha 2, & IEPBOE U TPeThe YHC/IS OCTABUTE (es HIMEHEHAH, TO TIOAY-
unrTea aphdiMerHuecKan nporpeccHsa. Ecam mocie aToro TReThe MECAO YBEIH-
9HThL Ha 9, TO CHOBA TMOJYYHTCA TeOMETPHYECKAR NporpeccHsa, Kaxme Tpn
qHCAs OBIIH B3ATHL CHAYANA?

Pem ¢ ue, [epsuit aran. Cocmasienue mamenamuieckoit modeni.
Veaopua safadMH MOMXKHO KPATKO SamHCaTh TaK:
1) 56,008,
2) +b,b,+2 b
3y Hb,b,+2,5,+9.
CornacHC XapaKTePHCTAYECKOMY CBOHCTBY apH(OMeTHYECKOH IPOTPECCHH
yeaoBre 2) 03EAYAET, YTO
bt b
b+ 2= —

Janee moayaaem:

2bg+2)=b +b44

b(l+¢*-2¢9)=4. (3)

COrIacHo XAPaKTEePHCTHISCKOMY CBOHCTRY TeOMETPHIECKOH Iporpecchy
yenoeue 3) 03HAYAET, ITO

b, + 22 =bb, + 9).
Hanee momy=zaen:
(b,g + 2)* = b (bg* + 9
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4 . MPOTPECCHM

Blg*+4bg+4=0blg+9b;
b9 - 49 = 4. (4)
TaxkeM o0pasoM, NMOAYIAEM CHCTEMy JABYX ypaBEemHi ((3) m (4)) ¢ apymsa
TigpeMeHHERIMA b, B q:
b(l+qg%-2¢) =4,
5,9 — 4q) = 4,
KOTOpad B COVETAHMH ¢ JAIMCAHHBIM BHONE YCAOEHEM 1) U NpPEACTARIAET CO-
6olf MATeMATHYECKYI0 MOJENE 3aSa9H.

Bropoil atag. Patoma ¢ cocmasiennoli modeivio,
Ilpupaseae neebie YacTH 0GOHX YpAaBHEHHH CHCTEMBE, MOJYJaeM:

by(1 + ¢* - 2¢) = b (9 - 49);
1+¢2~-2¢=9-~4g
{mBi pasgenmnu obe UacTH YPABHERKS Ha b, T. €. HA 9HCAO, OTIAIROE OT HYJ).
Danee nMeeM:
F+2g-8=0;
4,=23, g,=-4.

TloncTasHE 3HAYeHHe ¢ = 2 BO BTOPOE YpPABHeHWe CHCTEMBI, IIOJIYIHM:
b, = 4, 3mas b, ¥ ¢, HETPY/IRO FAMHCATE TPH IHMCHA, 00pPa3yIiye TeOMeTpH-
Yeckyio nIporpeccuio: 4, 8, 16.

TlopcTaRUE 3EAYEHHE § = —4 BO BTOpOE YPABHEHHE CHCTEMbI, TIONYTHM:

b = % 3Hag b, U ¢, HETPYAHO JANKCATH TPH MHCAA, 0GPASYIOILHE NeOMETDH-

4 16 64
9ECKYI0 TPOTPECCHiol 3=, ~5=» JE -

Tperuii aran. Omeem Ha sonpoc 3adauit.
H3 1ByxX HafiieHHLIX reOMeTPUTIECKHX NpOrpeccHii TOALKO Neppad ARIA-
eTcd BOSPACTAKNEH, KaK Toro TpeliyeT yelIOBHe Janatd.

Oreer: 4, 8, 16,

5. Nporpeccumn M GaHKOBCKHE PacUeThbl

IIpencrasbre cefe, UTO BRI OTKPLIIN B 0aHKe BKAAA B CYMMe 4 D.
noa p% TofOBHX Ha t JeT. ¥ Bac €CTh ABe CTPATETEM NOBeJeHHI:
auGo B KOHUE KayKIOTO [OJa XPAHEHAd BKIAIA CHHMAThL MPOIEHTHI

0o BKAAZLY, T. €. ODOJVIeHHVIO NPHOLLIE B DasMepe % -a p., anbo
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4. NPOTPECCUNA

upEiiTH B GaHK OZHH Pas — B KOHIE CpoKa XpaHeHud BrRJAaja. Kakoli
AOXOJ BRI DOJAYYHETE B TOM H ADYIOM Ccrydaax?

B neprom cayuae opr § = 1 BH noayduTe (a + %6 ' a) p., Opn
2p
f = 2 pamra MTOrORAA CYMMa COCTABHT | @ + 100 a|p,.mpri=3—
{a + 13;)—“:) . a] p. u 7, 5, MaremaTudeckas MOZeidb CUTYALHH — KO-
HeuHad apEdMeTHYECKAHd ODOTpeccud
p 2p 3p tp
a,a+—-d, a+—-d,a+ ——-4, ., &+ — " 0a.
’ 100 100 oo T 100
Hrax, upH NIepBoi CTPATErEW NOBEeReHMA 34 { JeT BH LDOJYIHTE
s
a(l + %] P. — 37O TAK HASHEBAeMAA POPMYAA POCMbLY NPOUCHMOE.

Ecan BH peminne npeilta 3 6aHK TOJNBKO B KOHIE CPOKa XpaHe-
HHA BKJaaa, TO Ipd ¢ = 1 noday4aeMas CyMMa COCTABUT, KAK I B Mep-

BOM ¢JIydae, @ + % -a, T.e. a[l + 1—&)—] P.; CYMMA BKJIaZA VBEJIH-

ymnack B {1 + %) pas. Bo cronpko sxe pas oHa yBeNHUHTCA H K

KOHLOY BTOPOTO IO4a XPAHEeHHA, A K KOHIY TPeThelc ToXA XpaHeHHs
M T. 5. MaremaTnvyeckas MOZeNb CHUTYALUUH — KOHEYHAA NeOMeTDH-
YecKasd IporpeccHs

2 3 1]
a, @ 1+—p-,a 1+ -2 , 1+ -2 Y | 1+-2 .
100 100 100 100
Hrak, upa sropoif cTpaTernd IoBepeHHs 3a { JieT BRI HOJIYUHTC

I
a ( 1+ —-p—) P. — 9TO TAK HAHIBAEMAA (OPMYLA CAONCHBLX ILPOULHINOG.

100
PaceMoTpHM KoBKperTEHIE mpumep. Ilyers BRIaR cocrasiaser
10 000 p., 6ank Zaer 10 % rofoBEIX, CPOX XPAaHeHHs BKJAAZA —
5 nmer. Ecan pm Bu0palii cTpaTerHi NPOCTHIX NMPOLEHTOB, TO
K KOHIIY CPOKa XPAHEeHHA BHL NOJYYHTE B HTOre CYMMYy, PABHYIO
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4. APQTPECCHH

5.10

10000 |1+ ——
( 100

PHIO CJIOMHBIX MPOIEHTOB, TO K KOHIY CPOKA XPAHEHHA BBl NMOJYUHTE

,» ™. &, 15000 p, Ecnu e BEI BRIOpad# cTpare-

5
B HTOre CyMMYy, pasEYIC 10000 {1 + %] , T.e. 16105,1 p. Kar

TOBOPHUTCH B OAHOM PEHJAMHCM CJOTaHe, NOUYBCTBYATE DAgHHUITY.



4. NPCrPECCHUMX

OCHOBHBIE PE3YJIbTATDHI

Brl D03HaKOMHINCE ¢ HOBOM MATeMATHUECKOH MOAENBIO “— YHCJO-
Boli mocAeAoBaTeBHOCTEID (DYHKUMEH HATYPAABHOIQ APTyMeHTa).

Bsl y3HANE HOBEIE TEPMEHELI MATEMATHHECKOTO Z3BLIKA:

YHCJIOBAA NMOCJHeAOBATENIBHOCTE, R-il YIeH MoCIemoBATENLHOCTH;
MOHOTOHHAA (BO3pPacTalImad, YORIBAIOINAA) MOCHEIOBATENHHOCTE;
apuMeruyecKas NpoTrpecchs, PA3HOCTE aprudMeTHYecKol nporpec-
CHM;

reoMeTPpHUYECKAA [POTpPecCHs, SHAMEHATeNb TeOMeTPHYeCKOoH IIpo-
TPecCcHH.

M BBesIH HOBbIe 0003HAYEHNS:

(y,) 0¥ Y., Yy Ygr ves Y, +ro — AJE YACKOBOH MOCTEROBATENH
HOCTH;

+ — Ang apudpmMeTHueckol IporpeccHm;

i — ANA reoMeTPHYECKOH IpOTrpecchH;

.

S_— mna cyMMmuL X, -+ x, + ... -+ X WIEHOB IOCIEAOBATEILHOCTH (X ).

Mu obcyauan TpH clecola safaHKa YNCAOBOH NMocHeAOBATEIE-
HOCTH: aHAAWTHYECKHH; CIOBECHEIK; DeKYPDeHTHEIN.

Mz chopMyaABpoBanE 1 0G0CHOBANH PAJ CBOHCTE apudMeTHuUecKoii
¥ TeoMeTpHEYecKoil oporpeccmi, CeegeM MX B oHY Tabminy.

Apnbmernueckan Teomerprueckan
nporpecexi nporpeccHu
Oupeaeneniie a=a, a=a,_,+d |b=b b=5b_, q
bzx0,g=20

®opmyna n-To WieHa | ¢ =a, + (- 1)d b =bg !
XapaKTepUCTHICCKOE _ . ta,, _
cBolicTBO a = 2 Ibn| - bn—l bn.+1
DopMyiIa CyMMEL +a g
I WIeHOB § =4 1% , S =M,q#1

" 2 n 7-1




rnaeal| DNEMEHTBI KOMBMHATOPUKM,
5 CTATUCTUKM U TEOPUM
BEPOATHOCTEM

§ 18. KomBunaropubie 3azaum

§ 19. Cratucriua — gM3aiH mHpopmapim

& 20. MpocTefiwume BEPOATHOCTHBIE 33434H

§ 2. DxcnepumeHranbHbie gaHHbie 4 BePOATHOCTH
CcOBbITHI
OcHosHele pesynsTarsi

§ 18. KOMEMHATOPHBIE 3ARAYM

HpocTeiimue KOMOHMHEATOPHEIE 3AJAYH HECKOJIBKO HAIOMH-
HAIOT AETCKYIO UIPY B KyOmkH, UMeercs KoHeuHOE YHCIO KYOHKOB,
HAK 9JIeMEHTOB HEeKOTOPOro KOHEUHOrC MHOMKECTBA, 8 HYXKHO HOCHH-
TATh KOJIHYECTBO TeX WJIH WHLIX KOMOTHALWI, COCTABICHHARIX H3 9THX
KyOuKOB (3eMenTOB). Eciy HY:KBEIX KoMOHHEAIING He CIMIIKOM MHOrO,
TO BCe HX MOKHO IPOCTO HEPEUHCARTD, MM, KAK FOBOPAT, Hepedpars
Bee BOo3MOMHOCTH. B atom m cocrour memod nepefopa sapugrHmos,
Hampumep, ecan uz uudp 1, 5, 9 caeayer cocTaBuTh TPeX3HAYHOE
grcac Ges HOBTODAWINMXCA IUGP, TO Bee BOSMOMKHLIE BAPHAHTLL He-
TPYAHO BEIMUCATH. J10 159, 195, 519, 591, 915 u 951, 3maumr, Bcere
MOMHO COCTABHTB IIECTh TAKHMX YMCe,

IlogaepxuaeM, 4TO YiKEe B ar0M LIPOCTOM HPHMEpPE ML IDMBEIH He
cayvafiHeIi, a PA3yMHO OPZAHU306RHHbII nepebop, CHauama Ha mep-
BOM MecTe 3adHKCHPOBANM 1 H YBHAENH, YTO TAKHX BAPDHAHTOB BCETO
Zea: 159 u 195. 3aremM HA HepEOE MECTO MOCTABHUIMW D H YBHICIH,
UTO DOJYYWIOCH enie ABa BapuasTa: 519 u 591, Hakonen, Takum e
obpa3oM COCTABHJIM 4YHCIA, HAYWHAOmMMeca ¢ 9, — ato 915 1 9561.

Xopomo nmogobpanHbIl mepefop BapMAHTOBR KpaliHe BayKeH B Do-
Jiee CICMKHRX CHTYAIIMAX, KOrMa H KOJHYECTBO BOBMOMHEX KOMOH-
HAUMHA ZOCTATOYHC BeNmKO, M IOACYET MPHXOAUTCS BECTH, PACCMAT-
PHEBAA PABIHUYHEBIE CIYYAH.

NNpumep 1. Uz uudp 2, 4, 7 crenyeT COCTABUTL TPEX3HATHOE
9HCIo, B KOTOPOM HH OJHA OIH(QPA He MOKET HOBTOPATHLCH Gosee ABYX
pasz.
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5. 3HEMEHTBI KOMEMHATOPMIM, CTATMCTHKM U TEOPMU BEPOATHOCTEN

a) Haititn HAMMEHBLICE TAKGE YHCIO,

6) Haiitm Hanonbillee TaKOE UHCIHO,

E) CKONBKO TAKMX 9HCE], HAYHHAIOIMUXC ¢ 2, MOXHO COCTABHTL?
r} CKOJABKO BCETO TAKUX UHCET MOMKHO COCTABMTL?

Peme nwue, a) Himvensnmm uncnom 6yaer 224, Beas ecad Ha
IIepEce WIH Ha BTOPOEe MecTo BMecto muphl 2 mocraenTs nutpy 4
Aaayd nudpy 7, TO YBEIWUMUTCA KA UMCIO COTEH, WJIH UMCIO JECcHT-
KoE, A pas nudpa 2 yiKe DOBTOPWIACE, TO Ha DOCIENHEM MECTE JOJDK-
Ha cToATh nudpa 4 (a He 7).

0) Paccyxaas aHaJOTHYHO, HaliieM HaMGONBIISE UMCJIO — 3T0 7174.

B) CHagala HasoBeM uMcha Ges oBTopeEHHA uudp. Oro 247 m 274.
IToromM HagoBeM umcaa, B KOTOPRIX moBTOpAeTeH 2, 310 224, 227, 242,
272, Yucac, B KoTOpoM nobropesa nudpa 4, ToasKo oiHo — 3710 244.
Yueno, B KOTopoM noBTopera uudpa 7, Takxe onuo — a1o 277, Beero
noayuymiacck 2 +4 + 1 + 1 = 8 gucen.

r) KonnuecTBo giiceln, HAYMHAKWITAXCA ¢ HUGPH 4, MOKHO TOCUH-
TaTh TAK e, Kak B OyHKTe B); HX Beero BoceMb. PasyMeeTcd, TO e
BEPHO H AN 4HCEN, HAYMHAOIHXCA ¢ OUGPH 7, HX ToXKe BOCEME.
Beero noayaumM 24 wicta.

OTBem a)224; 6) 774; B) 8; r) 24.

DopMANBHO RAA OTBETA B NYHKTE I') MOXHO Obino GbI B HE pe-
waTk a) i 6), OAHAKO B KaMA0#i safaue Ha nepedop BApHUAHTOB OLIBA-
eT MOJE3HO ABHO BHIIUCATH HECKONBKQ THNWYHEIX koMOHHamuii, ko-
JHYECTBO KOTOPHIX MBI COOHPASMCH MOACHHTATL,

Kak m MHOrse MaremMaTHYecKHe 3a084H, OpHMep 1 r) AonycKaer APyIroi
cnocob pemiepmsa. Bor on. Haligem cHauanra KOIMYeCTRO 8CeX TPeX3HAYHEIX
9uceN, KOoTopble MO#HO cocTaBHTE M3 nngp 2, 4, 7. Tlo npasuay ymuoice
HUR, ¢ KOTODBIM Mbi HOSHAKOMHAMCA YYTh Mo3iKe, MX Gymer 3 - 3 - 3 = 27.
A Temeps BhIYTEM KOJMYECTBO UHCEN ¢ TPOHHKIMHM DOBTOPeEMAMH nHGp. Ta-
KHX YHcen eero rpu: 222, 444, 777, 3maunt, orper: 27 — 3 = 24,

Peurenrie npumMepa 1 B) TaKkike MOMKHO ODOPMHETE COBCEM NO-APY-
TOMY, 3aIMCAB IIOCTPOEHIE TPEXSHAUHOID TACAA IIar 3a WaroM, B BHe
HEKOTOPOTO «[I03TAXKHOre» mwiaHa. [IloMecTM nepeyo nudpy 2 B Bepx-
HMA IpAMOYTOAbLHHK, OT KOTOPOTO NPOBENeM Tpu <foporus (puc, 128).
OHHE cOOTBeTCTEYIOT BRIGOpY BTOpof nmdphi. 310 wm 2, v 4, wm 7.
Ilonyunm TpH OpaAMOYroJbBHHKA HA BTOPOM YPOBHE H mepeiiiem
K EBGOpPY TperTbeii mudpr. Ecam propoil nudpoi oxasamack 2, To
00 YCIOBHIO TpeThel nudpoil MoxeT OuITe man 4, mwam 7. 3HAUHT,
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5. INEMEHTE KOMBEMHATOPUKM, CTATUCTMHM W TEOPUM BEPOSTHOCTEM

4
|

224 227 242 244 247 272 274 277

Beero: 8 gacen

Puc. 128

TYT BOZMOILHO BCErO ABA BAPWAHTA, B PEayJbTATE KOTOPHIX IOAYUATCH
TpexsHaunble gucua 224 1 227, Ecan e sTopas uudpa pabBuHa 4 wmum 7,
To Ouf TpeThell mH@pEI orpaHAYeHHl HeT, U 3To MOXeT GBITH WU 2,
iy 4, wian 7. 3HAYNT, B KAMKIOM H3 3THX ABVX CJVYAEB BO3MOMKHEI
TIO TPH BAPHAHTA COCTABJEHHUSA TREX3HAUHRIX yucea, Iloayaarca aucma
242, 244, 247 u 272, 274, 277,

MEI COCTABHIIH TAK, HASEIBAEMOE JeDe60 B03MUNCHULIX BAPUGHINOE.
IIperMyLiecTBO ATOrO cliocoba pacey:KIeHMA COCTOMT B €ro HArnana-
HOCTH: ECe BAPHAHTEI BHIHHE HA KapTUHKe (cM., puc. 128), u norgr-
HO, Ka¥ WMEHHO CPTaHHZ0BAH nepebop BeeX BOZMOIKHOCTEMH.

IIpamep 2. ¢«JToT Beuep cBOGOAHBIA MOXKHO TAK IPOBECTH..»*:
IOHTH OPOTYNATECA K peKe, Ha NIOIIAAL HIH B NapK H IOTOM Hoi-
TH B rocTH K Bote win K Buke., A MOMKHO OCTATBCHA AOMA, CHATAAA
NOCMOTPETh TEeJIEBU30P WIHM MOYHTAThE KHIKKY, 4 NOTOM NOWTPATE C
GparoM uan pasobpaTbcsa HAKOHEL ¥ cefdA HA MHCHLMEHHOM CTOJe,
HapucopaTh gepeBo BOSMOMKHEEIX BapUAHTORE.

O T B e T: epero apUaHTOB IpeNCcTABNEHC Ha puc. 129,

IIlpunmep 3. B ypHe JeXaT TPH Hepa3IUYHMBIX HA OUIYNE
miapa: ABa GeNBIX M OAMH JYepHEL, [Ipm BHTaCKBBaHHMM UEPHOrO LIiapa
£ro BOZBPAIIAIOT 00PATHO, & BHITAINCHHEIN GBI map OTHIAALIBAIOT
B cTopoRy. Takyio onepanuo OPOUSBOIAT TPH pasa NOApPAL,.

a) HaprcosaThs AepeBo BO3MOMACHLIX BApPHMaHTOB,

6) B cKOoNBKUX caydyadx TPH BHITAINEHHHX Ilapa GYIyT OZHOIO
neera?

* ¢JToT Redep crofopmsulil / MomHO Tak nmposecTH:/ 3a TyMaHRHHHN OG-
BogHbl / HessHauall safpectd...» (A. Kymoaep).
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5. SAEMEHTEI KOMBEMHATOPUKM, CTATUCTMHM K TEOPMK BEPOATHOCTEH

Beyep
Hporymca
Pera Hnomamn Kanmua
Burs Bmra Bura Buxa Bura Buka Bpar Croxn Bpar Cron

Beero: 10 papuanToB

Puc. 129

B) B CKONBKHX CIyuaax cpead BHITAIOEHHLIX [MAPOB Oenwx Gymer
Boabme?

r) HapucoBaTh AepeBC BOZMOMKHEIX BAPHAHTOB AJA YeTHIPEX
BHITACKHMBAHHIE LIAPOE.

Peme Hue a)llepeBo BO3MOMHRIX BADHAHTOE NPEACTABICHO
Ha puc. 130,

Crxyuaii BEITACKMBAHUA ABYX (eJkIX IapoB 0coGeHHEBIA. B aToM
caydae ocTaeTeA OFHH MepPHHIH mAap M TOJABKC ero IOTOM H MOMHO
oyger GpaTs.

BBY
/ \
BEY BY
q E y R
BBY BY B4 e
. / 5 q/ \B . / \B .
EBU B4 BY Y BU | q

Beero: 7 papuanTos

Pwec. 130
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5. H SNEMEHTbE KOMBUHATOPUKM, CTATMCTMKK M TEQPHMM BEPOSTHOCTEA

EBY BY B9 b | B4 9 ‘.I
BEEY BY B4 ! B9Y 4 q B4 4 9 9

Beero: 11 sBapuasToB

Puc. 1314

0) Tlo mepeBy BapHAHTOE BHAHO, YTO 3TO BOSMOMKHO B eTHHCTBEHHOM
cayuae, KoTaa TPH pasa NOIpAZA BEITACKHBAETCA LIAP YEPHOrD IIBETA.

E) Tpex Gearx mapol ObITE He MOXeT. 3HAYUT, pedb HIeT O ABYX
GenbIX ¥ OAHOM YepHOM Inape. 3TO BOIMOMKHO B TpeX cuyuaax (cm.
Iepeso BapuanTos: BBY, BUB, YEB).

r) 3meck K IOcaeTHeMY YpPOBHIO JepeBa BapMaHTOB Ha prc. 130
J00aBUTCA ellle OIUH YpPOBeHB, COOTBETCTBYIOINUY geTBepTOMy BBHIGO-
py {puc. 131). |

Taroro poga THATPAMME B MOIPoOHOCTAX yAOOHO PHCOBATH T0Jb-
KO And CPABHUTEARHO He(OJABLIOTO YHCHA BAPWAHTOB, 4, HAIpHMeR,
AuA coren KomOUMHauM#l mepeBo BAPHAHTOB LENHKCM He HAPHCVELOE.
Torpa npuxoANTCA NelcTBOBATE: Ho-ApyroMy. “daine Bcero npu pas-
JAFMMHBIX TOACYETAX HCHOABIVIOT NPAGUA0 YMHONEHUR.

ITPABHJIO ¥MHOKEHHAA

HAra mozo wmoGsr Halimu RUCA0 8CeX GOIMONCHLLY ucxofos Hesa-
8ucuMoz0 nposederus dsyx ucnumanuit A u B, credyem nepemuo-
HUMb LUCAO 8CeX UCX0008 Ucnuimanul A u yucao écex ucxodos
ucnstmaxHus B.

HOna ofBACHEeRNA NPaBUNa YMHOMKEHUS HapucyeM Jepeso BapuaH-
ToE. Ha nepBoM ypoBre y Hac OyIyT NepednclIeHsl Bce UCXORBL &, &y,
Ags very @, _ 45 G, BCOHTAHEA A, Ilocie KaKIOTO U3 yiKe BHINUCAHHLIX
HCXO/0B BOSMOYKHEL BCe MCXOAS! b, by, by, ..., b, |, b, nenvitanna B —
BeAb MCHEITAEHA IPemNoiaramwTca HesaENcHMEIME. B peayanTarte no-
aydarca k+ k+ k + ...+ k = nk ucxomos (puc. 132).

3
IIpagnao yMHOMEHUA MOXKHO OOBACHUTE K I0-IPYTOMY, ¢ HCIOJIb-
goBaHreM TabiHuEl BOSMOMKHEIX PE3YABTATOB LPOBENEHNHA ABYX MCIEI-
Tapuii. ITogecEEM 2TO0 Ha TpaMepe.
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5. IJIEMEHTBI KOMBUHATOPKNW, CTATMCTMEM M TEOPUM BEPOATHOCTEN

T TS

al az aa an—l an
b, b, . b, b b,..b b b,..b b, b, b, b B, .. b

Beero: n pas no &, T. €. nk HCXOKOEB

Puc. 132

ITpumep 4. Ha sasrpar Bopa mosxer BuGpaThk IIH0MKY, 6y-
TepOpos, IPAHUK HUIH KeKc, 4 3alHTE MX OH MOMKeT Kode, COKOM HAH
Ketmpom, CKONBKO BAPUAHTOB 3aBTPAKA €CTh v BoBhI?

P eme E u e Cofepem Bce BAPDHAHTHL B TaGAHIY.

Hawwra Bymep6pod Ipanux Rexe
Roge | Kode, omomra | Kode, Kode, npaanr | Kode, xerc
Gyrepbpon
Coxr Cok, DAKIOKA Cox, Cok, DpAHKUK Cok, Kekc
OyTepOpox,
Kedup | Kedbup, nmonmka | Kedup, Kedup, npaauk | Kedup, kKeke
Gyrepbpon

Tax xax BEIGOp €K M HAIWTKA IPOMCXOAUT HE3ABHCHMO, TO B
KaKA0H KaeTke GyAeT CTOATh OJHH M3 BO3MOKHBIX BAPMAHTOB 34BT-
paxa. Bepao m ofpaTroe: molol BapmaHT 3aBTpaxa GygeT pacmiogo-
SKeH B OfHOH M3 KJIETOK, SHAYHT, BCEro BAPHAHTOR CTOJNBKO e, CKOJNb-
KO0 H KJeTok, T. e. 12,

OreeT: 12,

3ameuanme 1. Beanmit pas B KOHKpeTHOH 3apgade coscem He obaza-
TENbHO PHCOBATE TABMMLLY M 3aMOTHATL €€ LENMKOM. MOIHO NPOCTO MC-
NONb30BATE CAMO NMPABMNO yMHOMeHHA, B npumepe 4 pewenne momer
BLIrMAAETh TaK: «Mcnbiranie A — shiBOP eabl, ¥ HEro HeThipe MCXoAa, a
ucneiTatme B8 — eeiBop HammMTKa, y Hero Tpk ucxoaa. Buibop eapi u emibop

HaNKTKa Hea3asuCumbl APYT OT BPYra. o MPaBuny YMHOMEHHA NONYYaem
oreger: 4+ 3 = 12».
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5. SNEMEHTHI KOMBEUHATOPHKW, CTATMCTHMRY M TEOPUM BEPOSITHOCTEM

3amevanmwe 2. Mpasuno ymHOMEHUA ONS 48YX MChLITaHWA ypob6HO
OBBACHATL, KAK Mbl BUOMAM, KCMONL3YA NPsiMOYroneHole Tabnuukl, Ho ecnm
NPOBOOATCA TPH UCTILITAHMA, TO ANA MANKOCTPAUMK HAAO WCMOMbL30BATL H
ANKHY, M BbICOTY, M WHPKHY. Ha KapTHMHKE NONYYMTCA NPAMOYIONbHEIH Na-
pannenenwneq, pasbuteiii Ha KyBMKK. 3pech ye U pUcyHOK, u 0BbacHe-
HWA BLIFMAAAT CNOMHEe, NOCKONbKY, HanpHmep, ByayT Hesuoumble KyBu-
un. Ewe xywe geno oBcToMT ¢ Werbipsmsa UcnbiTaHuamu, [na pucyvka s
3TOM CNyUYae HAM HEe XBaTWHT M3MEPEHWH, NOCKOMNbKY OKPYMAKILEE HAC
NPOCTPAHCTBO BCErO MMWb TPEXMEPHO. Tem HE MEHEe NPABMIO YMHOMe-
HWA BepHO M ANA TpexX, M ANA 4YeTbipex H T. M. HE33BUCHMbLIX HCTIBITAHWA.
IOns obbAcHEHMA AOCTATOHMHO HAPUCOBATE HYMHOE ASPEBO BAPHAHTOR M
MNOQCHATATE KONMUECTBO BO3MOMHLIX BaPHMaHTOB.

Jnsg crexyiomero opEMepa Ml IPHBeAeM TPH cnocofa pemeHMs:
TepeBopoM, ¢ DOMOIILI0 AEPeBa BAPHAHNTOE M N0 NPABAIY YMHOMKEHHI.

NHpumep 5 B ropuiope Tpu naMuoouki. CrojasKo HMeeTCa
PasIAYHBEIX BAPMAHTOB OCBEINEHHWS, BRJIOUAA ciaydail, Koraa Bce jiaM-
NOYKH HE TOPAT?

P e w e u u e. Hepeuiil cpocob (nepeGop sapuanTos). [Iporymepy-
€M JAMIOUKH M 6ygeM NucaTs + MHIH — B 3aBHCHMOCTH OT TOT'0, T'O-
PET MM He ropuT ovyepefHad Jammouka. Toraa see cuocolbi ocBellie-
HAS MOMHO IIPOCTO OEPeUNCaAnTs, Borogm: +++, ++—, +—+, + ——,
-+ +, -+ —, — -+, — — —. Becero BoceMb BAPDHAHTOB.

[leppaa JaMOOYKa

+ —_
Bropaa naMnouka Bropas naMmouka
4/\- "/\_
Tperea Tperes Tperba Tperes
MaMIOouKa JAaMIouKa JaMIOOUKa JaMIOUKa
+4++ F+- +-+ +-- —++ —+- -—- ---
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5. INEMEHTEl KOMEMHATOPMKM, CTATMCTUKM M TECPMM BEPOATHOCTEN

Bropoii cnocob (aepese eapuanTor), Ha pme. 133 Harimaaxo nper-
CTABJNEHE! BOCEMEb BADHAHTOB OCBEIEHUA KOPUAOpa.

Tpetuit co (mpaBuao ymEoxerns). Ilepeaa maMIIOMKa MOMEET
HIHA I'OpeTh, UIH He TOPeTh, T. €. AMEeTCd JBAa BOSMOMHBIX MCXOZA.
Ho T0 xe camoe OTHOCHTCA KO BTOpPOil M K TpeTheit namMmoukre, Mu
IPeANONAraeM, 4TO JAMOOUKM TOPAT MINA HET He3d6LCUMO APYT OT
apyra. Ilo npaBUAy YMHOMEEUA NOJMYYAEM, MTO YHCIO BCEX BapHaRE-
TOE QCBeIleHNT PaBHo 2 - 2+ 2 = 8,

OreBem 8.

¥ Rammgoro #s aTHX Tpex cnocoboB pPelneHHA B Ka'XA0OM KOHKpeT-
HOM CIy4de €CTh M OPeHMYLIECTBA, H HegocraTki. Boifop cmocoba
peiteHna — za Bamu! OrMeTHM BCe K€, YUTO NPABHJAO YMHOMKEHH:H
TO3BOMAAET IPAKTHYECKHA OAHNHM cnocoGoM PeIlaThs camsle DasHooGpas-
Hele sagaud. Haopumep, oBO npmEsBofHT K KpafiHe BaXKHOMY B MaTe-
MaTHKE ODOHATHIO PaKmopuara.

Hpumep 6. B ceMpe IiecTs YeNOBEK, A 33 CTONOM B KyXHe
IIecTh CTYALEB. DLIMO PellleHo KasKIRI Beuep mepel Y»KHHOM pacca-
JKHBATHCA Ha HTH IIECTH CTYALEE IO-HOBOMY. CKOMLKO JHEH 4JIeHb
CEMBH CMOLYT FeJaTh 310 Ge3 moBTopenmit?

P em e B 1 e. OreeT 0Ka3KBAETCA HEQKHMAAEHO OONBIMMM: TTOUTH
gsa ropal O0bacemm ero. Jug ypmoOcTea paccympeHnii mporyMepyeM
crynbpa Nel, Ne 2, Ne 3, Ned, Ne 5, Nt 6 u 6ymeM CUUTATE, UTO UNEHE
ceMbil (0a0yILKa, AeZyIIKa, MaMa, HIANA, A04Yb, CHIH) 3AHMMAIOT MECTA
no ouepegn. Hac mETEpECYET, CKOMLKO BCETO CYINECTBYET PARJIMIEEEX
cnocofoB paccakHBaHHA,

IIpegnonoxnm, uTo mepBoH cagurca Gabymra. ¥V Hee AMeeTcA
IIeCTs BAPMAHTOR BHIGODa CTyIa. BTOpRIM caimTed JeZyIIEa M Hesd
gucumo BEIOApaeT CTY/ M3 HATHA OCTABIINXCcA. MamMa JeslaeT cBoil Bh-
Gop Tpetreil, m Bnifop y Hee OyAeT U3 UeTRIPEX CTYJILEB. ¥ AL Oy-
JeT yie TPH BapHaHTa, ¥ JOYKH — JBa, HY A ChIH CAJeT Ha
eJUHCTBeHHEIN HegaHATHE cryi. [lo mparury yMEOMKeHHS IONydYa-
€M, YTO Beero aMeercaA 6-5-4 -3 -2 - 1 = 720 pasnmyHRIX ¢cnocoGoB
paccasxuBanng, a 720 gEe#l — 3TO H ecTh IOUYTH ABA ToJa.

O 1B em 720 nHel.

Onpeaenenne. TlponsseaeEne MoapAA MAYIAX OEPBEIX N HA-
TYPANBHBIX 4Yuce) 0D603HAYAIOT 72! M HA3HIBAIOT «3H (aKTOpHAN» !

M=1-2:83-..-(n-1)-n
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5. 3NEMEHTH KOMEMHATOPUKM, CTATUMCTUM W TEOPKMM BEPOATHOCTEA

Ofxo m3 3HAYEHUH QHTMIMHCKOrO CJAOBA fEctor — « MHQKHTEIh»,
Tax uTo 5% ¢aKmopuas IPUMEeDHO TEPEBONUTCA KaK «COCTOAIHM M3 n
MHOXKATEIeH» . [IpHBegeM BECKOALKO NEPBRIX sHaucHMi ang nl.

a1l 2 3 4 3 L 7

nl|1(1:2=2(2/:3=6[31'4=24| 41:5=120|5!-6="T20| 6! 7= 5040

3uavernd nl oueHs OLICTPO BO3PACTAIOT ¢ yEeamueEweM /t. Hampm-
mep, 10! Goarme, ven 3,5 Munnrmona, a 15! npumepso paeeo 1,3 Tpmi-
JAQHA.

Hna noacuercs, cBA3aHERX ¢ nl, OHBaeT YAOOHO ACHOOIL3OBATE
crexyomye hopMyay.

Popmyna OinacHenae
nl=(n-10'n pl=1-283... (n-1)-n=
=(1'2-3-...:(n-1)'n=(n-1)'n
7. 41
HanupumMep, 0a4 BHYHCHASHENA SHAYEHHA ﬂ coBceM He obd3a-

TensHO HAXOMHTE BCE YeThipe GaKTopHaia W HOTOM TPOH3BOTUTEL BRI
qHCneHVA. Y Ao0Hee CHAYaNa NPOBECTH COKPAITEHU:

T1- 41 =6!-7-4! =z=14

6!-51 61.4.5 5

DIpumep 7.

a) CronmpRHUMH cIocobaMM weThipe BOpA MOrYT IO OJHOMY pasbe-
SRATBCA HA BCE UeTHIPe CTOPOHLBI?

0) B 9 «A» Kmacce B cpegy ceMb YPOKoB: anrebpa, reoMeTpHs,
JIHTEPATYPa, PYCCERil A3pIK, anraniickuil A3ukK, 6xomorna 1 QUIKYIL-
Typa. CKOALKO BAPHAHTOB PACTIHCAHHA MOMCHO COCTABHTE HA Cpefy?

Pemernue.

a) ITyerk BOpBI paszberarorTcs moouepeano. Torga y mepBolo ecTh
YeThIpe BAPHAHTA Brlbopa HAUPABNEENA, ¥ ETOPOI'0 — TPH BADHMAETA,
¥ TPeTbero — ABa W y NOcAegHero — OguH BapuaHT. Ilo npasuny
VMHOMNCENA nonygaem orser: 4+ 3+ 2+ 1 =41 = 24,

6) Jaa aaredpnl ecTh: ceMb BAPHAHTOB PACHONOMEHNA B pacInca-
Huu. Bcan gna anredpet BuiGop caenaH, TO LAA reoMeTpun OyIeT yixe
mecTs BapuanTos, Eeni anmrefpa o MeoMeTPHA 3aHAIH B PACIHCAHAH




5. INEMEHTBI KOMBMHATOPHKM, CTATMCTURM W TEOPUMK BEPOATHOCTER

CBOE MECTO, TO ANA JUTEPATYPHl OCTAETCA IATE BAPHAHTOB H T. I.
Ilo npasusy yMHOMEHN noayqaem: 7654321 =T = 5040,

Or1sBer:a)24; 6)5040.

M1 BmguM, YTO YCIOBUA 3874849 BRITVIANAT I0-DA3HOMY, 4 PEIANTCH
9TH 3aJa7H NOYTH OHHM M TeM Ke cmocofoM. SHAYAT, €CTh KAKOS-TO
obmyee OpaBENQ AN PEIIEETA TAKOrO THNS 33444, Mrr chopMynmupyem
€T0 B BHIE TeOPeME O HePEeCTAHOBKAX 9/EMEHTOB KOHEUHOIO MHOMKECTBA.
Teopema I n PAGRUAHBIX IAEMEHMOE6 MONHO DACCMASUMD RO

odnoMy Ha I padruHbLx Mecm poeke n! cnocobamu.

Heroprmyeckyl CHOMKIOCE TAK, 4TO Gojee ynoTpeGHTeNeH He TED-
MHH «PACCTAHOBKA®, 4 TEPMHAH «lIEDECTAHOBKA», H IOJTOMY 9Ty TeO-
peMy dame GOPMyTHUDYIOT TaK: « TUCAD 8cex nepecmMaHOBOK MHONCe-
cmea u3z n areMenmos pasHo n!». COKPALLEHHO 3TO 3ANNCHIBAIOT B

BHAe (GoPMYIBL

B stoM coxpamesuu OykKea P cooTsercTByeT nepBoi GyKBe aHr-
AmfcKoro raaroaa (CYIIECTBATEILHOrO) permute (permutation),
KOTOPLEN 7 mepeBOAATCA KAK «TIEPECTABIATL» («IepecTaHoBKa»), Ha-
npamep, P, =381=6, P,=T1=5040 n 1. 2.

§19. cTaTMcTvKA —
AM3AMH MHDOPMALMM

Haurem ¢ koHKpeTHOrO Tpunepa. JomyeramM, vro B 9-x knac-
cax «A» m «B» msmepunm pocr (B caETAMeTpax) 50 yyenuxos. Ilony-
uymiaca Habop us 5C gucen. Bpaa am camoe Mazenbroe H3 Hux Gyaer
Meuble 140, a camoe Gonsmoe — Goapme 200, MosxHo, cobawpas
ouepeNHOCTL H3MepeHHH, BLIIMCATE BCe NAHHEIC B CTPOUKY 4epes sa-
OATYIO. MosxsO PACIIOJIOMHTE HX B /AABE KOJOHKH B COOTBETCTBHH
¢ KIACCHBIMU cOMCKaMA. MoMKHO KaX-TO 3aNACATE MX B BHAE TaOMAILI
5x10 u 1. 1. B urore Gyzer cobpaHa noiuHaa MEGOPMAIINA O IpPOBe-
AeHHOM m3MepeErHd, K comaneHmio, mpaxTHYeCIcl Ipy JIOO0M cnocobe
PacmONOKeHHA a0coAOMHe 8CexX MAaHHEBIX 5Ta HHOOPMADHA TPYIHO
YHTASTCA. OHA HEe HAITIAAHA, 3aHAMACT MOOID MECTA, HHKAEK HE YIOOPA-
JodyeHA H T. A,

A mpeacTaBbTE PE3YIBTATHI, cOCTOAIINEe He u3 50 JaHHLIX, a H3
500, 5000 nnm @3 murrEoEOE pasmauEbx ypcen! Hanpuwmep, uucao
¥ pasMepnl BKIagoB B COepbaHKe sa Texyuln#l roa AIM JaHHBIE
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5 . SMEMEHTLI KOMEMHATOPUKM, CTATMCTMKM K TEOPMIM BEPOATHOCTER

0 IIPOM3BOAUTENRHOCTH TPYJa Ha OpPeIupHATHAX Kaxoi-EnGyne orpac-
JH e Bcel cTpaHe, Pe3yABTATHI IOJIOCOBAHMHA OO BeeM H3buparenn-
HEIM YY9aCTKaM H T. . EZHHCTBeHHHN pasyMHBIHA BHIXOX — KAKHM-
10 06pasoM npeofpazosamb IMePROHAYANLHEIE AaHHLIE HSMEpPeHH:, B
TIEPBYI0 O4Yepenk: S3aMEeTHO YMeHBIUUB HX ofmee KosjudecTBo, OxHA H3
OCHOBHEEX 3afa4 CTATHCTHKHM KaK pas ¥ COCTOHT B Hagjemameil
oOpadomre ungopmayuu. Koeuno, y cTarHCTHER €CTH MHOrO gpy-
THX 3aja4: noJydeHHe N xpaEeHue HadopManny, epipaborka pasama-
HEIX NPOTHC30B, OLEHKA HX HOCTOBEPHOCTH M T. 4. Hu ogHa 13 atmx
meneil He mocTxKMa Ges 06paboTKM JAHHEIX.

Hrax, B mepByio ouepenb saliMeMcd CTATHCTHUECKHEMHA METOAAMHA
obpaborkn mHQpopMmanux. Kar nopasuno, mopsagok npeobpazoBaHmii
NEepBCHAYANBHO NOAYVIeHHOH HEGODMAINH TaroB:

1) cravaia JaHH:sIe HaMepeHUl yropadodusaom A 2pynnupyon;

2) zaTeM cocTaBaAIOT Mmadruybi pacnpedenenus OaHHbIX;

3) TabunuEr pacpeseficHUs DEPEBOIAT 8 epaduru pacnpedeserus;

4) saxoHell, NONYUAIOT CBOETO PO Racnopm danHbix H3MEDEEAH,

B KoTOpoM cofpano HeGoNbIIoe KOJHYECTBO OCHOBHEIX #UCJI0-
gbix xapaxmepucmur noxydeEHol unpopMannd.

3adburcUPYeM OZHO KOHKDPETHOE H3MEPeHHe ¥ MPOCAeaNM LIAT 34
IMATOM, K4K €ro JaEHEE apeodpasyioTcd B mpollecce o0pafoTKH HH-
dopmMamm,

Hamepenne(H). V50 paloTENKOB IropoacKoro NpeanpHaTua
TMOTPOCHAN OLIEHHTE BPeMdA, KOTOPOe OHM B CPeNHEeM TPATAT Ha OpO-
€31 oT goMa Ao paGoTe. Iloayaunuck cnegyoiie JaHHEEEe B MHHYTaX
(¢ TounHoCcTRIO A0 10 MHHYT).

20 100 20 30 40 50 30 80 90 40
30 50 20 50 30 30 5H0 60 60 5O
30 40 60 50 100 60 90 10 20 50
90 80 20 40 50 10 50 40 30 40
60 120 30 40 60 20 60 10 50 60

1. I'pynuuposra madopmManun. Ileppoe, uToO caeayeT OLEHHTL, —
3TO PAMKH, B EOTODHIX BoODIIE MOryT HAXOZMTLCH AAHHEIE H3MEpe-
Hua. Menee 10 munyT (1. 6. 0 MHHYT) HHKTO He 3adBHI (TEPPHTOPH-
anbHO AOM H pafoTa — 5TO He OZHO M TO Ke), a Oonee 180 mumyT
(Gomee Tpex wacoB) Ha DPOE3] 1O I'OPoAY B OZHY CTOPOHY BPHA JIH
KTO-TO OyHer TpaATUTL Ka:RIHH AeHb. 3HAYNT, B OIPHAHIHIOE B 9TOM
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5. EMEHTH KOMBMHATOPMKW, CTATUCTHMEM M TEOPUM BEPOATHOCTEA

H3MEPEHNM MOTJIHN MOoJAy4YHTRCA uucaa 10, 20, 30, ..., 160, 170, 180.
Mer cocraruan ofwuil pad dannbix. JJaHERIE pacIoNaralwT, KaK opa-
BUJIO, 6 nOpaAdKe 803pacmanud,

Hrax:

Hzmepensue O6nuii pAY TASHEIX
Bpema npoesga (MHH) 10, 20, 30, ..., 170, 180

IIpamep 1. Bundcars o6muit paAx JaHHELIX CASIVIOIIUX H3MeE-
penuii:

a) MecHAN POXKACHMA YUEHMKOB Bamel MIKOABI, §) TOZ POXISHUA
BALIMX POACTBEHHWKOB M 3HAKOMBIX; B) I'OZ0BOH IDOOEHT HAUHCHE-
HU 0 BXAaJaM B OaHKe; I') HAUANBHEIE OYKBEL B IePBO# CTPOKE CTH-
XOTBOPEHHA.

Peme r ue. a Becero moxer moayuursbca 12 mecanee. Ecau
OEepEUnCHAATh UX He IO HASBAHUAM, 4 I0 HOMEpaM, TO NOJYUHM
obmuit pAg JanHHX;

1, 2,3, 4,5, 6,7,8,9, 10, 11, 12,

6) Bpag A y BAC €CTH POACTBEHHHNKH HNIU 3HAKOMEIE, KOTOPBIM
mHoro Gonrme 100 yeT, a BOT HOBOPOMKJACHHRIE BIOJNHE MOTYT BCTDe-
THTBCA. 3HaunT, 00Ul paAf ZaEHEIX BuIrnagaar rax: 1900, 1901,
1902, ..., 2005, 2006, 2007, 2008.

B) Huraxoi yeasamomuii ceba 6aax Gonee 15 % rozoBeIX He facT.
Yro Kacaercd HHKHeH omeHKH, T0 TyT MeHee 0,1 %, Koropeie maer
Coepbank Poccun no BKnagaM Ao BocTpeGOBAHAS, HEBOZMOMKEO IDET-
CTABUTh. SHAYHUT, B 3TOM Cayyae 06INMi pAL JAHHBIX BRIFIALAT TAK:
0,1; 0,2; ...; 0,9;: 1; 2; 3; ...; 14; 15.

1) B mepBoi ¢TPOKE CTMXOTBODEHHS B IDVHHNIIE MOTYT BCTPETHTECH
Bee 6yKBu pycckoro ampaeura ot A 7o fA. Caeayer HCKINUATE He-
peancEme cayaau (b, ‘b, bl), Ocrapumecs OYKBR MOKHO, HATIPUMED,
NepPeHYMEPOBATE IO DOPAJKY M MepeliTH K YMCIOBOMY O0GIIEeMY pagy:
1, 2, 3, ..., 29, 30. ¢ |

INoawepkEEeM, 4TO OUPEAENCEUA B CTATUCTUKE HE BCETHA HOCAT
CTOAL € TOUHBIA XAPAKTED, KAK, CKAMKEM, OIPEJECICeHMH B I'eOMeT-
PHH HIu anrebpe. Hanpumep, B nyakre 0) opmmMepa 1 ot goGaBaemms|
1899 x mocaemosarensnocte 1900, 1901, 1902, ..., 2008 oxa He me-
pecTaHeT BRITE 00IDHM paAOM AAEHLIX. B nmyHKTe B) BCe FOAOBEIE IpPO-
IeHTH MOMHO GHIIO MSMEPATE ¢ TOUHOCTLIO OO OECHTHIX, W TOTAA
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5. INEMEHTH KOMBMHATOPHKM, CTATUCTHUKA U TEOPWA BEPOATHOCTEN

obmuit pag gagERx cocrasmnw O wmcag 0,1; 0,2; ...; 0,9; 1; 1,1;
e 14,9: 15,

IIpm npoBefeHHMH KOHKPETHOIO H3MEpeHHs BHOJHE MOJMKET cJy-
YHTBCA TaK, UTO KaKHe-TO JaHHLIe H3 O0Iero paAAa BooGIne He BCTpE-
TATCA, 3HAYNT, HANO OTAMYATE DEANBHO NOAVIEHHRIE Pe3YIbTaTEl H3Me-
peHudA oT o0uero pags maHEEX, Hanpmmep, B mamepernu (M) Ham
BCTPETIINCE TONBKO Takme pesyabrare: 10, 20, 30, 40, 50, 60, 80, 90,
100, 120. Kamgoe M2 2THX 4Mces HASBIBAIOT gapuaHmoll MaMepeHns
{HECKOMBKO HENPHEBELIYHO, HO B CTATHCTHKE HCIOAB3VIOT CJAOBO HMEH-
HO JKeHCKOTO poja).

BapuanTa maMepeHRa — ofuH us Pe3yabmainos 3mozo uime-
PeHUR,

Ecin Bce BApHAHTHI HEMEDEHUSA NMEPeYHCANTh M0 OOPAAKY (u Oes
TIOBTODEHHI), TO IOTYUUTCH Pad JaHHbIX usmeperus. B HameM msmepe-
mun (H) pag ganerix — a1o 10, 20, 30, 40, 50, 60, 80, 90, 100, 120.

Hrax:

HamMepende 061wl pAz maBEHEIX Pan JaHHEIX MaMepeRMA

Bpema mpoesaa | 10, 20, 30, ..., 170, 180 10, 20, 30, 40, 50, 60,
(vuH) 80, 90, 100, 120

II puMe p 2. BunoucaTs pAg AaEHLBIX H3MepPeHHH, COCTOALIErO
A3 BeeX PasHbIX OYKE HEPBRIX ABYX CTPOR CTUXOTBOPEHHI:

a) «He rosopu EukoMmy / Beé, uro Twr BHgen, 3a0yab...»";

0) «2T0 gepeBo cocHa, / M cyanfa COCHEL AcHA..»™

Pemenwue. a)a, 6,82 0,e,¢ 3, u,K, 2, M H,0,D,C, N, Y, 4,
of, b. TyT mcoone3oBaea 21 6ykea Ha 33 MecTax n mosTopenud Gyxs
OYEeHb MAJO.

6)a, 0,6 0,8 u, i 0 p ¢, M, Y, b, b, 3 A, 3AeCh HCIONB30BAHEL
16 Oyke ua 30 Mecrax, moBTOpeHZE OOnbmE, W B 0COGEHMHOCTH 3TO
oTHocUTcH K Oykse <c» (6 moBTOpeHmil).

Kak MBI BugnM, He Bce BAPHMAHTLL XORKPETHOrO H3MepeHusa Haxo-
IATCA B OQUHAKOBOM nojoxkenun. Kaxne-To BeTpewaloTed MHOTO pas,
KaKue-TO pexe, a HEKOTOPRIE BCTPEUAXOTCA IO OJHOMY Dasy.

.

* U3 cTuxoteoperna O, MagaeaomTama.,
“ Mz cruxorsopennd K). Mmrepanosa.
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——————

Onpegenenne. Ecnn cpean Beex JAHHBIX KOHKPETHOTO H3Me-
PeHHS OAHA W3 BAPHAHT BCTPETIJIACE POBHO K pas, To ¥aAcI0 k Has:-
BAIOT KPATHOCTLI 3TOH BaPHaHTHL U3MEDEHUA.

Hanpuwmep, B usmepennz {H) spema 60 MUHYT BCTpPETHIOCH BO-
CEMD pas, a BpeMd 120 MHHYT BCTPETHJIOCE OAHAMKALL, SHAYNT, KpaT-
HOCTE BapmanTsl 60 paBHA BOCLMH, & KPaTHOCTE BapHasTol 120 pas-
Ha eguanne. Ilepea mannHeiimeit oOpaborTkoii DaHHEIE H3MEpEeHHHA
yaobHo czpynnuposams. Nenaetca aro Tak. Jua ynoGeTBa sammimeMm
paaane nsmepernd () B gecATkax MUHYT.

2 Ww 2 3 4 5 38 8 9 4
8 5 2 5 3 38 5 6 6 5
8 4 6 5 10 6 9 1 2 5
9 8 2 4 5 1 5 4 38 4

6 12 3 4 6 2 6 1 5 6

ByaeM aBHraTbes N0 CTPouKaM H 3aUePKHBATE OUePeAHRE Peayiib-
TATH, & KaX¥aoe 3adepKHBaRne¢ KOMHPOBATE HHUMKE COOTBETCTBYIONIEN
BAPHAHTH B pany ZaHAHX. Ilepsrie Tpy pesyawrata 2, 10, 2 B mep-
BOM CTpPOKE 3a4epPKHYTHl B 3HAK TOTO, UTO MLl X YoKe yand. JIwHpm,
KOTOPLIMH 5TH PesyIbTATHl NEPeuePKHEYTH, IOETOPHM B BHOUCAHHOM
sapaHee ofmeM page JAHHEIX:

1 2 3 4 b 6 7 8 9 10 11 12
// /

Bor uro nmoavunTea mocse NPOXOMKAEHUA OepBoil CTPOKH: B Heil
OO AB& pas3d BCTDETHAHCH BAPHAHTH 2, 3, 4 o 10 0AHOMY pasy — Ba-
pmasTH 5, 8, 9, 10.

1 2 38 4 5 6 7 8 9 10 11 12
A AV /S

PGGYJILTaT IIocjle MPOXOEAEHUA NEPBLIX ABYX CTDOX BHINIAAHT
TaK:

i 2 3 4 5 6 7 8 9 10 11 12
111 TR 1 TR /]

Ona ygoGersa moAdcyeTOB BMECTO KaXZoH NATON 4YepTOuKM Opo-
BOLAT NHHEHIO ¢ ZPYTHM HAKJIOHOM, KOTOP&S NEPEUePKHUBAET YETHPC
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npeARAYINAe JeproukH. Ha IpaxTHKe, KOHEYHO, BCe MOACYeTHl HpO-
HN3BOZAT B OMHOM MecTe: BeAns NMPOMEXKYTOUHBIE PEe3yALTATE HEe HyX-
Hul. BoT Kak B HTOre GyieT BuITJIAAETL Pe3yNbTAT MOACYETAa KPATHO-
crell B HallleM TIPHMeEDe:

1 2 3 4 b 6 8 9 10 12
I TR TR IT B 1D TRRCERE TR 10D 17

Temeps MOMHO COCTABHTE CZPYRNUpOeaHMHbLl pad daunvix. B nem
Kaxjad BapHaHTa NMOBTOPEHA HMEHHO CTOJBKO Pa3, CKOIBKC OHE
BCTPETHNIACH B HSMEPEHHH, T. €. THCJIO IIOBTODLHNHA Kaskaoil BapHaH-
THl PABHO KPATHOCTH 3TOH BapHAHTHI!

1,1,1, 2,...,2,8,...,8,4,...,4,5,...,5,6,.,.,6, 8, 8,9,9,9, 10, 10, 12
8 8 7 10 8

Ha aTom saxaBuMBaeTca mepBeiil mar o6paboTki HEdoOpMaIy —
ee YHOPAAOYMBAHAE H IPYNIOIHPOBKA.

2. Ta6amaHoe mpencTabBaenve MHGopManun. Brecem B Tabimimy
paAg AaHHEIX HSMepPeBEHA M KPaTHOCTH COOTBETCTBYIOIDMX BAPHAHT,.
Ilonyaum madauyy pacnpedeienus paHHLIX. BOT KaK 9TO BRIMIAAAT
B HaMepermn (M),

Bapaanra
1|2)3}4| 5|6 |8)|9 |10 12

Cymma

Kpataocts | 3 (i} 8 7110 ] 8 2 3 2 1 80

Eciiu cA0XHTE BCe KPATHOCTH, TO HOJYUHATCA KOJMTIECTBO BCEX
LAHHEIX MaMepeHHA — ofsenm usmeperus. Tak Kak ompamumBasu
50 paGoTHHKOR, TO 06heM HaMepenna () papen umenno 50, Ha npax-
THKE LAA KOHTPOJIA BCErga CKJAAHBAIOT HafleHHEE KDATHOCTH Ba-
PHAHT: CyMMa AO/DKHE PABHATHCA 06beMy M3MepPeHWA.

Heuree, ipu obmiedt olleHKe pacupefeleHHA JaHHEIX HE OYeHE Bajk-
HO, 4TO, HAaIIpUMep, BapHaHTa 1 HMeeT KPATHOCTEH 3 cpesu Bcex 50

aaHEEX, Tag Kax —5% = 0,06, To ynobHee cKa3aTL, ITO ITA BAPUAHTA

3aHHMAET WECTh COTEIX ofmero ofrema m3Mepenza, Tax m mocTynaior,
T, €. DRJAAT KPATHOCTH BADMAHTHI HA 00BeM H3MEPEeHHS H MOJYYalOT
YaCcTOTY BapPUAHTHI.
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HEpamnocme eapuanmet

YacroTa BAPHAHTEL =
P Ob0zem uaMepeHus

YacToTHI BCEX BAPHAHT VAODHO NPWNHCATE CAeAVIOMEH CTPOKOH
K yie cocTaBneHHOH Tabavne. Ilonydennyio Ta0anny HAa3KBAKOT mad-
auyell pacnpedesenun wacmom MsMepeHnd, BoT Kak 5TO BRIMIAAUT B
usmepenvu (M),

Bapsiaprra
1 2 3 4 5 8 8 9 | 10 12

Cynoaa

Kpataocts | 3 6 8 7T 110] 8 2 3 2 1 80

Yaerora |0,06/0,12/0,16(0,14|0,2 |0,16(0,04|0,06(0,04 (0,062 1

CyMMa BCeX UaCTOT BCerga PaBHA 1 — Belb 3TO cyMMa Apobeii
¢ OVHAKOBEIM 3HAMEHATEJCM, V¥ KOTOPRIX CYMMA BCeX UACAHTENeH
Kax pas ® PaBHa 9TOMY SHaMeHaTenwo. Jaa ynodcTBa cueTa M IOCTPO-
eHud rpaQHKOBR YacTOTH HepeBORAT B OPOUEHTH! OT 00HeMa HaMepe-
HuAa. Torpa ralavny pacnpeAeleHdd JOOOJAHAIQT €Ie CTPOKOH wac-
TOT B nNpomeHTax. OHa monydaercda w3 mpeAsIyuledl CTPOKH
ymHOMXennem Ha 100 % . Hrak, qna mamepenwsa (M) nonyuaem Taxymo
TabaHmy.

Bapmanra
1 2 3 4 5 6 8| 9 |10 12

Cynvpa

Kpataoets | 3 6 8 7110} 8 2 3 2 1 50

YacroTa 0,06/0,12/0,16/0,14| 0,2 (0,16(0,04|0,06)|0,04|0,02 1

Yaerora, % | 6 | 12 | 16 | 14 | 20 | 16 | 4 6 4 2 100

CymMMa BCeX 4acToT B NPOLEHTAX, KOHeUHO e, pasHa 100.

3. I'padmueckoe npeacrasxenne uugopmauun. Hrak, pacopene-
JeHMe AGHHLIX U3MepeHnA VAOOHO 3axaBaTs ¢ momomsio Tabnmu., Ho
MEI 3HaEM, uYTQ B Aad PyHRUMA ecTe madiuyHbiit cnocod nmx saxa-
Hu#a., Tabmuirel 06pasyoT « MOCTHE», MO KOTOPOMY OT pacIpeleicHHnA
OAHHBIX MOMHEQ TepediTH K (PyHRKUMAM n rpadirxaM.



5. 3REMEHTbI KOMEMHATOPUKM, CTATMCTMHMA W TEOPMM BEPOSITHOCTEA

OrmoxmM mo ocm abcOmce 3HaYeHHMA M3 TEepBOil CTPOKH TAGIHITEI
pacnpeaeeHRA, a OO0 OCH OPAMHAT — 3HAYEHHA N3 ee BTOpPofl cTpoKH.
TlocTponM COOTBETCTEBYIONIME TOYKH B KOOPAXHATHON niockocTH. [lo-
ayaum rpaduyeckoe nsobpasenue nMeronieiica MHQopMalMK — Zpa-
¢ux pacnpedenenta 6vibopiky. IIOCTDORHHEIE TOUKM AIA HATIAKHOCTH
COeAHHAKT OTpe3kaMiu, BoT KaK 370 BLITJARUT B naMepenuu (M), xad-
HEIe KOTOPOTO Mbl YViAe NpPeacTaBIIK B TaOJAHYHOM BHzE.

Ilo ocn abenmce 1 2 3 4 5 6 8 9 10 | 12

Tio ocw opausaTr | 3 6 8 7 10 8 2 3 2 1

Ha KOOPEHHATHON ONOCKOCTH MBI UOJAYURIN JOMAHYIO JHHHIO
(puc. 134), xoTopas ABaserTcA rpadUKOM HEKOTODOR KycouBo-jnrHeil-
0Ho#i GYHKLHH. DTY JAOMAHYI HA3BIBAIOT MHOZOYZORLHUKOM ANH
nonuzoHom pacnpeferenus pannoix. CobereerHo, polygon u nepeso-
OUTCA KaK <«MHOTOYTOJBHHEK».

ToquHO TAK JKe COCTABNCHHBIE TAOJIUOR pacnpeneleHAdA YACTOT H
pacupesedenns YacTOT B LPOHEHTAX LIOSBONAIOT IOCTPOHUTE MHOZ0-
Y20IbHUK YECMOm ¥ MHOZ0Y20AbHUK ©acmom 6 npouyernmax, Nus Ha-
TNIAAHOCTH B IIPAKTHYECKHY HNPMIOHMEHHAX y,noﬁnee HCIIOJNR30BATDL
MHOTOYIOJLHIKY 4aCTOT B NPONEHTAX: B HHX H3MeHeHRS IO OCH Op-
auEat of 1 o 100 Gonee BoIpasuTeNLHLI, YeM un3Menenwd oT 0 zo 1.

4
104
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B e — — — — =
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TlocTpoM MHOIOYTOJABLHMK YACTOT B IIPOLEHTAX AJH HIMEDPEHHS

(H) (puc. 135).

Ilo ace abemmce

1

2

3

4

5

6

8

9

10

12

ITo ocH opamaar

6

12

16

14

20

16

4

6

4

2

Mr1 BUIBM, UTO gaxke AJA HeSoabIIOre o6neMa M3MepenHil akky-
paTHOe «OpHYeckIBanMe» HHGOPMAIHH — JA0BOJALHO KPOICTAHBASN
pabora, Ilpu omepupopannn ¢ SonsiuMH ofbemMaMi HHpopManuu
HCIIONR3YIOT METOAR! IpubaHAeHnoH rpyNIIHpOBKH A8HHEIX, B Taxnx
cay4adax BapHanTodl MoMepeHHs #BASETCA He OJHO YHCHIO, 8 YHCIO-

BOM DpPOMEXYTOK.

Hanpumep, B namepenun (M) Bcex paGOTHHKOR HpeANpHRATHS
MOKHO PasfeaHTh HA TPH IPyuncl. Bo-NIepBEIX, 9TC T€, KTO IKHBET
6namsko or paborrl. Oun Tparar ma gopory 10, 20 uan 30 mumyr.
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5. INEMEHTEl KOMBMHATOPMKM, CTATUCTUKM M TEOPMU BEPOSITHOCTEW

Bo-BTOpEIX, 5T0 T€, KTO MHBET HeJadeKko. VX nyTe saHuHMaer oT 40
Ao 60 munyr. Bee ocTanpHEIe KMBYT JaieKO M OPOBOAAT B AOpOre
Gonee uaca. TeM caMBIM M pasGUAM IDOMEXYTOK MeXIY caMoil Ma-
JeHEKOH 7 camofi Gonbuioli BapmanTo#i Ha mpoMexRyTER 1-—-3; 4-—6;
8—12 (B pecaTkax MUHYT). BMECTO ARCATR NMEPBOHAYANLHBIX BapH-
aHT DOAYIMIOCH BCETO TPH HOBRIE: GIMBKO, HeJaNeKO, JANEKO.

Ina ramaoro DpOMeKYTHA MOMKHO HalTH KOJHYECTEO PEsyabTa-

TOB M3MEDPCHMA, NOMABUINX B 3TOT TpoMexyToK. [loayanM KpaTHoc-
TH ¥ Ta0JMILY DacEpeNeleHAA HOBHIX BaDHAHT.

BapuamTa
Cymma
%1010 BEJAICRO IATIEHO
KpataocTs 17 25 8 50

PasyMeercs, MOMHO COCTABUTEL M TaGAHIEI Paclpefe/leHHA Yac-
TOT B NMPOLEHTHBIX YACTOT HOBEIX Bapuant. Bor 4To moxyunmres.

BapsanTa
Cyrova
Omaxo BEJAIEKO DATEKO
Kparaocts 17 25 8 50
YacToTa, % 34 50 16 100

Iipyu Takoii rpy6oii omeHKe MBI KOE-uTo yTe-
P H3 DepBoHAYAILHOH uadopmanym. Hampu-
Mep, TENEPs HEM3BECTHO KOJIHWYECTBO paboTHR-
KOB, OyTh KOTOPBIX COCTABIAET HMeRHO 60 MuHYyT.
Ho mup1 uro-to B npuobpenn: mrEdopManns Io-
ayauna Gonee acHoe B yaobHOE AaA OOBACHEHUA
IpeAcTaBNeHHe. BOT K&K 5TO BEITIAAUT, HAIPH-
Mep, Ha KpyroBoil guarpamme (puc. 136),

IIpr rpadavecKkoM NpesCTABIACHMH GOIBIIHK
066eMOB TEQOPMAIEN MHOTOYIFONLHUKH DACHPSACTEHHA 3aMEHAIOT
Zucmozpammani, AR cmoabuamurmu Oudpammarni, BEl I03HAKO-
MUTEeCE ¢ HIME B CTADINE WIKoJIe,

50%
HEAAIEKO

Puc. 136

4. UncaoBsie XapaKTEPHCTHER JAHHEIX H3Mepennd. Kamppiii ve-
NOBEK, KPOMe CBOHX (DOPMANBHEIX NACHOPTHRIX AAHHEIX, o0aajaer
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5. INEMEHTEI KOMBMHATOPUHM, CTATUCTAKK U TEOPUM BEPOSTHOCTEN

PAAOM APYTHX CBOHCTB B kavuecTB, KTo-To nydime BeexX pelmaer 3aaa-
YK, KTO-TO OPIOHET, KTO-TO 34MEYATENhHO UrpDAEeT HA I'MTAPE W T, I.
Opnaxo cpaBEMTENRHO Heboanmasa nacnoprHas mabopmanua (DPHO,
AATa POMASHUA, HOMEpP WM LATA BELAAYH NACHOPTEH) IIO3BOJAET OTHO-
3HAYHO ONPEeReNHThL YeJ0BEeKa, BRIAECINTL er0 CPpeld APYrax, ¥ AaH-
HhIX M3MePeHHMH TOe eCTh CBOEPC DOJAA KPATKHEH Macmopr, ¢o-
croamuil 13 Habopa OCHOBHEIX ¥ucaosuix xapaxmepucmuk. Ilo-
ACHAM HeKOTOphEIe H3 HHX HA YK€ 3HAKOMOM HAM IIpUMepe H3Mepe-
Huda (H).

PagHoCTE MedAy MAKCHMAALHOH ¥ MHHHMAALHON BapuaHTaMu
HABLIBAIOT paaMaxoM uameperun. B nmamepennn (M) paamax pasen
120 — 10 = 110 muuyram. Ha rpaguxe (cM. puc. 134, 135) sto qanHa
Oo0JACTH ONpeAcsieNNsi MEOrOYTOJEHIKA DACHPENeeHHA AAHHEIX MK
pachopefieeHHs 4acToT.

Ty BapHaHTy, KOTOPAsi B H3MEPEeHNH BCTPETIIIACH MEILE SPYTHX,
HASBLIBAIOT MOO0il usmepenus. Ecan panHble MsMepeHns yyxe cobpa-
Hbl B ABYXCTPOMHYIO Tafimoy pacupemejeHds, TO A HAX0MKAeHUA
MOZAERE CIeLyeT:

— B0 BTOPOH CTPoKe (KPATHOCTL) BMOPATHL HARGOALINEE YHCJIO;

— OoT Haﬁ,II;EHHOI‘O YHCHIA NOJHATRCA HA KAETKY BbIOIE: ITOJIyUeH-
Hoe YuCH0 B GymeT Mozoit.

Ecan pannnie M3MepeHHA IpeJCTABIEHH rpachwiecKy B BHIe MHO-
TOYTONLHUEKA PACTIpegeNeHnda, TO MOFA — 9TO TOYKA, B KOTOpo# mo-
CTUraeTcA MAKCHMMYM MHOIOYIOJIBHUKA pacnpeiencHus, Hampuwmep,
B mamepernn (M) Mona paBHa 50 MUHyTaM — HaubGOdbIlee YHCIO Da-
GorEHKOB (10) IMEHHO TaK OLEHMBAIOT BPeMH CBOESTO Mpoesfa.

Hanbosee Ba)kHO#l XapaxTepHCTHKOHN UHCJIOBOrO pALa AaHHBIX
ABNSETCA cpefHee snavenue (cpednee apupmnemuneckoe, HIK NMPOCTO
cpednee ).

Hdas naxomdenusn cpedrnezo suavenus credyem:

1) npocymmuposame ace GaHHbLIE UIMEPEHUSA;
2} noaywenuymw cymmy paszdepume no KoAUecmeo JaHubIX.

Jna mopcdera cpeiHero SHadeHWA YAODHO HMCIOIL3OBATE CTDYI-
OAPOBAHHLIA PAJ ZAHHHX. BOT Kak 3T0 BRITIAANT B maMepenn ().
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5. INEMEHTBI KOMEMHATOPUKM, CTATUCTUKM M TEOPMM BEPORTHOCTEN

CrpynmBpoBaHBEIl pAN TAHHLIX H3MEPeHBHA
L11,2..,2,38...3,4,..,4,5,...,5, 6,...,6, 8,8, 9,9, 9,
S — e —

—— et e e i
3 & 8 7 10 8 3
10, 10, 12

Halinem cpeaHee sHauenue:
1-3+2-6+3-8+4-7+5-10+6-8+8-2+9-3+10-2+12-1 _
50
_3+12+24+ 28 + 5015-048+ 16+27+20+12 _ 4,8 (mecaTHOB M-
HYT). 3HAUHT, CPelHee BpeMA Npoe3Aa ANA ONPONIEHHERX PafOTHHKOE
coctapiger 48 MUHYT.
Ecnn rabanna pacnpefefeHusa QacTOT JAHHEHX VKe M3BeCcTHa, TO
cpeAHee 3HaYEHHE MOMKHO BRIMHCAATE OpaAMo mo Hell. CmoTpure:
1-3+2-6+3-8+..,.+12-1 3 6 8
=1 =+2 - —=+3-=+.
50 50 50 50

1
+12"'5.

Bee gpobu B nocaennelt cymMmMe — 310 TACTOTH BADHAHT, KOTOPBIE
CTOAT Ieped ITHMHA ApoDAMM B KaueCTBe MHOHTedeli. 3HaunAT, B
TafaAnoe paclpeaefeHHA Y4CTOT MOMKHO IPOCTO IIEPEMHOMHTE UACAA
B KaXI0M CTOAOLE K 3aTeM CJIOKHTE BCe NOJAY4eHHEle IpON3BeleHHA,

Bapaasra
1 2 3 4 5 6 8 9 |10 12

Yacrora|0,06|0,12|0,16(0,14| 0,2 |0,16(0,04|0,06;0,04 0,02 1

ot

IMposepaitre: 1-0,064+-2-0,12+3-0,164+-4-0,14+5-0,2 +
+6-0,16+8-0,044+9-006+10-0,04+ 120,02 =4,8.
ChopMyanpyem obliee OpaBHIO.

Has Haxoxedenun cpednezo anavernus OARKBLX UIMEPEHUL MOHCHO!
1) kaxcOyio sapuanmy YMHONICUMb HA ee YACTOMmY;
2) caoxcumb éce NOAYLEHHbIE NpOUscedenus.

Mu 3aKOHUHM 9TOT naparpad emje OHUM KOHKDETHRIM NOpHME-
poM u3MeDeHH:A, KPaTKo MOBTODHE AJA Hero kce Imarm 1)—4) ofpa-
60TKH gaHEHBIX (cM, c. 183),

7 Mopzxosk, 9 k1., 4. 1 193



5. 3NEMEHTB! KOMEMHATOPUKM, CTATUCTMHIA W TEOPUKU BEPOATHOCTEN

MMpumep 3. Ha BeTynuTeEHOM NHUCEMEeHHOM SK3AMEHEe IIO Ma-
TeMATHEKe MOXHO moayuuTk or 0 go 10 6annoe. Copok abnrypneHToB
TIOAYYHIIA TAKHNE OLEHER:

6 7 7 8 9 2 10 6 5 6
7 3 7 9 9 2 3 2 6 6
6 7 8 8 2 6 7 9 7 5
9 8 2 6 6 3 7 7 6 6

a) Cocrapurk ofiuil paAg AaHHEIX; YNOPDAAOUHTE B CTPYOIHPOBATD
moayieHHBIE OIUCHKH.

6) CocraBHuTE TAGAAIIE paCOPEAESIEHNA JAHHEIX I PACIpeNeseHas
YACTOT.

B) ITocTponTe rpadmen pacupejeneHusa JaHHLEIX ¥ PacupeneiieHusa
YACTOT.

r) Haift pasMax, MOZY K cpellHee H3MeDEHHA,

Peme H 7 e, a) B nprHumne Bo3MOM¢HEI Takue omeHka: 0, 1, 2,
3,4,5,6, 7, 8,9, 10. 9o ofwguil pad dannbix. B KOEKpeTHO IpemiIo-
MEHHOM H3MEPEHNH BCTPETHNCH TOJNLKO TaKMe oueHkm: 2, 3, 5, 6,
7, 8, 9, 10. 9ro pad dannbtx, Bee UNCAE B HEM — GAPUaHMmMbL UaMepe-
rua. Haxonenw,

2,..23238238)55,6,..,6,7,..,7,8,...,8, 9,..,,9,10 —
5 11 9 4 5

BTO CZPYNnUposanMuill pad dannvir.

6) Beero BricraBnesEo 40 ooeHok. 3HadunT, 40 — 310 00seM TAHHO-
ro nsmepeHud. CobepeM KPATHOCTH BCEX BOCHMI BApMaHT B TAOIUILY;
IOJACYHTAeM N BHeceM B TY e TaGiHIy Bce YacTOTHE.

Bapaasra
2 3 5 6 7 8 9 10

Cynvvia

KpataocTh 5 3 2 11 9 4 5 1 40

Yacrora 0,125[0,075¢ 0,05 {0,275(0,225| 0,1 |0,125|0,025 1

Yacrora, % | 12,5 | 7,5 5 1275|225 10 12,61 2,5 100
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SNEMEHTE KOMEMHATOPMKM, CTATMCTUMKM M TEOPHMW BEPORTHOCTEN

MEBoroyrofibHHE pacnpemdededus HaHHBIX

Kparaocts
BAPHAHTEL

Y

111

[
=

l

= by G e Sn O =] 00 D

T

[+ 3" N
[7= 0 A,

+ + + o
o 10 Bapuasnra
Puc. 137
M#oroyroibHHE pacnpeZeieHHA MACTOT
YacroTa
BAPHAHTEI
¥y

0,2+

0,11

f—————————— ———————————————————
1 2 3 4 5 6 7 8 9 10  Bapwanura
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5. BMEMEHTBl KOMEMHATOPHKW, CTATMCTHUKM WU TEOPUA BEPORTHOCTER

MHROroYTOALHUE pacnpegeneHusd 9actor (%
Yacrora yro pa )

BAPHAHTEL, %
50}
25 4
20 ¢
15 ¢

104

J S . P

— T t -—

Of 1 2 3 4 5 6 % & 9 10 Bapuaura
Puc. 139

B} Ilosyuernana taBnioa pacupefeneHUsA OO3IBOAAST HOCTPOUTH
TPH MHOTOYTOJABHHKA pPacOpeAeneHUA: JAHHBIX, YMACTOT M YacTOT B
mpoueHTax (pHc. 137—139).

Ilo cyliecTBY, pasauyud B aTHX rpadHKax COCTOAT TOABKO B BH-
fope eARMHAL, HaMePeHUA B MaciurTada IO OCH OPAHHAT.

r) BepHeMmca K nepBoHAYAJABHEIM AaHHEM. Pasaudx nsMepeHHA
paseH 10 - 2 = 8, Modae paBHa 6 — 9Ta OIEHKA BCTPETHAACH YAlle
Apyrmax. Haxomen, BHYUCIHM cpeduee 3HAREHUE:

2-5+3-3+5-2+6-11+7-9+8-4+9-5+10-1 _
40

=% 6,125.

§ 20. NPOCTEMILIME BEPOSTHOCTHBIE
3A[LAYM

C HeXKOTOPHIMHM KOMOUHATOPHBIMM 3aJadaMH MBI ViK€
Berpeuanack B § 3 m 18. B kamaolk 3 HEX MEI MOACYATHIEAIH KOJH-
YeCTBO BCEBOSMOYXHEIX KOMOWHAIHMEA, KOTOpHE TeM MJIH HHEIM CIO-
coBOM MOMHO COCTABHMTE, MCXOAA W3 YCJAQOBHA KOHKDETHOR 3azavm,
Hamprmmep, uz mudp 1, 5, 9 MOXKHO COCTABUTE POBHO HIECTH TpeX-
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5. JNEMEHTE KOMEMHATOPMKM, CTATUCTUKA ¥ TEOPUM BEPOATHOCTEN

3HAYHBIX YHces Ge3 nosropaomuxca oudp: 159, 195, 519, 591, 915
H 951. A Karkvi0o YacTL H3 HHX COCTEBJIANOT, HAIIPHMED, YHCa, KpaT-
Hele nata? BAgHo, 4To HE 9THX IIecTH YECe/l TOABLKO ABA YHCAA ge-
AATCA Ha mATH: 195 u 915, BmauuT, Upcaa, KpaTHEIE IATH, COCTAB-
AANT 0JRY mpemp 06IIErc YMcIa BCeX COCTABICHHEIX Ynces. B reopun
BEPOATHOCTEN I'OBOPAT B TOM CJIYyIae Tax:

1
g — MO0 sLpoAMHOCML MO2o, 1m0 MpexsHaiHoe Lucao, cocmas-

Aennoe u3 nenosmopaguxes yudp 1,5 u 9, 6ydem kpammo namu.
PaccMoTpuM ellle HECKOALKO NPHUMepoB, CBA3AHHBIX ¢ MOAOOHOMH
caryannaeii,

IIpamep 1. Uz audp 1, 5, 9 cayualinriM obpasoM cOCTABIHIOT
TPEX3HAYHOE 4YuCa0 Ge3 DOBTOpAIOIMHXCA Huadp. Karosa BepOATHOCTE
TOTO, YTO NOAYIHUTCA YHACIO:

a) Gonpmee 500; ) kpagpaTHHN KOpPeHE M3 KOTODPOro He Gosblile
24; B) KpaTHOE TPEM; I') KPATHOE NeBATH?

Pemenune.

a) Uz mectn BosmMomHEIX umcen 159, 195, 519, 591, 915, 951
nepeile ABa yucaa 159, 195 mensme 500, a nocreaAnne yeTEIpe YU
na 519, 591, 915, 951 fompme 500. 3uauwr, unchaa, Soasmue 500,

4 _2
COCTABNAIOT ABCe TPeTH (6 = §) OGIJJ,EI‘O HACaa HCXOA0B H ACKOMAaX

BEPOATHOCTE PABHA %

6) Tax kax 242 = 576, To KBagpaTHHE KopHH N3 yucesx 159, 195,

519 meupnre 24, a KBaAPATHHE KOpHE H3 uncex 591, 915, 951 Gons-
e 24, 3HaYMNT, HY)KHEIE HAM YACJA COCTABAAIOT NMOJIOBHHY OOINEro

1
qHUCaAa HCXOA0B H HCKOMAaA BePOATHOCTE PABHA E-

B) Cymma nudp ramagoro m3 mecty uucen 159, 195, 519, 591,
915, 951 pasua 15, 7. e. aennrca Ha 3. IloproMy Kakaoce M3 ImIecTH

6
qucesa KpaTeo 3. Tak Kex rea 1, To mcKkoMadA BepOATHOCTH habHa 1.

r) Cymma uudp Kamaoro 13 uyumcesa pasHa 15, T, e. He Jeanrcd
Ha 9. TloaToMY CpegH 3THX INECTH Yrcen BoOGIne HeT YHCed, KpaT-

HLx 9. Tax xax % = {0}, To HCKOMAA BepOATHOCTH paeHa 0.

OreeT: a) %; 6) %; B)1; 1) 0.
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5. SNEMEHTEl KOMEMHATOPUKM, CTATUCTUKM Y TEOPUM BEPOATHOCTEH

IIpoararusrpyem peireAHe npuMepa 1. B nmyHKTe B) oTBeT MOMK-
HO OBLIO NONYYHTH, He BEINMACHIBAA N JajRe He IOACYHTLIBAA BCE BO3-
MOXKHEIe TpPeX3HguHEe uucaa us ogadp 1, 5, 9. IIpocro npn nepecra-
HOBKax INGP ux cymma 15 He MeHaeTCA, T. €. Bece YHCaa OYAYT KpaTHB
TpeM. 3gech ME AMeeM Zejo ¢ docmoseprsim cofoimuem. Ouo mponaol-
AET NpA J060M crmocode COCTABACHHA TPeX3HAYHOr0 drcas 13 nudp 1,
5, 9 Ge3 morToparOmMXCA uHdp. B OVHKTe r) HUKAKOe N3 YHCEN, KOTO-
PEle BoOOITe MOKHO COCTABMTE A3 Hudp 1, 5, 9, He gennrea Ha 9. 3gecs
MHE BCTDETHIHNCE ¢ HeG0IMOMHuIM cofuimuenm. OHO HHUKOTAA He IDO-
H30#FeT NpH COCTABJISHMH TpeXIHAYHOTO umens us oudp 1, 5, 9 Gea
moBropeHni#i. B nmyHEKTax a) m 0) EHTepecyIOnpe HAC COOBITAA MOIJIH
Kak IIPpOoH30iiTH, Tar 1 He mponszoliTh mpH cayyaliHoM cocTaB/IeHMH
TpexsHaYHoro urcna, Taxme colRITHA HASEIBAIOT CAYUALHbIMU.

IIpocrefimuit m, Hapephoe, HarGo/ee AIBECTHRIM MCTOUHAEK CJIY-
yafiHpix cobblTri — 910 Hrpa «OpisHKA»! MOHeTKY Noa0paCHIBAIOT
H CMOTPAT, KAKAA H3 €e CTOPOH, «ODeJ» WM «PeurKas, BhIIAAET.

ObpaTHTe BHAMAHMe HAa HOBHE TepMMHEI: caydaliHoe cofLbITHe,
OOCTOBEpHOe COOBITHE, HEBOZMOKHOE COOBITHe.

II puMep 2. Morety noabpaceiBaioT TpH pasa. Kaxopa BepoaT-
HOCTH TOT0, 9UTO:

a) Bce TPH pPasa BEIMAJET ¢pellKa»; ) ¢pellikas BHINAJET B ABA
pasa Jaime, 9eM «Opefi»; B) «Oped» BBIMAAeT B TPH Dasa Jalme, deM
¢«PeIllKa»; T') OpM NEPBOM M TpeThbeM MOZOPACHIBAHNE pe3yVJILTATH
fynyT pasnruHbI?

P e meH H e CocTABHM gepeBo BApUAHTOB, o0osHaums 0 — BEI-
napeEde «opaar P — Bemagenne «pemwxn» (puc. 140). Mul srgum,
YTO BCEI'O BOSMOMKHEl BoceMB Mcxozos: 000, O0P, OPQ, OPP, POO,
POP, PPO, PPP.

a) «Pemxa» BRMageT TpH pasa TOJLKO B 0FHOM M3 BOCBMHN HMCXO-

A0B. 3HAUMT, HCKOMAad BEPOATHOCTH DABHA —;— = 0,125,

6) I3 BochMHA BOIMOMHEIX UCXOA0E TOJBKQ B TPEX CAYUAAX «pen-
Ka» BEINAJET B ABA pasa Ualle, yeMm eopens: PPO, POP, PPO. 3na-

YAT, NCKOMAA BEePOATHOCTH PABHA % = 0,375.

B) Ecnr «peirka» BEIMAAA XOTh Pas, TO «OPIOB» JOJIKHO OBITE He
meHee Tpex., Ho Toraa noabpaceiearwii GyaeT HUKAK HEC MEHEINE YeThI-
pex, a UX N0 YCAOBHK) BCEro TpHM, 3HAYNUT, VKAZAHHOE COOHTHRE HEBO3-
MOxHO, BopoueMm, MOMKHO npocTo mepeSpaThs Bce BOCEMB BOSMOSKHEIX
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iy .

0/\P
N N

N

Q00 Q0P OPO OPP FOO POP PPO PFPP
Beero: 8 ucxomor

1

Puc. 140

WCXOACE M YBHAETE, YTO HM OAWH H3 HUX He noaxopur. Hrak, ucko-
MadA BepoATHOCTh paBHa 0,

r) U3 BOCHLMM BO3MOMKHBIX WCXOAOR WHTEPeCcyIOLlee HAC COORITHE
npousoiijeT B cAeAVIOIINX YeTrIpex cayuaax: O0OP, OPP, POC, PPO.

2HAYNT, NCKOMAA BEPOATHOCTE PABHA % = 0,5.

OrseT a)0,125; 6)0,375; B) 0; r)0,5.

B peajJBHOCTH MOHETKS MOMKET He TOJALKO YIACTL HA OAHY M3 CBO-
MX CTOPOH, HO M IPHCAOHHTHCH K CTeHe WIH HOMKKe CTYJIS, MOMer
VKATHTRECH JOBOJLHO AANEKO, €e MOMKET KTO-TO CXBATHTL M yOEIHATH
u T. 0, flcHo, YTO NpE DoAcYeTaAX BepoATHOCTEH HeBO3MOIKHO WIS, IO
KpaliHeil Mepe, OUeHE CJOKHO YYeCTh MOoJ00HRe cayuam. IlosroMy 3a-
paHee JOTOBADUBAIOTCA, YTO NPH NOAGDACHBAHMM MOHETKH BO3MOMK-
HBI TOJBKO JABa CIYy4ad — <OpeJ» MJIH <pelkas 4, 0oJjiee TOro, uTo
9TH CAYYAH DAGHOBOIMONCHLL MeyKAY cOG0H. JTO 03HAUAET, YTO BEpo-
ATHOCTh BRIMAAEHHA <ODJa» OPH OAHOM NoAOPackIBAHNH MOHETKH 3a-

. 1
paHee npednoanazaemcs pasHoil 3 M COOTBETCTBEHHO BEPOATHOCTE
BEIAASHUS ¢«PEIOIKH» NpPHE OZHOM HOADPACLIBAHEHN MOHETKH TAKEe

|
npednoaazaemca PAsHOil 5" Honyuaercd HeKad ¢«HACATLHAA» MO-
HETKSA, HIM NPOCTeHINas BepOAmMHOCMHAL M00edb PEalbHbIX MOHET,



5. 3NEMEHTbl KOMEMHATOPMKW, CTATMCTHKM M TEOPMH BEPOSTHOCTEN

Pasnuune TYT NpHMepHO TaKoe e, KAK MeMAY peaJbHBIM ABTOMO-
0mJjleM M MAIUHHOH, KOTOpaf, KAK 3TO OBIBAET B TEKCTOBBIX 3aJa4aX,
Ha NPOTAMKEeHHE HeCKOJLKEAX YacoB eJeT ¢ NOCTOAHHOM CKOPOCTLIO IO
npaMoandeiinomy mocce. Komeuno e, B NPAMOIMHEEAHOCTE IOCCE,
¥ PABHOMEDHOCTL ABMMGEHH, JA H MPOCTO «PACCTOAHHE MEXKAY NYHK-
TaMu A ¥ B» — 3TC ToAbKO Modenu pealbHEIX cuTyaumii. OgHaro
AJIA IpocTeHIuMX, TePBOHAYANLHEIX MOJCYETOB KAK PAa3 H HY?KHBI IIDO-
CThIe MOJENN; BeAL AefiCTEORATE B CJOMKHEIX MOAETAX HAMHOIO CIIOMK-
Heel

Hrax, Mpl OpUXOAHM K CAEAYIOIIEMY CNoco0y moacdera BeposAT-
HOCTH cayuaiiHoro colnitrd. CoeqHansdo NOoAYepPKHEeM, YTO STOT CIO-
co0 NpuUMeHHM MOJALKO B TeX CAYYAAX, KOTAA BCe MCXOABI HMEKOTO-
pPOro HCHEBITAHHUA DPAGHOBOIMONCHDL.

4 N
RJACCHUYECKAA BEPOATHOCTHASA CXEMA

Hdas naxondenus sepoamuocmu caywaitnozo cobsimua A npu npo-
gefenuu HeKOMOpozo Ucnbimanus caedyem:

1) natimu wucao N acex 803MOMHBX UCX0F08 JAHHO020 UCHLIMARUA,

2) naitmu rworuxecmao N(A) mex ucxodoe ucnbimarus, 8 Komo-
poix Hacmynaem cobuimue A;

. (4)
3) natimu wacmuoe N s OHO u Oydem paeHO eepOAMHOCTL

\Lcoﬁbcmu.a A. y

IIpEHATO BePOATHOCTD COORITHA A ofosHayaTh PA4) (o0nAcHeHMe
TAKOrO 0GO3HAYEHUA OUEHB NPOCTOE: «BEPOATHOCTE» HO-QpPaHIY3-
cku — probabilité, mo-aHrauiickn «BepoATHO» ~— probably). Urax,

(P(A):—j—v—(lé)-.J

JdoponsEO yactoe oyERTE 1)—3) nprseaenHoi knaccadeckoil Be-
POATHOCTHON CXeMEl BEIDAMKAIOT OFHOH AOBOJLHO AJIHMHHOI (Ppas3oi.

KJIACCHYECKOE OIIPEJEINEHHE BEPOATHOCTH
Bepoamnrocmuio cofoimun A npu npogedenuu HeKOMOPOZO UCTIbL-
MAHUA HESLIEAIOM OMHOWEHUE YUCAE MmeX ucxodos, 8 pesyabma-
me Komopeix Racmynaem cofvimue A, x 00ujermy wucay scex (pas-
HOB03MONCHBLY MexcOy coboil) ucxofoe 3moz0 UCNLIMAHUA.
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5. JNEMEHTbI KOMEMHATOPHMKM, CTATUCTMKM W TEOPMU BEPOATHOCTEA

B gacTHoCTH, ecad COOBITHE A HEB03MONHO HPpH IPOBeIEHUH
N(4) _
N

= % = . Hanporus, docmogeprocms coGHTHA .4 OPH NPOBEAEHKH

HEKOTODOr0 HCOLITARHA O3HA4Yaer, uTo N(A) = N u nosromy P(4) =

HEeROTOpOTO HCMLITaHuA, T0 N(A) = 0 ® nostromy P(A) =

IIpumep 3. B opapuncucM aesaruyroasEure ABCDEFGKL
cayualinniM ofpasoM NpoBeAw ofHY M3 Zuaronaieii. Kakosa Bepoar-
HOCTB TOTO, YTO:

a) oo ofie CTOPOHBL OT Hee JIEMKHT OJEHAKOBOE KOJUYECTEO Bep-
LIHH;

6) o oany cropody or gUaroHanu Syaer Aexarn Gonee NBYX Bep-
LIHH;

B) RMATOH&JIL OTPEBAET OT ACBATUYTOJABHUKA KaKOH-TO TPeYTOIBHUK;

r) OZMHE M3 KOHUOB AWATOHAMY — Bepiimus I mnu sepmmma D?

Pemenue,

a) Bue moloit a¥iaroHAIE JeMHT ceME BepuIHH. Tar Kar 7 — 9HCIo
HeueTHOe, TO TIo 002 CTOPOHEL He MOMKET JeXKATh OAMHAKOBOE KOMMYECTEO
BEPIIHH. JHAYUT, 3T0 HEBO3MOMKHOe COGBITHE, ero BePOATHOCTEL pasHa 0.

0) Ecau o ogEY CTOPCHY OT AMATOHANM JIEYKUT OZHA BEPIIHHA, TO
00 APYIyI) CTOPOEY — INECTH BepPIIMH; €CJH 10 OLHY CTOPOHY JIeXXKAT
ABe BepIIMHLI, TO IO APYIYVIO CTOPOHY — 0AThH BepmuH (puc. 141a);
HAKOHEN, eCIIM IO OHY CTOPOHY JIeKAT TPH BePIIMHLI, TO 10 APYIYIO —
yeTHpe (puc. 1416). Mu empum, uTo B J060M caydae xorda OmH ¢
ONHOE CTOPOHE! JIe:KHT §0jlee ABYX BEeDIUMH, SHAYMUT, MEI HMEeM A0
¢ AOCTOBEPHEIM COOBITHEM, ero BePOATHOCTE paBHA 1.

Puc, 144a Prc. 14416
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5 . INEMEHTHI KOMEMHATOPUKM, CTATUCTHMEY U TEOPUM BEPOATHOCTEA

Puc. 142 Pyc. 143

B) CHaussIa NpHAETCA DOCYUTATE KOJUYecTBO N BCexX AuarcHanei.
Havemo guarcuanm MOXHO BHOPATL HeBATRIO cnocofaMH, a KOHel —
ImecTh0 cnocofaMM: BeAb OPH yiXe BEIODAHHOM Hadale AHArCHAJb
HeJb3A NPOBECTH HH B 3Ty BepINUAY, HH B IBe COCeNHHEe BepPINHHEI
ITo npapany yMHOXeHEHA noaydaercda 9 - 6 = 54 puaromanu. Ho
IPH TAKOM DOACYeTe KeKAYID AMAroHalb, Hanpumep DG, MBI mocdm-
TANHA ABAMIL: KaK AHAMOHAJL ¢ HAYAJIOM B D M KOHIOM B G M Kak
JUATOHAJE ¢ HAYAJA0M B G M KoHOOM B D (cm. pmc. 141a). 3uagnr,
BCeTo npopedeRo N = 54 : 2 = 27 nuaroHanei.

JUaroEany, oTpesaiommEe TpeyroisEREH, — ore AC, BD, CE, DF,
EG, FK, GL, KA, BL (pnc. 142), Hx geBaTsh — CTOMBKO, CKOJILKO Bep-

1

wHH y ABCDEFGKL, 38a4ynT, HCKOMAA BePOATHOCTE PABHA %— =3

r) Ha pepmmesr D MOMHO OIPOBECTH WIECTE AUaroHane (puc. 143)
¥ u3 BepuimHet L — croanko xe. [loayuaerca 12 auaromaneii, Ho
OJHY M3 HUX, & HMEHHO adaropaln LD, Ml Docunrany geesxgkl. Oc-
TAJbHLE ASCATh QUATOHANeH MOCUYMTAHE! D0 OAHOMY Pasy. SHAYMT,
AHTepecyIee Hac cOOLITHe OIponaoiigzeT B 11 cayyasax, a DOTOMY HC-
KOMAas BePOATHOCTEL PABHA %

OrBeT: a)0; 6)1; B) l; ) 1

3 27

HMeerca TecHAA CBABL MeAAY, ¢ OAHOH CTOPOHLI, MHOKECTBAMH,
HX SJEeMEHTAMHM M HOAMHEOMECTBAME M, ¢ APYTON CTOPOHBI, MCIEITA-
HHUAMH (OOBITAMH, SKCIIEPHMEHTAMH), MX HCXOAAMH M CAYYANHBIMH
coDbITHIMHA,

JomycruM, Bel KaKMM-TO O00pas3oM NepevydcIdan Bce N BOIMOK-
HEIX ACXOA0B HEKOTOPOr'O ONLITA, UCMBITAHNA, SKCIePHMeaTa. Moser
OBITh, BBl BRIOWCANH 5TH HUCXOZH B OAHY CTPOKY, uepe3 BamATYI.
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5. SNEMEHTbI KOMBEMHATOPHEM, CTATACTHMKA M TEOPMM BEPOSTHOCTEA

. . . . * - . #
. . o . . * R
. ¢ . . * . *
Beero: N mexopos Hz aux: N(A) GraronpHATCTRYIOITHX
co0RITHIO A
Pyc. 144a Puc. 1446

Moxer OBITh, KayRABIA MCXOA 3ANHCAAH B OTAEJBHYI CTPOKY M CTPO-
KH NpoHyMepoBand. Momxer ObITE, Bl H300pasnid HCXOAR KAKHMI-
TO 3HAYKAMY HA JducTe OyMard MU DA3MECTHIH HX I0J DA3HEIMH
ApJAETYKAMH Ha PKPaHe MOHHTOPA ¥ T. . BakHO, 4To Bece N HCXOA0B
BH PacCMOTpeJHM KaK eJHHOe MHOMEeCTBO, HepPedrcIedHoe mo2jdeMeH-
THO (puc. 144a).

Tenmeps Bac MATEpeCyeT BePOATEOCTE HEKOTOPOTO caydaiiBoro co-
OBITHA A, KOTOPOE MOMET NPOH3CHTH, 4 MOMXET W He NPOH3oHTH B
pesyNbTaTe IPOBEJEHEONG HCIIBITAHUA, JT0 O3RAYAET, UTO COORITHE A
OPOHCXOZUT IPH HACTYIACHEHH MOALKO HEKOMOPLiX U3 BCeX BOIMOXK-
BEbiX N mexogces. OrmeruM ux (sBe3fnoukH Ha puc, 1446). Toraa B Ba-
ImeM CIHCKe BCeX HCXOR0B BOBHHEAET HEKOTOPOE MOLMHOYKECTBO, CO-
croamee 13 N(A) sneMeHTOB.

IMonyuaerca, ure cayuaitaoe cobniTe A — 2TO OPOCTO IOAMHO-
JKECTBO MHOMKECTBA BCEX HCXOZOER, A BEPOATHOCTDL CODBITHA A — 3TO
AONA UCXCAOB, (agzonpuamemsyiowux A, cpelu MHOMKeCTBA Beex N
BOZMOYKHBIX HCXOZOB. B YacTHOCTH, BEPOATHOCTE KAMIOTQ OTAENLHOIO

1
HCXO04a PABHa E, T. €. BCe OHH PABHOBEPOATHBI.

B HmsxenpusefeRHCH TabiHMOe MBI MOKA3LIBAEM CBAZL MEKAY Tep-
MHHAMH TEOPHW BEPOATHOCTEH H TeODHH MHOReCIB.

Henprranue ¢ N gexoname MuoemecTEo H3 N areMeHnTob
OTpencHull ACX0], MCTHITAHAS D/EMEHT MHOMKECTBA
Crayqaitnoe cobriTie ITogMHOKECTRO
Hepozmoxnoe coberrae IIyeroe moamMHOMKECTBO
JocroBepHoe coGnITHE IlogMAOXeCTEO, COBOaJAIONIes
CO BCEM MHOMKECTBOM
BeposTHOCTE CODRITHA Jonsa sAeMeHTOB NOIMHOMECTRA
CpegHd BCeX 3JAEMEHTOB MHOMKECTBA
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5 . SNEMEHTLI KOMBUHATOPHMWA, CTATUCTUMKM M TEOPHMM BEPOSTHOCTEN

Q6a cronbua B 2T0i TabaMne MoryT OLITL DpPOAOIMEHEI: HOBHIX
HOEATHH U B TeOpPMY BePOATHOCTeH, H B TeOPEY MHOJMKECTB XBaTaeT.
Kax npu aToM ¢mepeXxoAuTh* IO CTPOUKAM — BechMa CIOMKHEIN BO-
npoc. Mu OrpaEMUYNMCHA TOABKO HeGONLINAM NPOSBH KEHHEM H HauHeM,
Kak o0RYHO, ¢ IPUMEDA.

Ilprmep 4. 17 Touek u3 50 noxpamrensl B cHHHI IBeT,
a 13 Toder m3 OCTABUINXCH HOKPAUEHH B OPAHMeBHIH Oper. Kakoba
BEPOATHOCTB TOTO, UTO CAYYAHHEIM 00pasoM BRIODAHHAH TOUKA OKAMNKET-
ca: a) cHHeil; 6) He opamKeBoi; B) OKpAIIEHHOM; I') HEOKDAIIEHHOMH?
Pewenwue.

N{cunue mouxu) 17

P= — = .
2) N 5o - 034
6 P = N(ne opanncesasn movka) _ 50 - 13 _ 0,74.
N 50
5) P - N(Cuhar uru OPaGHWEBAR MOYKE) 17 13 _ 0,6.
N 50
I') P o= __—-m — (17 b 13) = 0,44

50

Qnpegenenye. CobutiHe B HAZHBAIT MPOTUBONOIOAKHEIM CO-
OriTHIO A, ecnn cofLiTHe B IPOMCXORHT TOrZA K TOJABKO TOTAA, KOrga
He NPOHCXOZHT coOmTHe A; 00c3Hauenne: B = A, Coburrusa A u B na-

SRIBAXT HECOBMECTHRMIMH, €CJIH OHH He MOTYT NPOHCXOANTE OGHOBpE-
MEeHHO.

HecoBmecTHRIe COGHTHA HUz00paKanTCed HellepeCeKalOWHMHCH
HNOAMEQECTBAME MHOMKECTEA BCeX MCXOAOB HCUBITAHHA (puc. 145).

' % A
% :
A m B HecoOBMeCTHBI

Puc. 145
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5 . INEMEHTLE KOMEMHATOPMKM, CTATUCTKM M TEOPUM BEPOSTHOCTEA

TenoruHEEIE OpEMED HECOBMECTHRIX cOOEITHI: moboe CoOnITHE 4 H
NPOTHEONOAOMHCEe CODRITHEe A,

JoRA3aTeNRCTEC CAEAYIOWIel TeopeMEl, N0 CYILIECTBY, ITOBTOPSET
pellieEne IpuMepa 4E).

Ecnu coboumus A u B HecogMecmAbl, MO 6EPOAN-
Teopema 1 HOCMb MoZe, YMo Hacmynum uwau A, uau B, pasua
P(4) + P(B).

Hoxazsarenscreo. O6osaaunm 6yxsoil C HETEpecyOLiee HAC COORI-
e, CobuTae C HACTYIAET TOTAA H TOABKO TOTAA, KOTAY OPOKCXOAMT
xoma Obt 00HO U3 cobvimuii A uau B, Taxk kaKk A U B HeCOBMeCTHEL, TO
N(C) = N(A) + N(B). PagnennM ofe 4aCTH 3TOTO PABEECTBRA NOWIEHHO
Ha N — uMCI0 BCeX BOSMOMKHEIX ACXOMAOB MCOBITAHHA. Iloayumm:

N(C) _ N(A)+ N(B) _ N(A) + N(B)
N N - N N
TeopeMa AoKazaHa.

P(C) =

= P(A) + P(B).

Jaa roro urobel Teopemy 1 zanmcals ¢ BCHoabzoBaRNeM dopmya,
HYXHO Kag-1T0 HA3BATL KM 0603HAYHTE COORITHE, COCTOSAINEe B HACTYI-
JAeHUEM XOTA OBl OOHOTC K3 ARYX AaHARX coOmTHil 4 H B. Takoe co-
ObiTHE HASHIBAIOT CyMMOil cOOMTHE A m B m obosnauaior 4 + B, Ilpn
OepeEOAe ONEPEnHH CAOYKeHHA CIyUaiieIXx coburraii Ha ASKK TEOpHER
MHOMECTE NOaYUaeTCA onepants o0 befEHeHEA MHOMXECTE: COOTHOTE-
HUue x € A U B Kak pa3 H o3HAYAET, YTO MIH X € A, HaH X € B.

Hrak, BOT KpaTxkad GOPMYINDPOBKA TeopeMbl 1:

(Ec.rm A u B Hecogmecmuui, mo P(A + B) = P(A) + P(B). )

Ana Haxoxderun eePOAMHOCIMU RPOMUSONOAONT-
Teopema 2 HOzZO cobmmun credyem uz edunuuyvi swvecms de-

PoOAmMHOCME CAMO20 CODBLMUR! P(Z) =1 — P(A).

Lokasarenpcrpo. CobbiTHe A + A pocrobepso: npu xioboM Hexone
HCHOEITAHEA npocxoguT aubo codnrrHe 4, arbo cobniTHE A. 3Ha4HT,
P(A + A) = 1. CobrlTEe A I NPOTHBONOJO}KHOE COGEITHE A Heco-
BMeCTHEI, 3Haunt, P(4 + A)=P(4) + P(A). Ilosromy 1 = P(A+ A) =
= P(4) + P(A)Yu P(A) =1 - PA).

Teopema moxazaHa.
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5. SEEMEHTEI KOMBUHATOPHKW, CTATUCTHMKM U TEQPHMK BEPOSTHOCTEA

HoBoJMBHO 9acT0 YACOHO MCOOIB3OBATE M CHMMeTPHYHYX) (hopmy-
ay P4) =1 - P(.A_l). Oro OpiBaeT B TeX CAy4adaxX, KOrja MOCUHATATD
BEPOATHOCTD NPOTHBOMOICKEOIO COOLITH Npolle, ueM HAHTH Bepo-
ATHOCTE CAMOTO COOEITUA. THOnNYHOH cuTyatHell ABNANTCA COOBITHA,
ONHCAHNE KOTOPHIX UCHOAL3YET 000POT «X0TH Obl OMAH pas» MK aHA-
JIOPHYHEIE eMy.

II p ¥ m e p 5. KakoBa BepOATHOCTE TOTO, YTO NPH TpeXx LIocIeao-
BaTeALHLIX OpocaEMax HIpaasHOre KyOmKa xora 0L OZWH Pa3 BHIOA-
aet 67?

Peme n = e Ilpn ogaom Opocamny KyOuKA PARBHOBO3MOKHEL
BrinagesEnsn I, 2, 3, 4, 5 unw 6 ouxos. Ilpu sTOpOM Opocamuu, BHE
3aBHCHMOCTH OT HCXO0JA NPEeARAYIIeroe OpPOCAHUA, BOZMOYKHEL TE MKe
pesynbrarel. JiAA Tpex OpocaHWi IO IPABHIY YMHOMKEHHA IONLYyUaeM,
YTO BCETO BO3MOKHO N =6 + 6 - 6 = 216 nexonos. ObosHavum GyKBol A
HHETepeCcyIOllee HAC cODRITHE, T. €. BRIMAJeHHe X0TA Onl OAMOI 1mecTep-
Kn. B ueM /Ke COCTONT ODPOTHBOIONMEHO: cODLITHE A? Owmo O3HAYAeT,
YTO IWecTepra BoOoGILe He BHINANeT HE B IepBhlll, Hu BO BTOpOM, HU B
TpeTrii pas. Ho Torga ece TpH pasa HA KyOHKe BHEIDANET OOHA M3 IIATH
uudyp 1, 2, 3, 4 uanm 5. [IpumernM elle pas OpaBKI0 YMHOMKEHUA U

uadigen, aro N(A) =5 - 5 - 5 = 125, Buauur, P(A) = 22 ~ 0,5787

216
uP4)=1-P(A)~0,4213, @&

MBI NOSHAKOMHANCE ¢ BEePOATHOCTHBIMH 3aAavaMu, B KOTOPBIX
MHOJKECTBO MCX0J0B MOKHO TEM MJIH UHBIM CHOCOOOM HOACYUTATE.
JApyTHUMY CAOBAMH, MHOMKECTBO N BCEX BOBMOMKHEIX MCXOAOB KOHEYHO,
Ho BeTpeualoTcs ECHRITAHNA ¥ ¢ OeCKOHEYHLIM MHOMECTEOM HCXOA0B.
K HEUM KJaaccH4YecKasd BepPOATHOCTHAA CXeMa Vike HempDUMeHHMA,
PaccmorprM npumep.

II pumep 6 Cryualiaem o6pasoM BeIGMpEIOT OAHO H3 pellie-
Huf nepaBeHcTBa |x — 1] € 3. KakoBa BEpoATHOCTH TOTO, YTO OHO
OKKeTCsT ¥ pelleHueM HepaBeHcTBa |x — 2| > 3872

P e m e 5 u e. Pasymeerca, cregyer And Hauala pemuTh ofa He-
paBedcTBa. BCOIOMHHMM reoMeTpHUYECKHE CMBICJA MOLYJIA PASHOCTH
le - 8] — 910 PAacCTOAHHE MeyIy TOUKAMU & ¥ § uncioBOl NpAMO.
IloaTroMY HEpPABEHCTBO |x -1 | % 3 OsHauaeT, YTO PACCTOAHNE MeXKIY
ToukamMd x 4 1 me Gonpme 3. 3madumT, [-2; 4] — pemenue sTOrO He-
paseHcTBa. OrMeTHM 5TOT OTpesoR Aol 6 mrpuxoBxoi (prc. 146a).
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5. INEMEHTbI KQMEMHATOPMKM, CTATUCTMKM M TEOPMH BEPQATHOCTEH

4 e—B—
e L LB Ll ey SN ANy PSS
-2 0 4 = -1 0 5 x
Puc. 146a Puc. 1466

ANB

. N S T G

-2 -1 0 4 *

Puc. 1468

Bropoe HepaBeHCTRO lx-2 | > 8 ozmauaer, aro PaccTOAHNEe MeXk-
Iy ToukamMH x B 2 e mensme 3. 3mauur, (—oo; —1] U [5; +o0) —
pelienne aToTo Hepasencrea (pme. 1466). OrMeTHM 3TO MHOMECTBO
ApPYyro#l mMTpUX0oBKOH. B nepecedeHHn noAy4HTCA OTPe3oK [—2; —1]
(puc. 146=).

Mzl BHAMM, 4TO H3 BCeX PellleHHNi HepaBeHCTBa Ix -1 | < 3 Tonbro
0OHY ULeCIYI0 ¥aCcMb COCTABIAIOT peruenns Hepapencrsa |x —~ 2| > 3.

1 .

3HaYUT, HCKOMAA BEPOATHOCTE DABHA re

Hpumep 7. Ipadpuuecknil peagrTop, yCTAHOBICHHELE HA KOMIIL-
oTepe, CAyYailHO OTMeUaeT OAHY TOUKY HA MOHHETOpE — KBAADATE
ABCD co croponoii 12 cm. Kagosa BeposATHOCTE TOTO, TTO T4 TOUKA

4) ORAReTCH B BePXHel DOJMOBHHe MOHHTODA)

6) oxameTcsd OLHOBPeMEHHO B HMMHEH H B JIeBOH HOJNOBHHAX
MOHHTODA;

B) Oyger yaanena or sepmuHn D ne Goaee yem ma 11 cm;

r) Gyger Gamae K MEHTPY MOHHTOpA, WeMm K Bepmwuae C?

Pewen ue a) Inomans scero moumropa pasa 144 cm?, Ilno-
&AL BepXHeH IOJOBWHEL MOHHTODA paBHa 72 cnm?. 3maunr, HCKOMad

BE€POATHOCTH PABHA -1%24— = 0,5 (puc. 147a).

6) B 9TOM chayuae pefaKTOp MOKET OTMETHTB JOYID TOYKY U3
JeBOH HUKHeH uereepTH mMoHHTOpa (puc. 1476). Iloaromy BepoaT-
HOCTE YKa3aHHOrO coOmiTHA pasHa (,23.

B) Hapucyem Kpyr paguycoMm 11 ¢m ¢ menTpom B Touke D, B ne-
peceueHMH ¢ KBaapaToMm ABCD poayuurca 4eTBEpPTh $TOTO KpPyra

(prc. 147B), ee OAOLWAAL PABHA in + 112, 1, e. 30,25%, Beiacanm,
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5. uB.ﬂEMEHTbI KOMEMHATOPHKM, CTATMCTMHM W TEOPWM BEPOATHOCTEN

K4KVI0 YaCThL HABgeRHAA ILJNOIOAaAE COCTABRJAHET OT NJIOIOAAM BCEro
MOHHUTODAL

30,25% _ 80,25-3,14 _ 94,985
144 144 144

OrrOmEeHnE IIOomenel Kax paz H jserT HCKOMYK BePOATHOCTD.

r) CoepnBUM OTpesKoM BepinuHy C ¢ nentpoM O MoHHTOpa. K aro-
My OTPe3Ky IOCTPOHM CepeAuHHLIE uepmeHuxyadp m. Ero rouxu
paBHOYAadeHEl OT rouex C u O, a TOUKH, jieKallKe BHIIIE M, HAXO-
asgrea Ganxe K C, yem K menrpy O. Ilyers K=m N BC, L=m N CD
uM=mnN OC. Torga AKCL cocTouT ns BceX TOYEK MOHHTOpPE, KOTO-

phEle yaanmeHsl oT { He ganbole, 4eM OT BeHTpa MoHMTOpa (pme. 1471).

= 0,66,

c B c

%
i

Puc. 147a Puc. 1476

I
11 \m

. ¢

12
Puc. 1478 Puc. 147T
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5. IAEMEHTBI KOMEWHATOPUKW, CTATHUCTHKA M TEOPUK BEPOATHOCTEH

Hmeenm: BD = 12 J§ , KL = %BD {cpefHad MUHUA TPEYrOAbHHKA
1 1 1
BCD)=6+2 , MC= 3C0 = 3 BD =32 . 8uawur, S, = $ KL - MC=

=3 -6J2-3/2=18.

Tax xax wIowEags S Ecero MOHMTOpA paBHa 144 cm2, TO BepOATHOCTE

BeIDOpa Toukn M3 AKCL paBua STKCL = % = 0,125.
ITo yenroBHIO HAM CAeEyeT HAWTH BEPOATHOCTE COORITHA, MRPOTHERO-
nosaoxaoro nonagaunw B AKCL. ITo ¢gopuyne P(4) =1 — P(A) mony-

HaeM HCKOMYIO BepoATHoCcTE: 1 ~ 0,125 = Q,875,
OrserT: a)0,5; 6)90,25; 8)=0,66; r)0,875.

ChopMynmpyem ofiiee DpaBHNC IJIA HAXOMKJAEHUS reoMeTpHYe-
CKHX BepoATHOCTeH. Eeau naowads S(A) duzypm A paszdeaums na
naowads S(X) duzypur X, xomopas yeauxonm codepmcum uzypy A,
MO NOAYHUMCA BEPOAMHOCMY ML020, YMO MOYKE, CAYRAIHO 8bi0paH-

S(A
ras us puzypot X, oxamemes 6 puzype A: P = E%Ql .

AHANIOTHYHO IOCTYIAKT H ¢ MHOKECTEAMHA HE UHCIOBOH mpamoi,

M ¢ HPOCTPAHCTBEHHBEIMH TeaaMiu. Ho B 3THX CAYUYAAX IJIOLIALM CJe-
AYET S38MEHWTh HJH HA JJIHHY YHCIOBEIX MHQKECTB, KJAHM Ha 00BEMEI
IpPOCTPAHCTBEHEHEIX TeJI.

§ 21. 3KCNEPUMEHTAJILHBIE JJAHHbIE
M BEPOSTHOCTM COBbITMH

B saxmounrensHoM nmaparpadie riaBkl & MBI DACCKAMKEM O CBABH MeXAY
BEPOATHOCTAMH CHy4aiiHex coberTuit (§ 20) ¥ sKCIIepHMMEHTAIEHAIMH CTATH-
CTHYECKUME JaBALIME (§ 19), HanoMBEAM, YTO CTATHCTHYECKUE AAHHEIE, KAK
IPABHIQ, TPSACTABIAOT ¢ol0H AaHHLEe KAKOro-mu(o KOHKDETHOTO U3Mepe-
HU#A, OPOBEICHHOTO 6 PedibHOCINY, a4 NPH BRYUCNEHHW BeDOATHOCTEH cury-
9alHRTX COORITHNA MBI MMeeM Jeqo ¢ Toll HAH uHoll Modeavio peqdibHOCMU.
Kax me cpasanm Mexxay cofol peasbHOCTS: H MOJAeNb peansHocTH? Hackonn-
KO TOYHO HANIH TeOpeTUYeCKHe OpefCTABACHHA of OKPYJKANOIIEM MEpe COOT-
BeTCTRYIOT TOMY, YTO MPOMCXONHT HA MPaKTHKe?
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5 . SNEMEHTBI KOMBMHATOPMKM, CTATMCTMKM M TEOPMM BEPOSTHOCTER

PaccMoTpHEM KOHKPETHHIA NpuMep, CBASAGHARE ¢ Han(onee HMZEECTHEIM
HCTOYHHUKOM CAVUARHEIX cOGRITHIE — moafpachlBaHMEM MOHETKH,

IIpamep 1. Ha npaxTHYECKUX 3aHATHAX IO 0GpafoTHe AAHHEIX KAk
A 13 20 IDKOJABEHKOR MojA0pocHn pyGnerys MoHeTKY 50 pas, mogcHHTAN
KOJHIECTRO £ BHIAAEHUT «op/Ias W SAMKMCAM 3T0 KOJIMYECTEO B MPOIEHTAX OT
obimero yncaa opocannil. [Toayuennme ganuzie OnliM coSpanu B TabAuUIy.

M 1/2|3(4(516|7(8|9(10[11]12(13|14]15|16|17|18]|19|20

k |24{27(23|26|28(25(24|25126|22|23|23|22|26127(24|23|29(30(21

% |48|54(46)52|56|50|48|50|52/44(46(46,44(|52(54(48[46[58 60|42

Mzl BUgMM, UTO BCTPETHIMCE AOCTATOYHO pasipoCaHREe PesyJALTATH: OT
21 g0 30, Ecnu uacrorTy NOABJICHNS «0pias NepeBecTH B MPOIEHTEHl, TO 0=
aygaTcsa pesyiarrarsl or 42 go 60% . C ogmoll ¢cTOPOHE!, POSHO NoXosUHG (25}
OT uucHa Bcex OpocaANH MoAy4HAach TONBKO B AByx ciayuaax. Ho ¢ apy-
rofl CTOPOHEB!I, OTKJIOHEHHA OCTANBHEIX DPesSYyAbTATOB OT 25 He Tak viX H
BeJIMKHN: caMoe G0JIbliloe OTKJIOHEHHWe PaBHO 9, T.e. cocraBader 10% or ob-
iero Koauuecrsa Gpocansnit Morerki. O6BeAMHEM moaydeHHBIE PEe3YILTATE
B Ooslee KpyIHEEe TPYONE. BygeM cudrars, 4To cyMMa pe3yasTaToB N1 M
Ne 2 — ato oauH peayanTaT maa 100 Gpocanuit, cyMuMa pesyApTaToB Ne 3 u
MNe 4 — »1r0 Bropoll pesyarrar Ag8 100 6pocamuil u T. n. IloayyHM HOBYIO
TAGAHIY.

N |1-2|3-4|5-6|7-8|9-10|11-12113-14 [15-16{17-18 | 19-20

k 51 | 49 | 53 | 49 | 48 46 43 51 52 51

Ilepesod B IMPOLEHTHI TYT MOYKHO He JeJaThk: Begb noasaenue 51 ¢opaas
npu 100 GpocaEMAX KAK DA3 M OHAUAET MOABJEHHe «0paas B 51% cayuaer
or obmero uncna Gpocanuii. Temeps posxo norosuna ot 100 Gpocaruil Book-
fj¢ He BCTPETIIACE, HO 34T OTKAOHEHUS OT 3TOH DOJUBMHLI B IDONEHTHOM
HSMepPeHNUH YMeHBIINIHCE M COCTABJAIOT ViKe He Gosee 4 % . IIpogomssum yE-
pyneesre. locMorpuM, yto Buiiger mpn rpynnupoeke mo 200 Gpocaxni.

't 1-4 5-8 9-12 13-16 | 17-20
k 100 102 94 29 103
Yo 50 51 47 49,5 51,6
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Mt BEIEM, 9TO OPH YBeAWYeHHH KOJMAYecTEA OPOCAHHA MOHETKH JacTo-
TA NOABJAEHHAA <«0DAA» IPHOAMKASTCA K IIOJNOBHHe OT ofidero uncxa Gpoca-
mni, OcoleHHO 9TO 3aMETHO, BCIH DACCMOTDETH Bce MpoBemcHHEIe Gpocanua
MOHETKH — BCe NOBTOPEHWA OFHOTO H TOrC Ke npocTelililero sxcOoepHMeHTa
co cayuaiiaeiM ucxogoM. Beero B nposeacunocit 20 - 50 = 1000 Gpocanuit Mo~
HETKA <«0pei» NOABAJICA B 498 coayuagx:

100 + 102+ 94 + 99 +103 =500+ (0 + 2 -6 — 1 + 3) = 498.

IIponeraTHAA YacTOTA NOABJICHAA «0pJas, TAKHM 00pasoM, paeHa 49,8%,
H OTKJOHEHWe OT NOAOBHEE, T, €, oT 50%, cocrasager roankoe 0,2%. |

Boofime nmpoBefeHEHe 3AMETHOTO YHCHA DKCOEPHMEHTOB NOKAGHIBAGT, UTO
JACTOTA BHITAACHHA «OPJAas IPY AOCTATOUHO JOABIIOM YHciae Opocannii mpak-
TH4ecKkd HeoTaRyumMa ot 0,5, wna ot 50% . Hanpumep, B GOMLIIMACTEE y4eb-
HEKOB II0 CTATHCTHEE WJIH N0 TEOPUH BepPOATHOCTell IIPHBOAAT PeSy/IBTATEH
IKCMEPHMEHETOR (hpaHnyacroro yuyenaoro . Brodwpona (XVIII B.) ¥ anranii-
croro matemaTnka K. IInpcona (komen XIX B.). OHE Opocani MoHETY coOP-
percTBerHo 4040 u 24 000 pas, i «open» eeiman 2048 i 12 012 pas. Ecom

OOCHHNTATL SACTOTY BHIMAJASHHA «OpJas, TO NOJIVUHTCSH 2048 _ 0,50693...
12012
v Biodwboma 1 24000 0,5005 v Ilupconua.

Qngegegenue, Hpﬂ HEOTDAHHAYCHHOM YBENMUYEHHH THECHA HEe3ABHCHMEIX

TOBTOPEHHE ONQHOTO H TOTNG e OIILITA B HeM3MEHHLIX YCAOBHAX IPAKTHYECKH
JOCTOBEPHO, YTO HacPOTa NOABIEHHA PHECHPOBARHOrC caydakuHoro co0BITHA
cOnAE¥aeTcd ¢ HeKOTOPBIM NOCTOAHHEIM THCJAOM, D0 ABNeHUe HASHIRAIOT CTa-
THCTHYeCKOH YETOHURBOCTRIO, 4 VHASAHHOE YHCJO — CTATHCTHYeCcKok Bepo-
ATHOCTRH CODRITHL

TloguepkHEM, UTO IIA KAKAOTO KOHEDETHOTO YHCAA NOBTODEHHB onbIta
YaCcTOTA NOABAEHAS COOLITHA CKOPEee BCEr0 OTJIHYACTCA OT BEPOATHOCTH CO-
fniTHA. ABAEHAE CTATHCTAYECKON YCTOMYABOCTH TapaRTHPYET JHINb, YTO C
yBeNNYeHHEM YHCTEA NOBTOPEHHAN ONBITA BEPOATHOCTS 3AMETHOTO OTIAYHMT 4a-
CTOTHL COOEITAA OT €r0 BEDOATHOCTH CTPeMUTCA K HYJIO.

Taxaa yeTONYMEBOCTE EMEET MECTO He TOALKO A Gpocannil MOHeTKH, Ho
M A7A BHITACKUBAHAS KAPT, BEINAACHOS ONpege eHHOrO TACA: OUKOR HA Hr-
pPaNTBEHHX KyOHEaX, onpelefeHAA CPEIHeCYTOYHON TeMmepaTyprl n Booline
A QoMBIHECTRA CAyialiHEX cobmTuil. Apnenve crarmcrAgeckod yeroiun-
BOCTH COSZUHACT DealbHO MPOBOIUMLIE, IMAUDUNECKUE HCTLITAHUA ¢ Teope-
THYECKPAME MOAENAME THX HCNBITaBEHM,
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5. SNEMEHTBl KOMSHMHATOPHMKM, CTATMCTHKM M TEQPMH BEPOSITHOCTEN

MMpurmMep 2 CraTucTuvecKHe HCCISTORAHHA GOJIBIDOTO KOMHYSCTBA
JATEPATYPHEIX TEKCTOB MOKABAMM, YTO YacTOTHl NOABTeHHA Tol maw umnoit
GyeBhl (MMH npofena MeXIY CAOBAMIE) CTPEMATCH IPH YBOIUYeHUH ofbeMa
TEKCTA K HEKOTOPHIM ONpefeleHHBIM KoHcTraHTaM. Tabauisi, B KOTOPEIX CO-
OpaHs! GYKEBE! TOTO WIM MHOTO AILIKA M COOTBETCTEYIOINNE KOHCTAHTEI, HASH-
BAKOT ¥ECMomHblMy mabauyamit A3uika,. IIpusegem Tabuuily BCTpeuaeMoCTH
6YKE PYCCKOTO ABHKA (9ACTOTH! NPUBEACHE B IPOIEHTAX).

Byrea A B B T pi EjIX | 3 H| &

YacroTa 6,2 1,4 |38)11,1|25|72]0,7|1,6]6,2]|1,0

Byxea EK|la[Mmja|lo|(n|rPp|CciT|V]|®

YQacrora |2,8 13,5 (2,6 (5,3 9,0(2,3 (4,0 (4,515,321 ]0,2
Byxsa X |Oo|u|m|m|e|b(5 |[0o|a]-

Jacrora (0,9 0,4 (0,4106(0,3|1,6 |1,4]0,8 0,6 11,8 17,5

¥V KamZOro ABTOPA ecTs CBOA YACTOTHAA TAGIHMOa MCIONB30BAHUA OVHE,
CIIOR, CTIeHGHUeCKHX JUTepaTyYPHBIX 060opoTos 1 T. 0. IIo aroit vactorroi Tab-
JUIE MOMCHO ONpefedATh aBTOpA NMPHMEPHO TAK JKe, KaK M II0 OTIEeNATKAM
nansuer. Bor apa mpuMepa Uz Hameldi HepapHell ueTopui. o ceroZHALIHETo
JHA He YTHXAIOT cnopst 06 apropeTbe « THXoro HoHas, MHOMMe CUMTAIOT, ¥TO B
23 roga Taxyio NIyOOKYIO H BOMCTHHY Bealkyio Kuury M. A, Ionoxoe BHam-
CATEH OPOCTO He MoT. BraBurasnics pasHele apryMeHTH H DaSHHE KaHAHAATEL
B aBTOPEL. OcofeHHO XapRUMUE GBI CNOPH B MOMEHT npucyskzenus emy Ho-
Geneeckoif mpeMuy mo JuTeparype (1965). CraTHcTHuecKHl aRANHE TeKCTOB
H CAUYeRHe ¢ TeKcTamH, rge astopeTse M. A, IHlomoxosa He BBISEIBAJC CO-
MHeHUH, TOATBEepAWIM BCe JHe THIOTesy ¢ HeM Kak 06 McTuRHEOM aBrope «Tu-
xoro Horas.

Bropad MCTODHA HOCUT NOINTHYECKHH xapaxkTtep. B mauane 60-x rogoe
«Ha 3anmafies, ¥ak rosopiad rorga B CCCP, onyS/iuKOBARH JETTePATYPHEIE ITPO-
H3PeeHNA, ¢CuepRAIONINEe IPOTPeCCUBHEIM XADAKTED COMUANHCTHYECKON cHC-
TeMBlL...», ABropom asamuaca A. Tepno, m sro OmLI, BHE BCAKOrO COMHEHWS,
nceBgoAEAM. B COOTBETCTBYOMIHX OPraRaxX NPOBEJIU CDABHHTeILHBIH aHATHS
ONyOJIMKOBAHHEIX ¢EPETUTENECKHX» TEKCTOB M DPE3YJALTATH CHHMILIH ¢ HMe-
OIIIMHCH TEKCTAMH DAXA BOIMOXKHEIX KAHAWIATOE B aBTODH. Tar G0 ye-
TaHOBJEHO, YTC HACTOAOIMM aBTOPOM ABIASTCH JHTepaTypoben Anmpeit Ho-
raropudy Cuaseckuii. O, B ofOieM-TO, B UTOT€ W HE OTIHMPANCH, U HA CYAe
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B 1966 rogy (¢Ilponece Curapckoro ¥ JaHuangs) MoAyIUA ceMb JleT Hakasa-
HEA B KOAOHHH 0O0IIEre peinmMa. BoT Takas CTATHCTHEA.

IIpuReaeM NMpUMED HClOAbIOBAHHA CTATHCTHKH IPH pacmkdpoBKe 3aK0-
NUPOBAHHBIX TeKCTOB, OfHH H3 DePBEIX H3BECTHHIX CHOCOGOB IMMQPOBKHA TEK-
CTOBBIX coofmenuil coctouT B caeayiomeM, Kaxayio Oyeby andapira Sabi-
Ka, HA KOTOPOM IHmeTcHa cooluleHHEe, SaMeHAT Karoli-ro apyrofi Gyxeoit
aroro we andasura. Ilonyuaerea nepeemanoska 6yks ambasura. Hanpumep:

AlB|Bir|olE|E(E|(3|H|K|alM|[H|O!..|4a
AB|BE(E|3|M|{e|m|o|(0|P|T|C|Y|l A

Toraa cnoBOCOYETAHHE «MHJIAA MaMar MOCHe IONGPOBKH GyJeT BLITIA-
ZeTh TAK: «CHTAA cAcA». AfpecaT HOCTAHNSA, ¥ KOTOPOrO ECTh Ta(NANA nepe-
CTAHOBKHE OYKB, Ge3 TPYZA CMOMEeT IDOBECTH OGPATHERN IepeBO ] SATAAOUHOTO
CHIOBA «TUDRIOPAs. BcaA e mociaHHe TepeXBaveHO, 4 NIMGPOBAJBHBLIN KON
HeH3BECTeH, TO NPH pacioudpoBKe MOMET MOMOYL CTATHCTHKA. Jomycrum,
UTO TEKCT HOCAAHHEA AocTaTouno fonbmodt, Hampumep, 0X0n0 CTPAEUOH Ma-
muBORNHCcEOTe TekcTa. Ilomyunrea 30—40 crpouex mo 60—70 Gyks, T.e.
Beero okono 2000 «wmudpopaEBLIX» GYKE, COCTABUM JJIA HMX JACTOTHYIO TAl-
NHULY BCTPEYaeMOCTE B TEKCTE IMHQPOBKH H CDABRHEM e ¢ Tafmumei scrpeda-
EMOCTH <HACTOSIOMX» OYKE pyccroro andasmra (cM. Benme). Ecam gma xa-
Kob-To GyKBEI, cKakeM atta M, mogcumrammas @acroTa mpessicnt 9%, TO ¢
3aMeTHOH Joneit yBepeHHOCTH MOMKHO YTBEDMKLATD, YTy orofl GykBoll satmid-
popaHa (yKea O depBoHaYANBHOTO TeReTa. Eemm ske YacToTa GYKBEI, cRAMKEM
M, B nmdpoBKe 0KazaNack paBHOH npuMepHO 7%, TO CKOpEE BCETO 3To mMUdp
6yxesl E, KoBeuRo, TAK OOMYYIUTCH TONBKO NMPUGIUZHTENBHAR pacilidpos-
Xa, MOTOMY 4T0, cKaxkeM, Gyxebr A u U umm IT 7 Y HepasamMe] 110 YacTOTE
BerpevaeMocTi. Ho moroM ModEO GyLeT y4ecTh MPAMMATHKY PycCKOro ASH-
XA, TAOAHOE! BCTPEMAEMOCTH He TOABKO OYKB, HO ¥ yeTolumpex coveTaHwit
6yxs {CT, IIPQO), corosml, upeatorn, obmull cMECH M0CAABNE U 7. . M B HTO-
Te YCIeImHQ PacinudPpoBaTh MMEIOnIUica TeKCT.

Taroit crarucruyecknit MeTon paboTaeT B NpH saMeHe GYHEB aXdaBHTa
OPOHSBOALHEIMA SHAYKAMH, HaOpaMep:

A|lB| B (r|oale|& |[x |8 |. |4
W | { |npoGea| ! | Q@ | @ | ;s |©® | @ §

fleneHEHe CTATHCTHYECHKOH yCTOHYHBOCTH NO3BOAAeT OPHOIHABHTEABLHO
OLIEHABATH BEPOATHOCTH COORITRI JasKe B TeX CAydadx, KOrAa BTH BePOSTHO-
CTH MEI 3apaHee He 3HAeM. [JeHCTBHTENBLHO, IyCTh Tpebyercda Hallrw wnaum
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OL@HUTE BePOATHOCTE COOBITHA A IpPH HPOBEJeHNY HEKOTOPOTO HCHEITAHHA,
BygeM OpoBOAHTL He3RBUCHMEIE HOBTOPEHHSA STONO WCIEITAHUA B HEM3MEeH-
HBIX yeaopuax. OTMeTrM Te M3 IOBTOPEeHHIH, B HOTODBIX HACTYIILIO HHTeDEe-
CYIOlee Hac coburmie A, 1 DOACYUMTAEM YACTOTY HACTYILIeHHH coBGBITHA A.

Crarucrugeckas yeTroRdUBOCTE OSHAYAET, 9TO OPH TPOBeAeRAN BOMBIIO-
' YHCIa HOBTOPEHPII':I HCIIEITAHHA IIOICYHTAHHEAA 9ACTOTA HpﬂRT}l'{BCRH co-
BHAZET ¢ HEU3BECTHON HAM BEPOSTHOCTEH) HACTYOAeRUA cobpiTHd A. 3HAYUT,
HalileHHAR HACTOTA OPHONHBUTENHHO DABHA BePOATHOCTH cobbrrua A. Cremy-
T TOJNEKO TOYHO HOHUMATL, 9TO tlBC‘TC"l'y HS.CTYHJIBHJ!.E MEI LIOZCYHTLIEAEM
U Peanbisiy COORITHE, A BePOATHOCTE — AJNA Meopemunecioil modeau aTux
coBRITI.

IIpumep 3. Baxaeri na gecard urpoxos 50 pas moapsai HDOBTODHI
OAHOBpeMeHHbIE OPOCAHNA TPeX HIPANEHBIX KOCTeH PasJ HuHOro LBETa H I0L-
cuMTaN KOJauvecTBo k Tex Opocanmil, B KOTOPHX He Bhigata mecrepxa. Ilo-
JYUHINCE TAKME PE3YILTATLI

Ne 1 2 3 4 5 6 7 8 9 10

k 28 182 | 24|30 | 31| 25 | 20 | 29 | 27 | 28

a) CocTapuUTE TAOIMLY HacTOT (B IPOIEHTAX) HEBRITIANEHNS MIECTEPKH AL
KAaEA0T0 HIPOKA.

6) CocTaBHTE TAGIHILY HACTOT (B HPONEHTAX) HEBRIAJCHIA NISCTEPKH LA
pPesyaLTATOR HIpokoR 1—2, 3—4, ..., 9—10.

B) Kaxopa 4acTora HeBRIIAJGHHA MeCTePKU ANA BeeX 500 npoBemeHHEIX
Gpocanuii?

r) HaliTy BepOATHOCT: HEBRITMAAGHHA INeCTEPKH OpH OPOCAHHUH TDEX HT-
panLHEBIX KocTel.

Pemenue.

Ve 1238 ]a]|56]7]8]9]10

k 28 1 32 (24 | 30 | 31 { 25 | 20 | 29 | 27 | 28

% 66 | 64 | 48 | 60 | 62 | 6O | B8 | 68 | 54 | 56

6 | » | 1-2 | 3-4 | 5-6 | 7-8 | 9-10

% 60 54 56 58 55
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B) Beero ma 500 npoeeferHHX GpocaEnit iecTepKa OTCYTCTBOBATA B 283

cAyuadx. JHAUHT, UACTOTA PABHA % = 0,566, unu 56,6%.

r) IIpoeegeM mozcyeT Mo KAaccHIeCcKOM BepoATHoCTHOMN cxeme. Ilo mpa-
BHIY YMHOXEHUA NpH OPOCAHWH TpEX DA3MWYHBIX HIPANBHEIX KOCTEd BO3-
MoHO N =6+ 6 - 6 = 216 paBAOBOZMOKHEX MCcXoZ0B. IIyeTe A — colmTHe,
COCTOALIEE B HEBBINMAALHHH IOECTEPKH. DTO SHAYWT, UTO AAA Kamaoll xocTi
€CTh TOABKO NATL PABHOBOSMOMKHEX Hcxomoe: 1, 2, 3, 4, 5. CHoea oo opasu-
Y YMHOMEHNA moayuaeM, uto N(A) =55+ 5 = 125. 3nauur,

Pay = X8 125 _ g 5787,
N 216
HT&I{, MBI BUSHM, 4UTO meopemuuecrcas DepOHTHOGT’I: HEBELIAACHH A HIeC-
TepPKH, BEIMHCJIERHAA Ho KJIaccHuecKoll BepoATHoCTHON Modeau, coCTaBIAeT
npumepHo 57,9%, 8 CTATUCTHYSCKASA YACTOTA, BHIYHCIACHHAS MPaKMUYECKiL,
pasHa 56,6 % . Pacxoxgenrue, ROHeURO, UMeeTCA, HO He CAHIIKOM CYLIECTBEH-

HOE, {l



5 . INEMEHTHI KOMBMHATOPUKM, CTATUCTUKU K TECPKM BEPOSTHOCTEM

OCHOBHbIE PE3YIJIbTATDI

Br1 NO3HAKOMMINCEH ¢ OCHOBHLIMY MeTOAAMH DeIleHns npocTeiimmx
nepefop BapHAHTOB;

TNOCTPOEHHNE AepeBa BADPHAHTOB;

IPABUJAC YMHOMKEHHA.

MEr BeesH HOBOE [IOHATHE: DAaKTOPUAT.

BEI MOZHAKOMHANCE ¢ HOBOI MATEMATHYECKON MOAeNdbIo, KOTODasm

CAYIKHT OMHCAHHEM MHOTHX BEPOATHOCTHEIX 3ajad, — KjaccHde-
CKON BepoATHOCTHOH cxemoil, aa moacyeTa BEPOATHOCTH B oT0i
N(4)

MOZeNH HCHoAB3yeTcH Gopmyna P(A) = N

Bm yzEanm o6 oCHOBHEIX BHAaX gavvaliprIx ¢oOGRITMIA:

JAOCTOBEPHOE H HEBOSMOXHOE COOBITHA,
HECOBMECTHEIe COOBITHA;

COOLITHE, IPOTHBOIOMIOMHOE FAHHOMY COOBITHIO)}
CyMMa ABYX Cay4afHBIX cOOBITHI.

Mzr gokazanu TDM TeQpEMEI:

0 YHCJe MepPeCTAHOBOK MHOJKECTBA, COCTCAINETO M3 7L dJIeMEHTOR:
P, =nY

0 BEPOSTHOCTH CYMMEI ABYX HECOBMECTHEIX COBLITHIL;

0 BEPOSTHOCTH NPOTHBOIIONOKBEOr0 COOLITHA.

Mer ofcyannm npocreifinue METOL CTATHCTIYECKOH 00patoTky pe-
3YJAbTATOB M3MepeHWH, TIONYYeHHBIX IDH HPOBEACHHH TOre HIH
HHOTO JKCIHCPHMEHTA.

Bui y3Hanu HOBHIE IIOHATHA H TePMHHBI:

o0mui paAx JaHHHIX W PAJA AAHHEIX KOHKDETHOIO H3MepPeHHd;
BADHAHTA DPAJA SAHHEIX, 88 KPATHOCTE, Y4ACTOTA H IPOOEHTHAA Ua-
CTOTA;

CTRPYNMIIHPOBAHHEIN PAK JAHHBIX]

MHOPOYIOJBHHKH PACIIpeIe/IeHmns.
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e BRI MO3HAKOMHIHCE ¢ OPOCTEHIIMMM YHCAOBEIMH XAPAKTEDHCTI:
KaMy HEpOpMalHU, TOMYIeHHON DD NMpOBeACHHH DHCNEPHMEHTA,
KOTOpHe 006Da3yoT CBOEro poja MACHOPT Pe3YJIBTATOB TOTO SKCIe-
DHMEHTA:

00BeM,
pasMax,
MOAA,
cpefiHee,
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Taara 1. HEPABEHCTBA H CHCTEMbI HEPABEHCTB

§1.

JInHefiHbIE ¥ KBAAPATHRIE HEPABEHCTBA

§ 2.

PaimmosanHEIE HEPABEHACTEA

§ 3.

MuoskecTBa ¥ oAy Haj HEMH

CucTreMb] pATHOHANSHEIX HEPABEHCTB

Konmpoavhaa paboma Ne 1
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Hroro:
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